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Abstract

We study the structure of large classes of stable codimension one stationary integral

varifolds V near higher multiplicity hyperplanes and classical cones, i.e. cones sup-

ported on half-hyperplanes which have a common boundary. A key motivation for our

work is to understand the local structure of stationary integral varifolds about their

branch points. In addition to the hypotheses above, the only additional assumption we

make is that the varifolds do not admit classical singularities of certain densities. More

precisely, for any given Q ∈ {3
2 , 2,

5
2 , 3, . . . } we consider the class SQ of codimension

one stationary integral varifolds which have stable regular part and admit no classical

singularities of density < Q. For the class SQ our two main results describe: (i) the

nature of V ∈ SQ when V is close to a flat disk of multiplicity Q (so in particular a

description of V locally about branch points of density Q); (ii) the nature of V ∈ S2

when V is close to a classical cone of density 5
2 .

Our first result, taken with Q = p/2, is readily applicable to codimension one rectifi-

able area minimising currents mod p for any integer p ≥ 2, establishing local structural

properties of such a current T as consequences of little information, namely the (easily

checked) stability of the regular part of T and the fact that such a 1-dimensional sin-

gular (representative) current in R2 consists of p rays meeting at a point. Specifically,

it follows from (i) that, for even p, if T has one tangent cone at an interior point y

equal to an (oriented) hyperplane P of multiplicity p/2, then P is the unique tangent

cone at y, and T near y is given by the graph over P of a p
2 -valued function with C1,α

regularity in a certain generalised sense; this settles a basic remaining open question

in the study of the local structure of codimension one area minimising currents mod

p near points with planar tangent cones, extending the cases p = 2 and p = 4 of

the result (with classical C1,α conclusions near y) which have been known since the

1970’s from the De Giorgi–Allard regularity theory ([All72]) and the structure theory

of White ([Whi79]) respectively. The implication to mod p minimising currents of

the structure theory for Sp/2 is analogous to how the regularity theory for codimen-

sion one integral currents is a direct corollary of the regularity theory ([Wic14]) for

S∞ = ∩QSQ (the class of stable codimension one integral varifolds with no classical

singularities).

Our second result, (ii), is the first result of its kind for non-flat cones with multiplicity

> 1 when branch points are present in the nearby varifold, and in particular completes

the analysis of the singular set of V ∈ S2 in the region where the density is < 3, up to

a set of dimension at most n− 2.





Acknowledgements

First and foremost, I wish to thank my supervisor, Neshan Wickramasekera, for all

the support he has given me over the course of my PhD. I have learnt much – both

mathematically and otherwise – from our conversations, and feel very fortunate to

have a mentor who I may also call a friend. May these last years of research be the

first of many.

Secondly, I want to thank my fiancée, Maria-Romina Ivan, who has not only acted as

a close friend and source of emotional support (particularly through the COVID-19

pandemic), but from whom I have learnt so much. You have led me into the realms of

philosophy, language, and history, and all our debates and discussions have certainly

shaped me into the person I am today.

Thirdly, I would like to thank Davide Parise and Karen Luong; I could not have

asked for two more pleasant people to share an office with over the course of my PhD.

Davide, together we have navigated the waters of geometric measure theory, and our

discussions have always been helpful and enjoyable.

A special thanks also goes to Tessa Blackman, who not only made all administrative

issues much easier to deal with during the course of my PhD, but who also exhibited

such a friendly (pistachio) aura and was so welcoming. Another special thanks goes to

Otis Chodosh for helping make possible my trip to Princeton University in Summer

2019 to attend the summer school in geometric analysis.

I would also like to thank my parents, Sharon and Paul, for all their support over the

years and for providing the freedom to discover my passions, as well as my brothers,

Thomas, David, Malachi, and Caleb; to all of you I say: live and learn.

Finally, this work was supported by the UK Engineering and Physical Sciences Re-

search Council (EPSRC) grant EP/L016516/1 for the University of Cambridge Centre

for Doctoral Training, the Cambridge Centre for Analysis, to which I am very grateful

for allowing me this opportunity.





Table of Contents

Chapter 1. Introduction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1. Motivation and context . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

2. Guide to the thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

Chapter 2. Preliminaries and Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1. Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2. Main results of this thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3. Other results of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3.1. Varifolds in SQ near a flat disk of multiplicity < Q: embeddedness . . . . . . . . . . . 22

3.2. Structure of varifolds in SQ near classical cones: Theorem D . . . . . . . . . . . . . . . . . 23

3.3. The case Q = 2: Theorem E . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

3.4. Applications to area minimising hypersurfaces mod p: Theorem F. . . . . . . . . . . . 27

4. Outline of the proof of the main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

Chapter 3. Discussion of Related Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

1. Allard’s ε-regularity theorem. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2. Stratification: Dimension bounds and rectifiability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3. Simon’s triple junction ε-regularity theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

4. Dimension bounds for area-minimisers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

5. Stable hypersurface regularity: Schoen–Simon and Wickramasekera . . . . . . . . . . . . . . . . 61

6. Dimension bounds and rectifiability of some multiplicity two branch sets . . . . . . . . . . . 69

Chapter 4. Analysis of Flat Singular Points in SQ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

1. Varifolds in SQ with small coarse excess and significantly smaller fine excess. . . . . . . . 73

2. Coarse blow-ups of varifolds in SQ and their initial properties . . . . . . . . . . . . . . . . . . . . . . 83

3. Further properties of coarse blow-ups and their GC1,α regularity . . . . . . . . . . . . . . . . . . . 88

3.1. A continuity estimate for coarse blow-ups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

3.2. A homogeneity continuation property . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

3.3. An ε-regularity property for coarse blow-ups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

3.4. Squash inequality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

3.5. An energy non-concentration estimate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

3.6. Squeeze identity and frequency monotonicity for generalised-C1 coarse

blow-ups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

3.7. Classification of homogeneous degree 1 coarse blow-ups . . . . . . . . . . . . . . . . . . . . . . 103

3.8. Generalised-C1,α regularity of coarse blow-ups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

4. Proof of Theorem A . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

Appendix: Hausdorff dimension bound for the branch set of coarse blow-ups . . . . . . . . . . . 112

Chapter 5. Analysis of Non-Flat Singular Points in S2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117



1. Further preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

1.1. Further properties of two-valued functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

1.2. A unique continuation property . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

1.3. Classes of varifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

1.4. Multiplicity two classes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

1.5. Density gaps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

2. Regularity of blow-up classes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

2.1. Adaptations for fine blow-up classes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

3. The coarse blow-up class . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

3.1. Approximate graphical representation and initial estimates . . . . . . . . . . . . . . . . . . . 132

3.2. Construction of the coarse blow-up class . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

3.3. Further properties of the coarse blow-up class . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

4. Level 0: Proof of Theorem B. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

5. The fine blow-up class . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

5.1. The fine graphical representation and initial estimates. . . . . . . . . . . . . . . . . . . . . . . . 159

5.2. Constructing the fine blow-up class . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172

5.3. Initial properties of the fine blow-up class . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175

6. The fine ε-regularity theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 177

7. Level 1: Proof of Theorem B. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 194

8. The ultra fine blow-up class . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 196

8.1. Construction of ultra fine blow-ups. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197

8.2. Constructing the ultra fine blow-up class . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 200

8.3. Boundary regularity of ultra fine blow-ups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 203

8.4. The ultra fine ε-regularity theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 204

8.5. Property (B7) for the fine blow-up class BF
1,3;M (C(0)) . . . . . . . . . . . . . . . . . . . . . . . . 205

9. Boundary regularity of level 2 coarse blow-ups and completion of Theorem B. . . . . . . 207

9.1. Fine excess decay for level 2 cones . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 207

9.2. The fine ε-regularity theorem: Level 2 setting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209

9.3. Level 2: Proof of Theorem B. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 211

Chapter 6. Multi-Valued Campanato Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 213

1. Modifications relevant to minimal surface regularity theory. . . . . . . . . . . . . . . . . . . . . . . . . 225

Chapter 7. Topological Properties of VarTanZ(V ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 233

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 243



CHAPTER 1

Introduction

1. Motivation and context

Finding minimisers or critical points of an energy is commonplace in modern mathematics

and theoretical physics. To prove existence of a solution often one needs at hand a suitable

(sequential) compactness property, which seldom holds for spaces defined in part via classical

notions of derivatives, as is often the case. To bypass this, one may try to find and work

in a weaker topology, which is sequentially compact, but still captures the ‘essence’ of the

problem. Consequently, the notion of a solution is expanded to what is commonly referred to

as a weak solution. The difficulty arises in the fact that weak solutions need not, a priori at

least, lie within our original desired class of solutions because often they lack certain regularity

properties. Thus, after existence of a weak solution is established, one must turn their attention

to the regularity question. In the context of Partial Differential Equations (PDEs), one may

measure the effectiveness of an existence theory by the strength of its corresponding regularity

theory.

The classical example is the interplay between the Dirichlet energy and harmonic functions. One

may show that, for fixed boundary values, minimisers of the Dirichlet energy exist in W 1,2 by

a simple argument based on the Rellich–Kondrachov compactness theorem. These minimisers

must in turn be weak solutions of the Laplacian, that is, weakly harmonic. The Weyl lemma

then implies that such functions must in fact be smooth (in the interior).

In geometry, the simplest energy one may consider is area. The theory of critical points and

minimisers of the area functional has an incredibly rich history, with questions of this type being

first recorded by J.-L. Lagrange in 1760. The techniques subsequently developed over the last

250 years to tackle this problem, such as the use of naturally scaling monotonic quantities and

ε-regularity theorems, are now widely used throughout mathematics and in particular within

analysis and geometry.

The aim of this thesis is to study the regularity problem for the area functional. We wish to

understand the nature of singularities that arise in large classes of geometrical objects which

are characterised by certain variational requirements arising from the area functional. The

foundational object for our study is a minimal submanifold or, more precisely, a stationary

integral varifold. Loosely speaking, these are critical points of the area functional over all

measure-theoretic submanifolds, by which we mean a subset of the ambient space∗ which has a

measure-theoretic tangent plane almost everywhere, with some integer multiplicity. By work-

ing with measure-theoretic objects and taking measure-theoretic limits we are able to work in

∗Throughout this thesis we will for simplicity work in the ambient space Rn with the usual metric. However, since
our results will be inherently local it is possible to readily apply our methods to arbitrary ambient Riemannian
manifolds in a similar manner to that seen in [Wic14, Section 18].

1



2 Introduction

a class of objects with suitable compactness properties, overcoming the previously mentioned

difficulties. However, when taking measure-theoretic limits, even of smoothly embedded sub-

manifolds, the limit may occur with some multiplicity and singularities may be present. Indeed,

a stationary integral varifold need not be smoothly immersed everywhere, let alone smoothly

embedded.

With sufficient understanding on the singular set, the principal variational requirement (that is,

stationarity) can be interpreted as requiring that a certain non-linear elliptic PDE is satisfied

locally (the minimal surface equation/system). Thus, once suitable regularity has been estab-

lished locally, it is possible to apply standard elliptic PDE theory (e.g. [GT15]) to bootstrap

the regularity to C∞ regularity. We are therefore interested in what can be said in the absence

of this PDE theory, that is when certain singularities are present.

In order to put our results in the context of the current state of the field, we make a brief

digression into the development of the existence and regularity theory of the area functional.

The first problem of this type was studied by Lagrange and has being coined the Plateau problem,

named after J. Plateau who experimented with soap films. The classical question asks:

Given a closed wire in R3, can we always find a surface which bounds the wire, and has

minimal area over all such surfaces?

It was only in 1930 after mathematics had matured sufficiently that a suitable existence theory

for this problem was finally achieved independently by J. Douglas ([Dou31]) and T. Radó

([Rad30]); in fact, the resulting surfaces were shown to be smooth ([Oss70]). The extension of

the Plateau problem to higher dimensions and codimensions becomes much more intricate, the

core reason being that, unlike in the original problem, singularities can develop. Nonetheless, a

powerful existence theory for such minimisers of area with prescribed boundary was developed

by H. Federer and W. Fleming ([FF60]) using the theory of integral currents, thus resolving

the Plateau problem in its full generality.

There are however many known examples of minimal submanifolds, that is, critical points of

area, which are not area minimising; The catenoid is one such (important) example. The

question naturally arises as to whether there is a general existence theory for such area-critical,

yet non-minimising, submanifolds. F. Almgren ([Alm00]) introduced an appropriate weak

notion of a submanifold, known as a varifold, for this purpose, and was able to prove that

any closed Riemannian manifold contains stationary integral varifolds of any codimension. The

question, in both the setting of Almgren and Federer–Fleming, then turns to that of regularity.

At any singular point one may rescale the varifold about the point to analyse the local structure.

Upon applying a suitable compactness theorem, one may pass to a subsequence of scales and

produce a measure-theoretic limit known as a tangent cone. The hope is then that the tangent

cone models the singularity at an ‘infinitesimal level’ and so can be used to infer properties of

the singular set of the original varifold. There are however several critical limitations to this

näıve approach:

(i) By passing to a subsequence of scales when constructing a tangent cone, it is conceivable

that the limit depends on the choice of subsequence, i.e., had we passed to a different

subsequence of scales the resulting tangent cone could differ.
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(ii) Singularities could degenerate on approach to a singular point in such a way that they

are not seen at the level of the tangent cone, and instead are replaced by regions

of higher multiplicity. In the most extreme case, no singularities are present in the

tangent cone, namely the tangent cone is a plane of some (fixed integer) multiplicity

> 1.

The issue of uniqueness in (i) is a key open problem to this day, which we state separately:

Open Problem 1: Are tangent cones to stationary integral varifolds unique?

It should be noted that if we drop the stationarity condition, this is no longer true: a spiral in

R2 decaying at an exponential rate to the origin can be rescaled in different ways to produce

as a measure-theoretic limit every line through the origin. Moreover, if we drop the integrality

condition uniqueness can also fail, and the tangent objects need not even be conical: see [Kol15].

The question is also still open in the setting of area minimisers.

Once we have a uniqueness result for a tangent cone, it is natural to return to our original

question regarding how well a tangent cone models the local structure of the varifold, and ask:

Open Problem 2: If the tangent cone at a (singular) point of a stationary integral vari-

fold is unique, does it reflect the local structure of the varifold in any

reasonable manner?

We have not defined what ‘reasonable’ means in this context, but for instance one might ask:

if the spine of the cone has some density q and is m-dimensional, must the points of density

q in the varifold locally form a smooth (or C1,α) m-dimensional submanifold? We note that

L. Simon ([Sim21]) recently constructed examples of stationary (in fact locally stable) integral

varifolds in (Rn+k, g), for some real analytic metric g, which have an isolated singularity yet the

(unique) tangent cone at the singular point has a 1-dimensional set of singularities. Moreover,

G. Székelyhidi ([Szé21]) recently constructed similar examples for hypersurfaces in Rn+1 with

the usual metric (moreover, his examples are in fact area minimising). Such questions are

therefore not true in full generality, but one can ask under what conditions they are, e.g.

whether for certain cones they are true, such as classical cones (i.e. cones which are unions of

half-planes).

Of course it is feasible that the ‘extreme case’ described in (ii) arises as a consequence of a simpler

situation where the singularity is the result of several smooth minimal submanifolds touching

tangentially at a given point (such as would be the case with an appropriate union between any

two smooth minimal submanifolds). When such a local decomposition into separate smooth

minimal submanifolds occurs one may invoke standard maximum principles from elliptic PDE

theory to show that either the surfaces coincide, or the touching set has codimension at least

2 in the surface; as such we understand these situations and so won’t be concerned with them.

The more interesting case is when the planar case in (ii) occurs and no such local decomposition

exists: we refer to such a point as a branch point.

Branch points severely restrict the possible PDE techniques available and are the main difficulty

in the regularity theory of stationary integral varifolds. A key development in the regularity

theory was by W. Allard ([All72]), who streamlined and extended Almgren’s theory of varifolds

and produced the first key regularity result, which established that, whilst branch points and
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other singularities may occur, the set of regular (i.e. smoothly embedded) points in the varifold

is always an open dense subset of the (support of the) varifold. Note however that this does not

say anything about the size of the regular set, and indeed a priori it is feasible that the regular

set has very small Hn-measure relative to the whole measure of the varifold. Indeed, we record

this as an open problem:

Open Problem 3: Can the singular set of a stationary integral n-varifold have non-zero

Hn-measure?

It turns out that the only subset of the singular set which can have non-zero Hn-measure is

the set of branch points. This follows from the general stratification of the singular set from

Almgren ([Alm00]; see also [Fed69]) and thus the above open problem can be rephrased as:

Open Problem 3’: Can the branch set of a stationary integral n-varifold have non-zero

Hn-measure?

To illustrate the subtlety in this question, K. Brakke ([Bra15, Section 6]) constructed an

examples of a two-dimensional integral varifold having (generalised) mean curvature uniformly

smaller than any prescribed amount, yet with a branch set of positive Hn-measure (recall

that smooth minimal submanifolds are those smooth submanifolds which have vanishing mean

curvature).

We note that, in light of results in the area minimising setting (see Chapter 3.4) and more

recently some results in the stable setting (see [SW16], [Wic08], [KW21]) that the following

is natural to conjecture:

Conjecture 1: The branch set of a stationary integral n-varifold has dimension at

most n− 2; moreover, it is countably (n− 2)-rectifiable.

We will discuss later why the rectifiability condition is both natural and useful. Since Allard’s

regularity theory however, very few general regularity results are known to hold in the same

generality, and in essentially all that are known branch points are ruled out a priori. For example,

it is possible to use a simple comparison argument to rule out branch points in codimension

one area minimising integral currents, which ultimately leads to one of the hallmark results in

geometric analysis:

Theorem 1 ([Sim83b]). The singular set of an n-dimensional, codimension one, area min-

imising integral current has dimension at most n− 7.

We will discuss this result in Chapter 3.4. This bound is moreover sharp ([Sim68], [BDGG69])

as illustrated by Simons’ Cone:

C3,3 := {(x, y) ∈ R4 × R4 : |x| = |y|}.

When an area minimising integral current has codimension ≥ 2 the situation becomes sig-

nificantly more complicated; in light of branch points in complex analytic varieties, such as

{(z, w) ∈ C × C : z3 = w2} (which are calibrated and hence area minimising, see [Mor16]),

it is impossible to rule out branch points and moreover the best possible general dimension

bound would be that the singular set has codimension at least 2 in the varifold. In a truly
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monumental work, Almgren ([Alm00]) proved that such a dimension bound is indeed true for

area minimisers of any codimension; that is:

Theorem 2 ([Alm00]). The singular set of an n-dimensional area minimising integral cur-

rent has dimension at most n− 2.

We will briefly discuss Almgren’s proof later in Chapter 3.4, and for now remark that Almgren’s

proof has recently been streamlined and made more accessible in a series of works by C. De Lellis

and E. Spadaro ([DLS14], [DLS16a], [DLS16b]). Notice that both Theorem 1 and Theorem

2 are applicable to the Federer–Fleming existence theory, providing sharp regularity results.

If we move away from the area minimising setting and consider arbitrary stationary integral

varifolds, far fewer results are known. In terms of dimension bounds, the only known result

is for the stratification of the singular set, which we will discuss in Chapter 3.2. Some results

answering Open Problem’s 1 and 2 are known (e.g. [Sim93], [Sim83a], [Sim94]) but these

results are always in so-called multiplicity one settings, where branch points are ruled out a

priori.

Returning to Almgren’s existence theory, Pitts ([Pit76]) was able to show that the constructed

stationary integral varifolds in fact obey an almost minimising property, which can be used to

prove that the varifolds are locally stable – that is, the second variation of area is locally non-

negative with respect to infinitesimal ambient normal deformations – and, in the codimension

one setting, branch points do not occur. Pitts used this result to show that whenever the

dimension of the ambient manifold was between 3 and 6, the constructed codimension one

varifolds were in fact smooth. A few years later, R. Schoen and L. Simon ([SS81]) improved on

the work of Pitts, showing that in fact, in codimension one, the constructed varifolds always have

codimension 7 singular set, recovering the regularity result from the area minimising setting†. In

fact, the regularity results of Schoen and Simon prove much more, and hold more generally than

for just those varifolds constructed from Almgren’s min-max method; they hold for arbitrary

stable codimension one integral n-varifolds if we assume a priori that their singular sets have

vanishing Hn−2-measure (or, in fact, have vanishing 2-capacity). Under these assumptions, they

prove that branch points do not occur (and indeed, proving a suitable sheeting theorem to rule

out branch points in this setting is the bulk of the work). The reason why this assumption

on the singular set is powerful is related to the inequality – known as the stability inequality –

which arises from the stability assumption in codimension one. The derivative of a test function

appears quadratically in the stability inequality, and so if the singular set has vanishing 2-

capacity then it is possible to use an excision argument to extend the stability inequality from

test functions supported away from the singular set to arbitrary test functions on the support

of the varifold (allowing one to prove the so-called Schoen inequality – see [SS81, Lemma 1]).

Indeed, if a subset of an n-dimensional set is countably (n− 2)-rectifiable, then it has vanishing

2-capacity, and so the stability inequality (in codimension one) may be extended across such a

set. It is for this reason that the rectifiability claim in Conjecture 1 is of interest.

†We note that these results were recently taken further in a program headed by F. Marques and A. Neves
([MN15], [MN17], [IMN18], [LMN18]), culminating in a proof of Yau’s conjecture by A. Song ([Son18])
which asked whether or not there are infinitely many closed smooth immersed minimal surfaces in a closed
3-dimensional Riemannian manifold.
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Of course, it is natural to then ask whether vanishing 2-capacity is the optimal assumption for

such a regularity conclusion in the class of stable codimension one integral varifolds. Simple

examples, such as a pair of (intersecting) transverse hyperplanes, illustrate that the singular

set can be of codimension one, and so such a situation must be excluded. This question was

finally resolved by the work of N. Wickramasekera ([Wic14]). Wickramasekera provided a

simple geometric condition which is both necessary and sufficient for a stable codimension one

integral varifold to have a singular set of codimension at least 7; the theorem roughly says

that the only obstruction to the optimal regularity conclusion is the presence of certain simple

structures known as classical singularities. In the simplest case, these are just (non-tangential)

immersed singularities, but we need to allow also for a non-immersed picture formed not of an

integer N (say) C1,α submanifolds, but of 2N C1,α submanifolds-with-boundary which have a

common boundary. Indeed, a classical singularity is a point where locally about the point the

varifold is supported on at least 3 C1,α hypersurfaces-with-boundary which have a common C1,α

boundary. Once again, the main difficulty in this setting for proving Wickramasekera’s result is

ruling out branch points entirely in the absence of classical singularities, and Wickramasekera

was able to do this, proving that a suitable sheeting theorem holds. Arguably one of the

deepest aspects of Wickramasekera’s regularity theory is that this geometric condition, along

with stability (which only needs to be assumed in the regular part of the varifold for the result to

hold), are very simple to check for (the varifolds associated to) codimension one area minimising

integral currents. Thus, Theorem 1 is an immediate consequence of Wickramasekera’s work.

This suggests that these conditions (which are infinitesimal assumptions and thus much less

restrictive than the area minimising assumption) are the “morally correct” way to view the

regularity theory for codimension one area minimisers.‡

We record here that, to date, no one has been able to use the stability assumption to produce

any significant regularity theory for stable integral varifolds of codimensions strictly bigger than

1; the stability inequality does not seem to provide a suitably amenable analytic tool for the

analysis.

Open Problem 4: What can be said about the regularity of stable integral varifolds of

codimension > 1 in the presence of assumptions such as those used

by Schoen–Simon ([SS81]) and Wickramasekera ([Wic14])?

Wickramasekera’s theory also proves that branch points arising in stable codimension one in-

tegral varifolds are necessarily limits of classical singularities. Unlike in the codimension one

area minimising setting, it is known through other existence theories ([SW07], [Kru19]) that

branch points can occur in the stable codimension one setting. As this would seem to be the

simplest setting for which branch points occur, it is therefore natural to study this setting to de-

velop techniques for understanding branch points – including both dimension bounds and local

structural results – which may in turn be used in more general settings (such as that for arbi-

trary stationary integral varifolds). However, aside from Almgren’s work in the area minimising

setting, the only other result (until now) concerning branch points known was established by

‡Wickramasekera’s regularity theory has also been used to simplify the Almgren–Pitts existence theory for min-
imal hypersurfaces in Riemannian manifolds (see [Gua18], [TW12], [Ton05], [HT00]), and moreover extend
it to an existence theory for CMC (constant mean curvature) and prescribed-mean-curvature hypersurfaces (see
[BW18], [BW19], [BCW19], [BW20]) via an alternative, more PDE-theoretic, approach based on the so-called
Allen–Cahn equation.
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Wickramasekera ([Wic08]); this result was only for multiplicity two branch points in stable hy-

persurfaces which were immersed away from a set of vanishing 2-capacity. The purpose of this

thesis is to prove regularity results, including uniqueness results for tangent cones and suitable

C1,α decay estimates towards the (unique) tangent cone, for a large class of branched stable

hypersurfaces, namely those in which we only forbid the presence certain classical singularities,

unlike in Wickramasekera’s work when all classical singularities were omitted. A key motiva-

tion for some of these results is that they are directly applicable to understanding branch points

arising in codimension one area minimising integral currents mod p (see [Fed69, Section 4.2]),

in much the same way as Wickramasekera’s regularity theory was directly applicable to codi-

mension one area minimising integral currents. As such, we can use our results to answer key

questions left open from the work of B. White (see [Whi84], [Whi79]).

2. Guide to the thesis

The purpose of each chapter is described below:

Chapter 2: The aim of this chapter is to provide all the necessary notation and set up for the rest

of the paper and to collect the main results of the thesis. Indeed, in Chapter 2.1 we will

introduce our notation whilst recalling some standard definitions and providing some

new definitions. In Chapter 2.2 we then state the main new results of the thesis. In

Chapter 2.3 we then discuss some other significant results which we are either able to

readily deduce from other works (in particular [Wic14]) or are corollaries of our main

results; in particular, we apply our results to the study of area minimising hypersurfaces

mod p in Chapter 2.3.4. We finish the chapter with an overview of the proofs of our

main results.

Chapter 3: In this chapter we spend some time discussing other related results in the regularity

theory of stationary integral varifolds. Indeed:

• in Chapter 3.1 we discuss the proof of Allard’s regularity theorem ([All72]; also

[Sim83b]);

• in Chapter 3.2 we discuss the dimension bounds and rectifiability results on the

stratification of the singular set ([NV15]);

• in Chapter 3.3 we discuss the proof of Simon’s triple junction ε-regularity result

and work on multiplicity one classes ([Sim93]);

• in Chapter 3.4 we discuss the regularity theory of area minimisers, both in codi-

mension one ([Sim83b]) and higher codimension ([Alm00]);

• in Chapter 3.5 we discuss the Schoen–Simon regularity theory and Wickramasek-

era regularity theory for stable codimension one integral varifolds;

• in Chapter 3.6 we discuss the work of Simon–Wickramasekera ([SW16]) and

Krummel–Wickramasekera ([KW21]) on the rectifiability of various multiplicity

2 branch sets.

The reason for this digression is twofold. Firstly, we are able to provide the reader

who is familiar with geometric analysis but not an expert in the regularity theory

of stationary integral varifolds with some of the core basic ideas, which date back to
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De Giorgi ([DG61]), along with their subsequent development, hopefully making the

overall ideas of the thesis clearer. Secondly, it allows us to highlight key limitations

present in current techniques, and hence we can clearly illustrate both the technical

obstructions which the thesis achieves in overcoming, and those difficulties which it

does not and thus are still very much open and hence for which more work needs to

be done. An expert may wish to skip this chapter.

Chapter 4: This chapter marks the start of the new work of the thesis. In it we prove our first

key result (Theorem A) surrounding the structure of certain stable codimension one

stationary integral varifolds near hyperplanes of higher multiplicity. This chapter is

based on [MW21], which is joint work with N. Wickramasekera.

Chapter 5: The work of this chapter is based on [Min21b]. In it, we prove our second key result

which concerns the regularity theory of stable codimension one stationary integral

varifolds which do not contain triple junction classical singularities and that are close

to a given classical cone of density 5
2 .

Chapter 6: Here we provide extensions of Campanato’s original regularity results ([Cam64]),

which characterise Ck,α regularity of single-valued functions in terms of certain L2

decay estimates, to the setting of multi-valued functions. We also give extensions of

this multi-valued Campanato regularity theory relevant to the geometric setting, which

will be used in Chapter 5. The work in this chapter is based on [Min21a].

Chapter 7: In this chapter we make some topological observations on VarTanZ(V ), the set of

varifold tangent cones at a given point Z in a stationary integral varifold V . This

work is disjoint from the rest of the thesis, but provides simple arguments to prove

some weaker results to those in the earlier chapters, such as every tangent cone being

supported on a plane at density Q branch points of V ∈ SQ. In particular, we give

some elementary arguments to classify the possible tangent cones which can arise at

points in certain situations.



CHAPTER 2

Preliminaries and Main Results

1. Preliminaries

Basic Notation

We fix n ∈ {2, 3, . . . } and k ∈ {1, 2, 3, . . . }; n will be the dimension of the objects we study, with

k their codimension in some ambient (open subset of) the usual (n+ k)-dimensional Euclidean

space Rn+k. All the main results of this thesis will occur in codimension one, i.e. when k = 1,

however we keep the additional generality so to make remarks at various points about the

differences between codimension one and higher codimension. We also remark that, since all or

regularity results will be inherently local, up to minor technical modifications our results hold

for general Riemannian manifolds (Mn+k, g); it is only for the sake of simplicity of presentation

that we work in Rn+k with the usual metric throughout.

We identify Rn with the plane {x1 = x2 = · · · = xk = 0}, i.e. Rn ∼= {0}k × Rn ⊂ Rn+k. For

Y ∈ Rn+k and ρ > 0 we write Bn+k
ρ (Y ) := {X ∈ Rn+k : |X − Y | < ρ} for the open unit

ball in Rn+k, and for Y ∈ Rn we write Bρ(Y ) := {X ∈ Rn : |X − Y | < ρ}. We shall often

abbreviate Bρ(0) as Bρ. We then define the homothety map centred at Y with scale ρ > 0,

denoted ηY,ρ : Rn+k → Rn+k, by ηY,ρ(X) := ρ−1(X − Y ); we abbreviate η0,ρ by ηρ.

For s ≥ 0 any real number, Hs denotes the s-dimensional Hausdorff measure on Rn+k. We set

ωn := Hn(B1(0)). The Hausdorff dimension dimH(A) ≡ dim(A) of a subset A ⊂ Rn+k is then

defined by dim(A) := inf{s : Hs(A) = 0}. For a subset A ⊂ Rn+k and X ∈ Rn+k, we write

A for the closure of A, int(A) for its interior, and dist(X,A) := infY ∈A |X − Y |. For subsets

A,B ⊂ Rn+k, recall that the Hausdorff distance is defined by

distH(A,B) := max

{
sup
x∈A

dist(x,B), sup
x∈B

dist(x,A)

}
.

For Q ∈ {1, 2, . . . }, we write AQ(Rk) := {
∑Q

j=1JajK : aj ∈ Rk for each j = 1, 2, . . . , Q } for

the set of unordered Q-tuples of points a1, . . . , aQ ∈ Rk identified with Dirac masses JajK at

aj ∈ Rk. We then define a metric G on AQ(Rk) by, for a =
∑Q

j=1JajK, b =
∑Q

j=1JbjK ∈ AQ(Rk),

G(a, b) := inf
σ

 Q∑
j=1

|aj − bσ(j)|2
1/2

where the inf is taken over all permutations σ of {1, 2, . . . , Q}. When b = QJ0K, we simply

write |a| = G(a,QJ0K). Then for A ⊂ Rn and a function f : A → AQ(Rk), we write f(x) =

9
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∑Q
j=1Jf

j(x)K for some choice of f j : A→ Rk (e.g. ordered in first coordinate of Rk), and

graph(f) := {(f j(x), x) : x ∈ A, j ∈ {1, . . . , Q}}.

Note that we have graph(f) = ∪Qj=1graph(f j), and thus in particular graph(f) ⊂ Rk ×A.

Remark: In the codimension one setting, i.e. k = 1, we can without loss of generality

assume that if a =
∑Q

j=1JajK ∈ AQ(R) then a1 ≤ · · · ≤ aQ. In particular for a function

f =
∑Q

j=1Jf
jK : A → AQ(R) we can without loss of generality assume that f1 ≤ · · · ≤ fQ;

when k = 1 we shall always choose indices such that this is true. Also note that in this

setting the metric G is equal to the “ordered distance”, that is to say,

G

 Q∑
j=1

JajK,
Q∑
j=1

JbjK

 =

 Q∑
j=1

|aj − bj |2
1/2

if the indices are chosen such that a1 ≤ a2 ≤ · · · ≤ aQ and b1 ≤ b2 ≤ · · · ≤ bQ. Thus we

can isometrically embed AQ(R) ↪→ RQ via the map
∑Q

j=1JajK 7→ (a1, a2, . . . , aQ), where the

indices of points a =
∑Q

j=1JajK ∈ AQ(R) are such that a1 ≤ a2 ≤ · · · ≤ aQ. We shall often

use this embedding in subsequent parts of the paper without further comment.

Varifold Basics

By an n-varifold V on an open subset Ω ⊂ Rn+k we mean a Radon measure on the Grassmannian

bundle Ω×G(n, n+k), where G(n, n+k) denotes the space of n-dimensional (unoriented) planes

in Rn+k ([All72]; see also [Sim83b, Chapter 8]). We take the usual topology induced by Radon

measures on the space of varifolds. We write ‖V ‖ for the weight measure on Ω associated with

V , and spt‖V ‖ denotes the support of ‖V ‖. For an open subset Ω̃ of Ω, V Ω̃ abbreviates

the restriction V (Ω̃ × G(n, n + k)) of V to Ω̃ × G(n, n + k). If f : Ω → Rn+k is a Lipschitz

mapping, then f#V denotes the image varifold under f .

For Z ∈ spt‖V ‖ ∩ Ω, VarTan(V,Z) ≡ VarTanZ(V ) denotes the set of tangent cones to V at Z,

i.e. C ∈ VarTanZ(V ) if there exists ρj ↓ 0 such that (ηZ,ρj )#V ⇀ C. We denote by reg(V )

the (interior) regular part of spt‖V ‖; thus, X ∈ reg(V ) if and only if X ∈ spt‖V ‖ ∩ Ω and

there exists ρ > 0 such that Bn+1
ρ (X) ∩ spt‖V ‖ is a smooth, compact, connected, embedded

hypersurface-with-boundary, with its boundary contained in ∂Bn+1
ρ (X). The (interior) singular

set of spt‖V ‖ is then sing(V ) := (spt‖V ‖\reg(V )) ∩ Ω.

If M ⊂ Ω is a countably n-rectifiable subset with locally finite Hn-measure, and θ : M → R is

a positive, locally Hn-integrable function, then (M, θ) denotes the varifold V on Ω defined by

V (ϕ) :=
∫
M ϕ(X,TXM)θ(X) dHn(X) for all ϕ ∈ Cc(Ω×G(n, n+k)); we call θ the multiplicity

function of V . |M | denotes the multiplicity 1 varifold associated with M , i.e. |M | = (M, 1).

We can then define the varifold associated to a multi-valued function. Indeed, for an open

subset U ⊂ Rn and g : U → Rn+k such that graph(g) is a countably n-rectifiable subset of

Rk × U with locally finite Hn-measure, we write

v(g) := (graph(g), θ)
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for the (integral) n-varifold on Rk ×U whose multiplicity function θ : graph(g)→ N is given by

θ(gα(x), x) := #{β : gβ(x) = gα(x)} for α = 1, 2, . . . , Q.

Definition 1 (Stationarity). For V an n-varifold on the open ball Bn+k
2 (0) ⊂ Rn+k we say

V is stationary in Bn+k
2 (0) (with respect to the area functional) if for any given vector field

ψ ∈ C1
c (Bn+k

2 (0);Rn+k), ε > 0, and C2 map ϕ : (−ε, ε)×Bn+k
2 (0)→ Bn+k

2 (0) such that:

(i) ϕ(t, ·) : Bn+k
2 (0) → Bn+k

2 (0) is a C2 diffeomorphism for each t ∈ (−ε, ε) with ϕ(0, ·)
equal to the identity map on Bn+k

2 (0);

(ii) ϕ(t, x) = x for each (t, x) ∈ (−ε, ε)× (Bn+k
2 (0)\spt(ψ)); and

(iii) ∂ϕ(t, ·)/∂t|t=0 = ψ;

we have that
d

dt

∣∣∣∣
t=0

‖ϕ(t, ·)#V ‖(Bn+k
2 (0)) = 0.

Note: If V is an n-varifold on Bn+k
2 (0), then (see [Sim83b, Section 39])

V is stationary in Bn+k
2 (0) ⇐⇒

∫
Bn+k

2 (0)
divS ψ(X) dV (X,S) = 0 ∀ψ ∈ C1

c (Bn+k
2 (0);Rn+k)

i.e. stationarity only depends on “infinitesimal deformations” of V .

By choosing a suitable vector field in the stationarity condition, one can deduce the monotonicity

formula: for each X ∈ Bn+k
2 (0) and 0 < σ ≤ ρ < 2− |X|,

‖V ‖(Bρ(X))

ρn
− ‖V ‖(Bσ(X))

σn
=

∫
(Bρ(X)\Bσ(X))×G(n,n+k)

|pS⊥(Y −X)|2

|Y −X|n+2
dV (Y, S)

where pS⊥ : Rn+k → Rn+k is the orthogonal projection of Rn+k onto S⊥. This identity shows

that the mass ratio

ρ 7−→ ‖V ‖(Bρ(X))

ωnρn

is monotone where defined, and thus one may define the density of V at X ∈ Bn+k
2 (0) by

ΘV (X) := lim
ρ↓0

‖V ‖(Bρ(X))

ωnρn
.

It is simple to show that in fact ΘV is a ‖V ‖-measurable function on Bn+k
2 (0). An important

theorem ([Sim83b, Theorem 42.4]) tells us that if V is a stationary varifold and ΘV > 0

‖V ‖-a.e., then in fact V is a countably C1-rectifiable varifold, i.e. V = (M, θ), where M is a

Hn-measurable countably n-rectifiable subset of Bn+k
2 (0) and θ is a non-negative locally Hn-

integrable function on Bn+k
2 (0) (in fact V is countably C2-rectifiable; see [Men13]); in particular

we have

‖V ‖(ϕ) =

∫
Bn+k

2 (0)
ϕ(X)θ(X) d‖V ‖(X) for all ϕ ∈ C1

c (Bn+k
2 (0);Rn+k)

and so θ = ΘV Hn-a.e.
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Definition 2. We say a stationary n-varifold V is integral if ΘV ∈ {1, 2, . . . } Hn-a.e.

We will always be interested in stationary integral n-varifolds on Bn+k
2 (0) throughout this work.

Such varifolds have an important compactness property, which says (see [Sim83b, Theorem

42.7]) if (Vj)j is a sequence of stationary integral n-varifolds on Bn+k
2 (0) with locally finite

mass, i.e.

sup
j≥1
‖Vj‖(W ) <∞ ∀W ⊂⊂ U,

then there is a subsequence (Vj′)j′ and a stationary integral varifold V for which Vj′ ⇀ V .

Moreover, the density ΘV (X) is upper semi-continuous with respect to both convergence in the

varifold variable V and the spatial variable X, i.e. if (Vj)j is a sequence of stationary integral

varifolds with Vj ⇀ V , and Xj → X ∈ Bn+k
2 (0), then

lim sup
j→∞

ΘVj (Xj) ≤ ΘV (X).

The above compactness theorem allows us to prove that VarTanX(V ) 6= ∅ at each X ∈ Bn+k
2 (0),

and if C ∈ VarTanX(V ), then C is a stationary integral n-varifold in Rn+k which, is a cone,

i.e. (η0,ρ)#C = C for each ρ > 0; this latter fact follows from the monotonicity formula, in

particular giving

ΘV (X) = ΘC(0) ≡ ‖C‖(Bρ(0))

ωnρn
∀ ρ > 0.

Using this homogeneity property we see that the set of points under which C is translation

invariant, i.e.

S(C) := {X ∈ spt‖C‖ : (ηX,1)#C = C}

is a subspace of Rn+k. We call S(C) the spine of C. Moreover, upper semi-continuity of the

density readily implies that

S(C) = {X ∈ spt‖C‖ : ΘC(X) = ΘC(0)}

i.e. the spine of C is exactly the points of maximal density in spt‖C‖. Every tangent cone can

therefore be written as

C = C0 × Rdim(S(C))

where C0 is a stationary integral cone in Rn+k−dim(S(C)) which has S(C0) = {0}; by the

product notation here we mean the varifold whose support is spt‖C‖ = spt‖C0‖ × Rdim(S(C))

and the density at a point (x, y) ∈ spt‖C‖ is given by ΘC(x, y) = ΘC0(x). Clearly, whenever

sing(C) 6= ∅ we have 0 ∈ sing(C), and thus S(C) ⊂ sing(C). We say a stationary integral cone

C is cylindrical if S(C) = sing(C).

Having constructed tangent cones, one may then stratify the singular set in the following man-

ner: for j ∈ {0, 1, . . . , n− 1}, define the jth stratum of sing(V ), denoted Sj , by

Sj := {X ∈ sing(V ) : dim(S(C)) ≤ j ∀C ∈ VarTanX(V )}.
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Almgren’s stratification theorem ([Alm00]) then tells us that dim(Sj) ≤ j for each j; this result

will be discussed briefly in Chapter 3.2. Therefore, one may write

sing(V ) :=

n⋃
j=0

S̃j

where S̃j := Sj\Sj−1 ≡ {X ∈ sing(V ) : maxC∈VarTanX(V ) dim(S(C)) = j}, where Sn = sing(V )

and S−1 = ∅. Thus S̃j ≤ j for each j, and each X ∈ S̃j has the property that at least one

tangent cone has a spine of dimension j, and every tangent cone has a spine of dimension at

most j. In particular, one makes the following observations:

• If X ∈ S̃n, then at least one tangent cone is supported on a plane. By the constancy

theorem ([Sim83b, Theorem 41.1]), this cone takes the form C = qJP K, for some

P ∈ G(n, n+k) and q ∈ Z≥1; thus ΘV |S̃n is Z≥1-valued. In fact, by the Allard regularity

theorem ([All72]; see also Chapter 3.1), if q = 1 then necessarily X ∈ reg(V ); thus in

fact ΘV |S̃n is Z≥2-valued.

• If X ∈ S̃n−1, then at least one tangent cone has dim(S(C)) = n− 1, and thus can be

written as (up to rotation) C = C0×Rn−1, for C0 a stationary integral 1-dimensional

cone in R1+k. Such C0 is necessarily a union of rays centred at the origin with constant

integer multiplicities, and as such ΘC(0) = q/2, for some q ∈ Z≥3 (q > 2 again by

Allard’s regularity theorem). Hence ΘV |S̃n−1
is (Z≥3/2)-valued.

It is should be observed that, if X ∈ S̃n and there is a neighbourhood Bn+k
ρ (X) ⊂ Rn+k on

which V Bn+k
ρ (X) =

∑ΘV (X)
j=1 |Mj | for some C1,α submanifolds Mj , then we know from elliptic

PDE theory ([GT15]) that dim(S̃n ∩ Bn+k
ρ (X)) ≤ n − 2, and points in S̃n−1 ∩ Bn+k

ρ (X) are

immersed. As such we understand the structure in the neighbourhood of such points, and thus

what is more interesting is when such a local decomposition does not exist. This leads us to:

Definition 3. For V a stationary integral varifold on Bn+k
2 (0), we say that X ∈ sing(V ) is a

branch point if X ∈ S̃n and there is no neighbourhood of X on which spt‖V ‖ is a union of C1,α

submanifolds. We write B ⊂ S̃n for the set of branch point singularities, and Bq ⊂ B for the

branch points of density q ∈ Z≥2, i.e. Bq = B ∩ {ΘV = q}.

Branch points can occur in stationary integral varifolds, and even in area minimisers. For

example, {(z, w) ∈ C × C : z2 = w3} is a 2-dimensional area minimiser which has a (isolated)

branch point singularity at 0.

Stable Varifolds

Here we restrict ourselves to the codimension one setting, i.e. when k = 1. The reason for this

is because in codimension one stability has an equivalent expression as an integral inequality

which will be of crucial importance to us.

Definition 4 (Stability). Let V be a stationary integral varifold on Bn+1
2 (0). We say that

V has stable regular part, or reg(V ) is stable, or even just V is stable, if for each open ball

Ω ⊂ Bn+1
2 (0) with sing(V )∩Ω = ∅ in the case 2 ≤ n ≤ 6 or Hn−7+γ(sing(V )∩Ω) = 0 for every

γ > 0 in the case n ≥ 7, given any vector field ψ ∈ C1
c (Ω\sing(V );Rn+1) with ψ(X) ⊥ TXreg(V )
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for each X ∈ reg(V ) ∩ Ω,
d2

dt2

∣∣∣∣
t=0

‖ϕ(t, ·)#V ‖(Bn+1
2 (0)) ≥ 0

where ϕ(t, ·), t ∈ (−ε, ε), are the C2 diffeomorphisms of Bn+1
2 (0) associated with ψ as described

in Definition 1 (i.e. the definition of stationarity).

Note: On each ball Ω ⊂ Bn+1
2 (0) as in the definition of stability, as the singular set is

sufficiently small we have that reg(V ) is two-sided in Ω. Hence stability may equivalently be

expressed as (see [Sim83b, Section 9]):∫
reg(V )∩Ω

|A|2ζ2 dHn ≤
∫

reg(V )∩Ω
|∇ζ|2 ∀ ζ ∈ C1

c (reg(V ) ∩ Ω)

where A denotes the second fundamental form of reg(V ), |A| the length of A, and ∇ the

gradient operator on reg(V ).

We remark that in light of the smallness assumption on the singular set on each ball Ω ⊂ Rn+1,

it is possible to apply an excision argument to extend the stability inequality to arbitrary test

functions ζ ∈ C1
c (spt‖V ‖∩Ω) as opposed to just those supported away from sing(V ). The reason

we can do this is precisely because in this setting the 2-capacity of the singular set vanishes.

Classical Cones and Singularities

Definition 5 (Classical Cones). A classical cone in Rn+k is an integral varifold C of the type

C =
∑N

j=1 qj |Hj |, where N is an integer ≥ 3, H1, . . . ,HN are half-planes with a common

boundary L = ∂Hj for each j = 1, 2, . . . , N , and qj are positive integers; here S(C) = L and

the density of C is ΘC(0) = 1
2

∑N
j=1 qj .

We remark that every point X ∈ S̃n−1 has a tangent cone which is a classical cone.

Definition 6 (Classical Singularities). Let T ⊂ Rn+k. A C1 classical singularity of T is a point

y ∈ T such that for some ρ > 0 and some integer N ≥ 3,

T ∩Bn+k
ρ (y) =

N⋃
j=1

Mj

where Mj ⊂ Bn+k
ρ (y) are embedded C1 submanifolds-with-boundary having the same (n− 1)-

dimensional C1 boundary L = ∂Mj for each j = 1, 2, . . . , N , with y ∈ L, Mj ∩Mi = L for i 6= j,

and with Mi and Mj intersecting transversely at every point of L for at least one pair of indices

i, j.

For α ∈ (0, 1), a point y ∈ T is a C1,α classical singularity of T if y satisfies the requirements

of the definition of a C1 classical singularity with C1,α in place of C1.

We say that y ∈ T is a classical singularity of T if y is a C1,α classical singularity of T for some

α ∈ (0, 1).
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Figure 1. A classical cone comprised of three (multiplicity one) half-planes. Replacing the
boundary of each half-plane with a C1,α curve, and each half-plane with a C1,α submanifold
with boundary the fixed C1,α curve gives rise to a classical singularity.

Definition 7. For V an n-varifold on Bn+k
2 (0) we say y ∈ spt‖V ‖ is a C1 classical singularity

(respectively C1,α classical singularity, classical singularity) of V if it is a C1 classical singularity

(respectively C1,α classical singularity, classical singularity) of spt‖V ‖.

If ψ : Rn → AQ(Rk) is a function such that v(ψ) is a classical cone, we set S(ψ) := S(v(ψ)).

Now fix Q ∈ {3
2 , 2,

5
2 , . . . }. We write CQ for the set of classical cones of vertex density Q of the

following special type: each cone C ∈ CQ can be written as a rotation (in Rn+k) of a cone of

the form:

C̃ =

dQe∑
i=1

v(hi) +

bQc∑
i=1

v(gi)

where hi : Rn+ → Rk, gi : Rn− → Rk are of the form hi(x
k+1, . . . , xn+k) = (λix

k+1, 0, . . . , 0)

and gi(x
k+1, . . . , xn+k) = (µix

1, 0, . . . , 0) and such that spt‖C̃‖ is not a single hyperplane; here

Rn+ := {(xk+1, . . . , xn+k) ∈ Rn : xk+1 > 0} and Rn− := −Rn+.

Remark: CQ rules out so-called twisted cones in higher codimensions, i.e. classical cones

where the cross-section is not contained in a two-dimensional plane, as it forces the direction

vectors of each of the half-planes to lie in the same 2-dimensional plane in Rk+1. It should

be noted that when k = 1 every classical cone of vertex density Q is in CQ.

For any stationary integral varifold V in Bn+k
2 (0), we denote by CV the set of singular points

Y where VarTanY (V ) ∩ CQ 6= ∅, i.e. at least one tangent cone is in CQ. In a similar spirit, for

A ⊂ Rn and a function f : A → AQ(Rk), we write Cf for the set of points x ∈ A such that

f1(x) = f2(x) = · · · = fQ(x) and the point (f1(x), x) (= (f2(x), x) = · · · = fQ(x), x) is a C1

classical singularity of graph(f).

Functions with Generalised-C1,α Regularity

For this section we restrict ourselves to the codimension one setting, i.e. k = 1, and Q ∈ Z≥2.

Whilst there are natural generalisations of the concepts defined here to higher codimensions,

as we will only need to discuss them in the codimension one setting this is natural for us to

restrict to k = 1 in order to avoid unnecessary complications surrounding twisted cones.

First note the following: if A ⊂ Rn and f : A → AQ(R), then Cf is the set of points y ∈ A for

which there is ρy with Bρy(y) ⊂ A, an (n−1)-dimensional subspace Ly ⊂ Rn and a C1 function

γy : y + Ly → L⊥y ⊂ Rn with γy(y) = 0 such that, letting Ω+
y , Ω−y denote the two connected

components of Bn
ρy(y)\graph(γy) (where graph(γy) = {x : γy(x) : x ∈ y + Ly}), the following

holds:

(a) f1
∣∣
Ω+
y
, . . . , fQ

∣∣
Ω+
y
∈ C1(Ω+

y ) and f1
∣∣
Ω−y

, . . . , fQ
∣∣
Ω−y
∈ C1(Ω−y );
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(b) f j
∣∣
∂Ω+

y ∩Bnρy (y)
= f j

∣∣
∂Ω−y ∩Bnρy (y)

for all i, j ∈ {1, . . . , Q};

(c) either Df1
∣∣
Ω+
y

(y) 6= DfQ
∣∣
Ω+
y

(y) for all y ∈ ∂Ω+
y or Df1

∣∣
Ω−y

(y) 6= DfQ
∣∣
Ω−y

(y) for all

y ∈ ∂Ω−y (or both hold).

We now define the notions of generalised-C1 and generalised-C1,α regularity for anAQ(R)-valued

function f . These are slightly weaker notions of a Q-valued C1 or C1,α function; the difference

stems from the fact that that we allow for non-immersed intersections.

Definition 8 (Generalised-C1). Let U ⊂ Rn be an open set. We say that a function f : U →
AQ(R) belongs to GC1(U) or, equivalently, that f is of class generalised-C1 in U , if:

(i) f is differentiable (as a function on U) at every point y ∈ U\Cf in the classical sense,

i.e. taking f to be an RQ-valued function x 7→ (f1(x), . . . , fQ(x)) (with f1 ≤ · · · ≤ fQ,

as always), and;

(ii) the derivative Df is continuous on U\Cf .

Definition 9 (Regular and branch sets). Let U ⊂ Rn be an open set and let f : U → AQ(R)

be GC1(U). We denote by Rf the set of points y ∈ U for which there is ρy ∈ (0,dist(y, ∂U))

such that f1
∣∣
Bρy (y)

, . . . , fQ
∣∣
Bρy (y)

∈ C1(Bρy(y);R). We call Rf the regular set of f . We then

also set Bf := U\(Rf ∪ Cf ) and call Bf the branch set of f .

Remarks: Let U ⊂ Rn be (non-empty and) open, and let f : U → AQ(R) be of class

GC1(U).

(1) The sets Rf , Cf , and Bf are pairwise disjoint and uniquely determined by f ; more-

over, Rf is non-empty and open in U , Bf is relatively closed in U , and Cf is an

embedded (n− 1)-dimensional submanifold of U\Bf with ∂Cf ∩ U = Bf ; in partic-

ular, we have: Cf = ∅ =⇒ Bf = ∅.

(2) With the notation as in the remark preceding Definition 8, if we additionally have

for each y ∈ Cf that Df j
∣∣
Ω+
y

(y) = DfQ−j+1
∣∣
Ω−y

(y) for all j = 1, 2, . . . , Q, then

graph(f) is a C1 immersion near each y ∈ Cf , and f is a function in C1(U ;AQ(R))

in the classical sense.

(3) It follows from the definition of Cf and condition (ii) of Definition 8 that the map

taking a point y ∈ Cf ∪Bf to spt‖|Cy‖∩Bn+1
1 (0), where Cy is the (unique) varifold

tangent cone to v(f) at (y, sptf(y)), is continuous (on Cf ∪ Bf ) with respect to the

Hausdorff metric (note that if f(y) = QJzK for some z = z(y), then sptf(y) = z).

(4) It follows from condition (ii) of Definition 8 that for each compact set K ⊂ U ,

lim
ε→0+

sup
y∈K∩Rf∩(Bf )ε

inf
z∈Bf

G(Df(y), Df(z)) = 0

where (Bf )ε := {x : dist(x,Bf ) < ε}.

Definition 10 (Generalised C1,α). Let U ⊂ Rn be open and α ∈ (0, 1). We say that a function

f : U → AQ(R) belongs to GC1,α(U) or, equivalently, f is of class generalised-C1,α in U , if

f ∈ GC1(U) and, with the notation as in Definition 9: (a) for each compact set K ⊂ U , each
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y ∈ Rf , and for the largest ρy corresponding to y, the functions f j , j = 1, 2, . . . , Q, are in

C1,α(Bρy(y) ∩K); (b) each y ∈ Cf is a C1,α classical singularity of graph(f); (c) the map Df

is in C0,α(Rf ∪ Bf ;AQ(M1×n)), i.e. for each compact set K ⊂ Rf ∪ Bf we have

sup
x1,x2∈K: x1 6=x2

G(Df(x1), Df(x2))

|x1 − x2|α
<∞.

2. Main results of this thesis

The results of this thesis concern the following class of (codimension one) varifolds:

Definition 11. Let Q ∈ {3
2 , 2,

5
2 , 3, . . . }. Let SQ denote the set of integral n-varifolds on the

open ball Bn+1
2 (0) ⊂ Rn+1 with 0 ∈ spt‖V ‖, ‖V ‖(Bn+1

2 (0)) <∞, and which satisfy the following

conditions:

(S1) V is stationary in Bn+1
2 (0), as defined in Definition 1;

(S2) V is stable (on its regular part), as defined in Definition 4;

(S3)Q No singular point of V with density < Q is a classical singularity of V (see Definition

7).

Condition (S3)Q is exactly ruling out classical singularities in V with density {3
2 , . . . , Q−

1
2}. In

light of the Minimum Distance Theorem, [Wic14, Theorem 3.4], condition (S3)Q is equivalent

to {ΘV < Q} ∩ CV = ∅, i.e. there are no singular points of density < Q where at least one

tangent cone is a classical cone.

The first of our main results is the following:

Theorem A. Let Q ∈ Z≥2. Then there exists ε = ε(n,Q) ∈ (0, 1) such that if V ∈ SQ has

(ωn2n)−1‖V ‖(Bn+1
2 (0)) < Q+1

2 , Q−1
2 ≤ ω

−1
n ‖V ‖(R×Bn

1 (0)) < Q+1
2 , and

∫
R×Bn1 (0) |x

1|2 d‖V ‖ <
ε, then we have the following: there is a generalised-C1,α (Q-valued) function u : Bn

1/2(0) →
AQ(R) such that:

(i) Ru = π({X ∈ R×Bn
1/2(0) : ΘV (X) < Q}); Bu ∪ Cu = π({X ∈ R×Bn

1/2(0) : ΘV (X) ≥
Q}) (where the notation is as in Definitions 8, 9, 10), and π : Rn+1 → {0}×Rn is the

orthogonal projection); moreover {X ∈ R×Bn
1/2(0) : ΘV (X) > Q} = ∅;

(ii)

sup
Bn

1/2
(0)
|u|+ sup

Bn
1/2

(0)\Cu
|Du| ≤ C

(∫
R×Bn1 (0)

|x1|2 d‖V ‖(X)

)1/2

;

(iii) V (R×Bn
1/2(0)) = v(u).

In particular, every singular point Y of V (R×Bn
1/2(0)) is either a density Q classical singularity

or a density Q branch point, with a unique tangent cone CY at Y in either case, and with

π−1(π(Y )) = {Y }.
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Moreover, for any singular points Y, Y1, Y2 of V (R×Bn
1/2(0)) we have that

ρn−2

∫
R×Bnρ (π(Y ))

dist2(X, spt‖CY ‖) d‖V ‖(X) ≤ Cρ2α

∫
R×Bn1 (0)

|x1|2 d‖V ‖(X) ∀ρ ∈ (0, 1/4]

and that

distH(spt‖CY1‖ ∩Bn+1
1 (0), spt‖CY2‖ ∩Bn+1

1 (0)) ≤ C|Y1 − Y2|α
(∫

R×Bn1 (0)
|x1|2 d‖V ‖(X)

)1/2

;

here, C = C(n,Q) ∈ (0,∞) and α = α(n,Q) ∈ (0, 1).

As previously mentioned, we need to work with generalised-C1,α functions to allow for possibly

non-immersed intersections; this stems from the fact that (for Q ≥ 3) a density Q stationary

classical cone (which consists of half-hyperplanes) need not be the sum of full hyperplanes, even

when it lies close to a hyperplane (see Figure 2).

2

v

v−

v+ b

a

Figure 2. A 1-parameter family of stationary classical cones consisting of 6 half-hyperplanes,
none of which are the sum of three hyperplanes; the half-hyperplane with multiplicity 2 is
indicated. The unit vectors in the inward-pointing directions are given by v = (1, 0), v± =

(
√

1− ε2,±ε), with then a, b being found in terms of ε from the stationary condition v + v+ +
v− + 2a + b = 0. In particular we have as ε ↓ 0 that these cones limit onto a multiplicity 3
hyperplane. The fact that each example does not contain any hyperplane follows readily from
the fact that a stationary sum of 4 half-hyperplanes must be the sum of two hyperplanes.

The examples in Figure 2 illustrate that in the purely abstract setting of Theorem A (of varifolds

weakly close to a hyperplane) it is not (unless Q = 2 – see Theorem E) possible to improve

the regularity conclusion from generalised-C1,α to (classical) C1,α. However, when we restrict

ourselves to looking at flat singular points in V ∈ SQ of density Q, i.e. singular points where at

least one tangent cone is a multiplicity Q hyperplane, whilst we know such a branch point must

be a limit of a sequence of classical singularities ([Wic14, Corollary 3.6]) it is not known whether

it is possible to take such a sequence to be comprised of non-immersed classical singularities.

This leads to:

Open Problem 5: Let V ∈ SQ for some Q ∈ Z≥2, and suppose Z ∈ spt‖V ‖ is a flat

singular point of density Q. Then must every sequence (Zj)j → Z of

classical singularities (Zj)j ⊂ spt‖V ‖ in V be immersed?

Note that the assumption requiring absence of classical singularities of density < Q is necessary

for the conclusions of Theorem A: indeed, in the Q = 3 case a union of a catenoid and a plane

provides a simple (immersed) example, and in the Q = 2 case, a truncated catenoid with a disk

provides an example; each of these can be made arbitrarily close to a plane by scaling down.

Figures 3 and 4 below provide illustrations of these.

Remark: (Structure of the branch set) Let V ∈ SQ. If Q = 2, the countable (n − 2)-

rectifiability of the branch set BV of V follows from Theorem A and the work [KW21] (which
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Figure 3. Cross-section of a
catenoid with a plane which is
close to a (multiplicity 3) plane,
but not a 3-valued graph over it.

120◦

Figure 4. Cross-section of a modified
catenoid which has stable regular part, yet
is not expressible as a two-valued graph over
the horizontal plane.

builds on [SW16]); see Theorem F in Chapter 2.3 below. For general Q, Theorem A does not

immediately tell us anything about the size or the nature of BV , but it reduces the study of

BV to a PDE question. In view of the local graph description and the estimates provided by

Theorem A, including decay towards a unique tangent plane at branch points, perseverance

with an approach similar to that seen in [KW21] and [KW17] is now likely to prove fruitful

for the analysis of BV for general Q. Indeed, the analysis in [KW21] uses the monotonicity

of a frequency function (established in [SW16]) for the height of the varifold (given by a

two-valued C1,α graph) relative to the average of the (two) sheets; similarly, the rectifiability

and uniqueness of blow-up results proved in [KW17] for the branch set of Dirichlet energy

minimising Q-valued functions, for arbitrary Q, uses the frequency function for the height

of the graph of the function relative to the average of the sheets. For the analysis of branch

points of varifolds in SQ for general Q, a natural way forward is to use (as a replacement for

literally taking the average of the sheets) a centre manifold, as first introduced in Almgren’s

work ([Alm00]) and for which a streamlined construction is given in [DLS16a], and then

follow Almgren’s argument to establish monotonicity for the height relative to the centre

manifold, and from there on proceed as in [KW21], [KW17]. In the absence of an area

minimising hypothesis as in Almgren’s work, the key to such a centre manifold construction

and a frequency monotonicity argument is provided by Theorem A, which gives a graph

structure with uniform decay estimates.

Our second main result is specifically concerned with the class S2, i.e. when Q = 2. Here,

we are able to go further then Theorem A and prove a regularity theorem at the next natural

singular situation: where the cone is not a multiplicity two hyperplane, but instead a classical

cone of density 5
2 , i.e. 5 half-hyperplanes meeting along a common axis.

To precisely state the result we first need to set up some notation. Let C0 =
∑N

i=1 q
(0)
i |H

(0)
i | be

a stationary classical cone in Rn+1 with density ΘC0(0) = 5
2 and spine LC0 = {(0, 0)} × Rn−1,

where q
(0)
i are integers ≥ 1, H

(0)
i are distinct half-hyperplanes with ∂H

(0)
i = LC0 for each

i = 1, 2, . . . , N∗; thus H
(0)
i = R

(0)
i ×Rn−1, where R

(0)
i = {tw(0)

i : t > 0} for distinct unit vectors

w
(0)
1 , . . . ,w

(0)
N in R2.

Let σ0 := max{w(0)
i · w

(0)
k : i, k = 1, 2, . . . , N, i 6= k} and let N(H

(0)
i ) denote the conical

neighbourhood of H
(0)
i defined by

N(H
(0)
i ) :=

{
(x, y) ∈ R2 × Rn−1 : x ·w(0)

i > |x|
√

1 + σ0

2

}
.

∗By virtue of the stationarity of C0 we must have q
(0)
i ≤ 2 for each i = 1, . . . , N , and as ΘC0(0) = 5

2
we have∑N

i=1 q
(0)
i = 5. In particular N ∈ {3, 4, 5}.
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Denote by H̃
(0)
i the hyperplane containing H

(0)
i , and by (H̃

(0)
i )⊥ the orthogonal complement of

H̃
(0)
i in Rn+1.

Theorem B. Let C0 be as above. Then there is a constant ε = ε(C0) such that the following

holds: if V ∈ S2 has (2 + 1/8)ωn ≤ ‖V ‖(Bn+1
1 (0)) ≤ (3− 1/8)ωn and∫

Bn+1
1 (0)

dist2(X, spt‖C0‖) d‖V ‖ < ε,

then for each i ∈ {1, 2, . . . , N} there is a function

γi ∈ C1,α
(
LC0 ∩Bn+1

1/2 (0); H̃
(0)
i ∩ {X : dist(X,LC0) < 1/16}

)
and a function ui : Ωi → A

q
(0)
i

((H̃
(0)
i )⊥), where Ωi is the connected component of H̃

(0)
i ∩

B1/2(0)n+1\{x+γi(x) : x ∈ LC0∩Bn+1
1/2 (0)} with (H

(0)
i \{X : dist(X,LC0) < 1/16})∩Bn+1

1/2 (0) ⊂
Ωi such that:

(i) ui ∈ C1,α(Ωi;Aq(0)
i

((H̃
(0)
i )⊥)), with v(ui) a stationary integral varifold, where v(ui) is

the varifold (graph(ui), θ), where if we write ui(X) =
∑q

(0)
i
j=1Ju

j
i (X)K for X ∈ Ωi, then

graph(ui) = {(uji (X), X) : X ∈ Ωi, j ∈ {1, . . . , q(0)
i }}, and the multiplicity function θ

at a point (uji (X), X) ∈ graph(ui) is given by θ(uji (X), X) := #{k : uki (X) = uji (X)}
for each j = 1, . . . , q

(0)
i ;

(ii) for each i ∈ {1, . . . , N}, ui|∂Ωi∩Bn+1
1/2

(0) = q
(0)
i JbiK for some single-valued C1,α function

bi : ∂Ωi∩Bn+1
1/2 (0)→ (H̃

(0)
i )⊥, and moreover if b̃i(x) := x+bi(x) for x ∈ ∂Ωi∩Bn+1

1/2 (0),

then image(b̃i) = image(b̃j) for all i, j ∈ {1, . . . , N};

(iii) V Bn+1
1/2 (0) =

∑N
i=1 v(ui) Bn+1

1/2 (0);

(iv) for each i ∈ {1, . . . , N},

{Z : ΘV (Z) ≥ 5/2} ∩Bn+1
1/2 (0) = {Z : ΘV (Z) = 5/2} ∩Bn+1

1/2 (0) = b̃i(∂Ωi ∩Bn+1
1/2 (0)).

Moreover, for each i ∈ {1, . . . , N} we have

|ui|1,α;Ωi
≤ C

(∫
Bn+1

1 (0)
dist2(X, spt‖C0‖) d‖V ‖(X)

)1/2

.

Here, C = C(n) ∈ (0,∞) and α = α(n) ∈ (0, 1/2). In particular, V has a unique tangent cone

at every point in Bn+1
1 (0), and {X : ΘV (X) = 5/2} ∩ Bn+1

1/2 (0) is a connected C1,α (n − 1)-

dimensional submanifold.

Thus, Theorem B tells us that whenever a stationary, stable, codimension one integral varifold

with no triple junction singularities (i.e. classical singularities of density 3
2) is sufficiently close

to a given classical cone C0 with density ΘC0(0) = 5
2 , it is necessarily a C1,α graph over spt‖C0‖,

where over each multiplicity q half-hyperplane in C0 the graph is q-valued.
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Note that we do not need to make any assumption on V having “good density points”, i.e.

points where ΘV ≥ 5
2 . This will in fact be implied by the assumptions on V (see Lemma

15). Moreover, the assumption on ruling out triple junction singularities is critical for the

conclusions: indeed, Figure 5 provides an example illustrating that without this assumption it

is possible to have only a (n − 2)-dimensional subset of points having density 5
2 , and Figure 6

shows it is also possible to have no points of density ≥ 5
2 . The core reason for this difficulty

is that some of these cones are decomposable, i.e., in this setting, a sum of a (multiplicity one)

hyperplane and (multiplicity one) triple junction; see Figure 7. It will be by removing triple

junction singularities and applying Theorem A (or a suitable form of it, namely Theorem E)

that we are able to argue that density gaps do not occur.

Figure 5. Illustration of the pos-
sibility of density gaps when allowing
triple junctions.

Figure 6. Illustration of the possi-
bility of having no points of density 5

2

when allowing triple junctions but with
still being arbitrarily close to a classical
cone of density 5

2
.

2

Level 1Level 0

Figure 7. Examples of density 5
2

cones which are decomposable; the ‘2’ means that the
half-hyperplane occurs with multiplicity 2.

Remark: It is natural to ask whether one can prove Theorem B for arbitrary Q ∈ Z≥2 as

opposed to just Q = 2, i.e. for V ∈ SQ close to a classical cone C0 with ΘC0(0) = Q + 1
2 .

Indeed, it would seem that the only obstacle for extending our proof to this more general

setting is a dimension bound on the set of branch points of density Q; if one could prove

that this set has dimension at most n− 2, then our proof, suitably modified, will go through

to prove the more general result (and see the remark after Theorem A for a discussion of

this dimension bound, which should be possible). One key difference in the modified proof

would be the need for a more careful inductive procedure regarding the tuple of densities

(q
(0)
1 , . . . , q

(0)
N ) on C0, however this should be a straightforward extension of the argument

here, even if it is somewhat involved.

The difficulty in proving Theorem B arises from the allowance of branch point singularities away

from the axis in V (by the ‘axis in V ’ we refer to the set of points of density 5
2 ; as a consequence

of the conclusions of Theorem B we see that these points form a connected (n− 1)-dimensional

C1,α submanifold). In particular, we are allowing for the possibility of (density 2) branch points

converging to this axis (indeed, if this does not happen then the proof is much simpler).
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It would seem reasonable that it is possible to construct examples of varifolds V ∈ SQ which

have a (density 2) branch point which can be made arbitrarily close to the axis; as such, there

can be no great simplification to the proof of Theorem B we give as these points could still

accumulate along the axis of the cone. However, in the setting of wanting to understand in a

fixed V ∈ S2 the local structure about singular points X which have a tangent cone which is a

classical cone of density 5
2 , the above obstruction would only be present if there were a sequence

of (density 2) branch points converging to the singular point X. If one could rule this out a

priori, then a much simpler version of the proof of Theorem B would be applicable to deduce

the conclusions of Theorem B locally on a neighbourhood about such X. This therefore gives

rise to:

Open Problem 6: Suppose V is a stationary, stable, codimension one integral varifold.

Then is it possible for a sequence of density 2 branch points in V to

converge to a singular point in V at which there is one tangent cone

being a classical cone of vertex density 5/2?

The above open problem actually is a special case of another conjecture one can make. For

complex analytic varieties it is known that a Whitney stratification holds. As complex analytic

varieties are always area minimising ([Mor16]), and area minimisers have a branch set of

codimension at least 2, it is natural to conjecture whether such a Whitney stratification holds

for stationary integral varifolds (or area minimisers), where we include the branch set in the

(n− 2)-stratum, Sn−2, i.e.:

Conjecture 2: For an n-dimensional stationary integral varifold, define S∗n−2 := Sn−2 ∪
S̃n. Then {S0, . . . ,Sn−3,S∗n−2,Sn−1, spt‖V ‖} is a Whitney stratification of

spt‖V ‖.

3. Other results of the thesis

Theorem A and Theorem B in Chapter 2.2 are the main results of the thesis. Here, we record

some other key results which we obtain either en route to proving them, or which we can derive

as quick consequences of them. In particular, as a corollary of the results here we will be able

to provide a detailed understanding of the singularities which occur in codimension one area

minimising currents mod p.

3.1. Varifolds in SQ near a flat disk of multiplicity < Q: embeddedness. For

later purposes we will need the following result from [Wic14], guaranteeing embeddedness of a

varifold V ∈ SQ lying close to a flat disk of multiplicity < Q, and so it is useful to record this

here. From (S3)Q and the upper semi-continuity of density we know that there are no classical

singularities in a varifold V ∈ SQ when it is close to a multiplicity < Q flat disk, and thus from

[Wic14, Theorem 3.3] and standard elliptic PDE theory we immediately get:

Theorem C (Sheeting Theorem (Theorem 3.3, [Wic14])). Fix Q ∈ {3
2 , 2,

5
2 , 3, . . . }. There

exists a number ε0 = ε0(n,Q) ∈ (0, 1) such that if V ∈ SQ satisfies:

(i) (ωn2n)−1‖V ‖(Bn+1
2 (0)) < Q− 1/4;

(ii)
∫
R×B1

|x1|2 d‖V ‖ < ε0;
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then we have

V (R×B1/2) =

q∑
j=1

|graphuj |

for some q ∈ {1, 2, . . . , bQ− 1/2c}, where bxc denotes the integer part of x, uj ∈ C1,β(B1/2) for

each j, u1 ≤ u2 ≤ · · · ≤ uq, and:

|uj |C1,β(B1/2) ≤ C
(∫

R×B1

|x1|2 d‖V ‖(X)

)1/2

,

where C = C(n,Q) ∈ (0,∞) and β = β(n,Q) ∈ (0, 1). Furthermore, uj solves the minimal

surface equation weakly on B1/2, and hence in fact uj ∈ C∞(B1/2) for each j = 1, 2, . . . , q.

3.2. Structure of varifolds in SQ near classical cones: Theorem D. Let C0 be a

stationary classical cone. It is shown in [Wic14, Section 16] that a “minimum distance theo-

rem” holds, which says that there is a constant ε = ε(C0) > 0 such that a stable codimension 1

integral n-varifold V with no classical singularities cannot be ε-close to C0 in the unit ball. The

proof given in [Wic14] of the minimum distance theorem is by induction on the vertex density

of ΘC0(0) of C0 (which must take values in {3
2 , 2,

5
2 , 3, . . .}); the argument of the inductive step

contains a proof that if V is sufficiently close to C0 then in the interior it has the structure of a

classical singularity (providing a direct contradiction to the no classical singularities hypothesis).

This argument uses not that V has no classical singularities, but only that it has no classical

singularities of density < ΘC0(0) (assumed inductively). Thus for any Q ∈ {3
2 , 2,

5
2 , 3 . . .}, the

argument readily gives Theorem D below concerning stable varifolds with no classical singu-

larities of density < Q (here we use the same notation as used in Theorem B, except now

ΘC0(0) = Q).

Theorem D. Let Q ∈ {3
2 , 2,

5
2 , 3, . . . } and let C0 be as above. Let α ∈ (0, 1). There is a

constant ε = ε(C0, α) such that the following holds: If V ∈ SQ, ΘV (0) ≥ ΘC0(0),∫
Bn+1

1 (0)
dist2 (X, spt ‖C0‖) d‖V ‖ < ε, and

‖V ‖(Bn+1
1/2 (0) \ {r(X) < 1/8} ∩N(H

(0)
i )) ≥

(
q

(0)
i −

1

4

)
Hn(Bn+1

1/2 (0) \ {r(X) < 1/8} ∩H(0)
i )

for each i ∈ {1, . . . , N}, then for each i ∈ {1, . . . , N} there is a function

γi ∈ C1,α
(
LC0 ∩Bn+1

1/2 (0); H̃
(0)
i ∩ {X : dist (X,LC0) < 1/16}

)
,

and functions ui,j : Ωi →
(
H̃

(0)
i

)⊥
for j = 1, . . . , q

(0)
i , where Ωi is the connected component of

H̃
(0)
i ∩B

n+1
1/2 (0) \ {x+ γi(x) : x ∈ LC0 ∩Bn+1

1/2 (0)} with
(
H

(0)
i \ {X : dist (X,LC0) < 1/16}

)
∩

Bn+1
1/2 (0) ⊂ Ωi, such that:

(i) ui,1 · νi ≤ ui,2 · νi ≤ · · · ≤ ui,q(0)
i

· νi where νi is a constant unit normal to H̃
(0)
i ;

(ii) ui,j ∈ C1,α

(
Ωi;
(
H̃

(0)
i

)⊥)
and ui,j · νi solves the minimal surface equation on Ωi;
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(iii) writing ũi,j(x) := x+ ui,j(x) for x ∈ Ωi, we have

ũi,k|∂ Ωi∩Bn+1
1/2

(0) = ũj,`|∂ Ωj∩Bn+1
1/2

(0)

for all values of the indices i, j ∈ {1, . . . , N}, k ∈ {1, . . . , q(0)
i } and ` ∈ {1, . . . , q(0)

j };

(iv)

V Bn+1
1/2 (0) =

N∑
i=1

qi∑
j=1

|graph(ui,j) ∩Bn+1
1/2 (0)|; and

(v)

{Z : ΘV (Z) ≥ Q} ∩Bn+1
1/2 (0) = {Z : ΘV (Z) = Q} ∩Bn+1

1/2 (0) = ũi,k(∂ Ωi ∩Bn+1
1/2 (0))

for each i ∈ {1, . . . , N} and k ∈ {1, . . . , q(0)
i };

moreover for each each i ∈ {1, . . . , N} and j ∈ {1, . . . , q(0)
i }, we have

|ui,j |1,α;Ωi ≤ C

(∫
Bn+1

1 (0)
dist2(X, spt‖C0‖) d‖V ‖(X)

)1/2

.

Here C = C(n,C0, α) ∈ (0,∞).

Remark: Once we have the conclusions of Theorem D, it follows from the higher regularity

theory of [Kru14] that indeed the boundary segments {x + γi(x) : x ∈ LC0 ∩ Bn+1
1/4 (0)}

and the functions ui,j |Ωi∩Bn+1
1/4

(0) are real analytic, with derivatives of ui,j of any order k ∈ N

bounded uniformly in Ωi ∩ Bn+1
1/4 (0) by a constant C = C(n, k,C0) times the height excess(∫

Bn+1
1 (0) dist2(X, spt‖C0‖) d‖V ‖(X)

)1/2
.

Proof of Theorem D. The theorem directly follows from the results in [Wic14]. There

it is shown that if W is a stable codimension 1 integral varifold satisfying the condition that W

has no classical singularities (referred to as the α-structural hypothesis in [Wic14]), then: (a)

sing(W ) has Hausdorff dimension≤ n−7 ([Wic14, Theorem 3.1]); and (b) a “sheeting property”

holds, i.e. if W is close as a varifold to a hyperplane of some positive integer multiplicity, then

W is regular (embedded) in the interior ([Wic14, Theorem 3.3]).

So if Q ∈ {3
2 , 2,

5
2 , 3, . . .}, W is a stable codimension 1 integral varifold with no classical singu-

larities of density < Q, then by (a) we have: (a′) dimH (sing(W Ω)) ≤ n− 7 for any open set

Ω such that ΘW (Y ) < Q for all Y ∈ Ω, and by (b) we have: (b′) if W is close to a hyperplane

with multiplicity < Q, then W is regular in the interior. (This is Theorem C.)

To prove the present theorem, now proceed exactly as in [Wic14, Section 16]. The key ingre-

dient needed is the excess improvement result [Wic14, Lemma 16.9]. The proof of this lemma

carries over without any change to the present setting: simply drop the assumption that V

has no classical singularities, take (b′) in place of the induction hypotheses (H1) therein, and

take the absence of density < Q classical singularities (the present hypothesis) in place of the

induction hypothesis (H2). In view of (a′), the condition that there are “no significant gaps”



Other results of the thesis 25

in the set {Z : ΘV (Z) ≥ ΘC0(0)} ∩ Bn+1
3/4 (0), needed for the proof, follows from the same

reasoning given in [Wic14]. Once this excess decay lemma is established, the proof of [Wic14,

Theorem 16.1] carries over without any change to give the present theorem. Note that the

asserted bound on |ui,j |1,α;Ωi follows from the estimates established in the proof of [Wic14,

Theorem 16.1] together with the standard global C1,α Schauder estimates for weak solutions to

second order uniformly elliptic equations. �

Digression on the proof of [Wic14, Lemma 16.9]:

The proof of the excess decay result [Wic14, Lemma 16.9], in turn, follows closely the

blow-up argument in the seminal work of L. Simon in [Sim93], although the setting in

[Wic14] is technically one of higher multiplicity (unlike in [Sim93] where a multiplicity 1

class hypothesis is made). The two most crucial points to note here are: (i) in [Wic14,

Lemma 16.9] (in fact throughout the relevant part of [Wic14], i.e. Section 16) a “non-

degenerate” situation is assumed; that is to say, the varifold V is assumed to be far from

being flat at scale 1, by virtue of the assumption that it is close to a given, fixed classical cone

C0 at scale 1; and (ii) we have at our disposal a strong sheeting result (in [Wic14] this is the

induction hypothesis (H1), and in the present setting this is the sheeting theorem [Wic14,

Theorem 3.3], or more precisely, property (b′) mentioned in the proof of Theorem D above)

which is applicable to V away from the axis of C0 by virtue of the fact that densities of the

hyperplanes making up C0 are constant integers ≤ ΘC0(0) − 1/2; this gives that V in that

region decomposes as the sum of regular, multiplicity 1 sheets satisfying good estimates, in

particular ruling out branch points in that region (this is a key difference between Theorem D

and Theorem B). Thus, many of the modifications necessary to the argument of [Sim93]—as

documented in [Wic14, Section 16]—are, though somewhat involved, of a technical nature.

One place in the argument where a slightly different perspective is taken in [Wic14] is to

use standard boundary regularity results for (single-valued) harmonic functions to deduce

decay estimates for the blow-ups generated by sequences of stable varifolds converging to

C0. Specifically, it is shown that there is a single C2 (in fact smooth) function, defined on

the axis of C0, taking values orthogonal to the axis, and satisfying an appropriate estimate,

which determines a common boundary that joins together all of the “sheets” of the blow-up

(defined as graphs over appropriate domains in the various half-hyperplanes making up C0);

the desired C1,α decay estimate for the blow-up follows at once from this and a standard

boundary regularity theorem for harmonic functions (see [Wic14, Theorem 16.7]).

More subtle adaptations of [Sim93] to other settings, including to other higher multiplicity

settings, have recently been carried out in a number of situations. One such instance directly

relevant to the present work is [Wic14, Sections 10–14] where a degenerate situation in

considered, in which the base cone C0 is a higher-multiplicity hyperplane; the analysis done

in [Wic14] in this case leads to Theorem 1 of Chapter 4 which plays an essential role in our

proof of Theorem A. See also: Theorem B, which studies a situation where branch points of

the nearby varifolds do exist away from the axis of C0; [BK17] where the “no significant

gaps” condition used in [Sim93] fails (see the proof of Theorem D above); [CES17] where

the (multiplicity 1) base cone C0 is singular away from its spine; and [KW13], [KW17],

[KW21] where the “cone” C0 is the graph (possibly with multiplicity > 1) of a multi-valued
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homogeneous harmonic function ϕ, with varying degrees of homogeneity, including degrees

of homogeneity < 1.

Returning to Theorem D, note that, just as for Theorem A, the absence of classical singularities

of density < Q is a necessary hypothesis in Theorem D. This is illustrated by the simple example

in Figure 8.

Figure 8. Example of a stationary integral varifold with stable regular part which (by
scaling) can be made arbitrary close to a classical cone of density 3 but is not a C1,α graph
over it in the sense described in the conclusion of Theorem D. All angles are 120◦.

3.3. The case Q = 2: Theorem E. In the special case of Q = 2, the conclusions of

Theorems A and D can be strengthened; this strengthening will be used in our proof of Theorem

B. This strengthening is due to the fact that in this setting the only classical singularities which

are present are in fact (density 2) immersed singular points. This is not true for Q ≥ 3:

Theorem E. † Suppose V is a stable codimension 1 integral n-varifold in Bn+1
2 (0) such that

V has no triple junction singularities (i.e., classical singularities of density 3
2), i.e. V ∈ S2.

Suppose that C0 = |P (0)
1 | + |P

(0)
2 | is the multiplicity 1 cone supported on a distinct pair of

hyperplanes P
(0)
1 , P

(0)
2 . Then:

(i) there is ε1 = ε1(n) ∈ (0, 1) such that if (ωn2n)−1‖V ‖(Bn+1
2 (0)) < 2 + 1/2, 2 − 1/2 ≤

ω−1
n ‖V ‖(R×B1) < 2+1/2 and

∫
R×B1

|x1|2 d‖V ‖ < ε then the conclusions of Theorem A

hold; moreover, every classical singularity of V (R × B1/2) is an immersed point of

spt ‖V ‖, and we can take u to be a C1,1/2 two-valued function;

(ii) there is ε2 = ε2(C0) ∈ (0, 1) such that if the hypotheses of Theorem D taken with ε2 in

place of ε, Q = 2, N = 2 and q
(0)
1 = q

(0)
2 = 1 are satisfied, then

V Bn+1
1/2 (0) = |graph(u1) ∩Bn+1

1/2 (0)|+ |graph(u2) ∩Bn+1
1/2 (0)|

where uj : P
(0)
j ∩ Bn+1

1/2 (0) →
(
P

(0)
j

)⊥
, j = 1, 2, are smooth functions satisfying, for

each k = 0, 1, . . ., the Ck estimate

|uj |k,Pj∩Bn+1
1/2

(0) ≤ C

(∫
Bn+1

1 (0)
dist2(X, spt‖C0‖) d‖V ‖(X)

)1/2

,

where C = C(n, k,C0);

†We do not need the full extent of the techniques employed in the present work to establish Theorem E; in
particular, the frequency function argument used in the analysis of coarse blow-ups (carried out in Chapter 4.3
below for general Q) can be significantly simplified when Q = 2, capitalising on the fact that for stationary
two-valued graphs we have that generalised-C1 =⇒ C1 and consequently the (two-valued) coarse blow-ups are
locally in W 2,2.
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(iii) the branch set of V is countably (n − 2)-rectifiable and, if non-empty, it has locally

positive (n− 2)-dimensional Hausdorff measure.

Remark: In conclusion (i) the fact that u is C1,1/2 (and not just C1,α for some α) follows

from [SW16], and it is the sharp regularity conclusion.

Proof of Theorem E. For conclusion (i), note that we already know from Theorem A

that we can locally express V as a generalised-C1,α two-valued graph. The difference here

is that at any singular point Y where there is a classical tangent cone C, the cone C has

density 2 at the origin and is stationary, hence it must be the sum of two distinct multiplicity

1 hyperplanes (not just 4 half-hyperplanes meeting along a common axis). In particular, since

the function u defining V is generalised-C1 and hence each half hyperplane of C defines the

one-sided derivative of u at the point in its domain corresponding to Y , the fact that the cone

consists of the union of two full hyperplanes means that the two one-sided derivatives of u on

each half of a given hyperplane in the cone must agree. Thus every classical singularity of

V is an immersed point, and V (R × B1/2) is expressible as a C1,α stationary graph (i.e.,

generalised C1,α two-valued codimension one functions are necessarily classically C1,α two-

valued functions when their graphs are stationary). The fact that we can take α = 1/2 follows

from [SW16]. Conclusion (ii) follows similarly from Theorem D and standard elliptic regularity

results. Conclusion (iii) on the rectifiability of the branch set follows from [KW21], with the

(n− 2)-dimension bound first being established in [SW16]. �

3.4. Applications to area minimising hypersurfaces mod p: Theorem F. One

class of stationary integral varifolds to which Theorem A, Theorem D and Theorem C above

can directly be applied is the class of integral varifolds associated with n-dimensional rectifiable

currents T in Bn+1
2 (0) that are area minimising mod p and have ∂ T Bn+1

2 (0) = 0 (mod p)

([Fed69, Section 4.2]). For any p ∈ Z≥2, such a current T has an associated integral varifold

V = |T | (obtained by ignoring the orientation of T ) which is stationary in U and has a stable

regular part; moreover, it is easy to check that if such a current is a classical cone, then the

cross-section of it must be a 1-dimensional length minimising rectifiable current mod p with zero

mod p boundary. Hence the cross-section must consist of (a finite number of) rays all oriented

the same way, i.e. inwards towards the vertex or outwards from it (for if two rays have opposite

orientation, then a standard “wedge-replacement” process—where a piece of the wedge formed

by those two rays is replaced by a line segment—gives a comparison current still having zero

boundary mod p but smaller length), whence the number of rays must be an integer multiple

of p and so the density of the classical cone must be ≥ p/2. This readily implies that T has no

classical singularities of density < p/2.

Thus we have, for any integer p ≥ 2:

{|T | : T is an n-dimensional area minimising rectifiable

current mod p in Bn+1
2 (0) with ∂T Bn+1

2 (0) = 0 (mod p)
}
⊂ Sp/2.

Theorem A, Theorem D and Theorem C can therefore be applied with Q = p/2 to deduce

regularity results for currents T as above. Specifically, by applying Theorem D, we obtain



28 Preliminaries and Main Results

Theorem F(ii) below; this result has very recently been obtained in [DLHM+21]. By applying

Theorem C, we obtain Theorem F(iii) below, which says that if T is close to a hyperplane

of multiplicity < p/2 then it is regular in the interior. This result was originally proved by

B. White ([Whi84]) with an argument that makes essential use of the minimising property

of T and valid in fact for codimension 1 rectifiable currents mod p minimising general even

parametric functionals.

Since planar tangent cones to a mod p area minimising (representative) current T have constant

integer multiplicity ≤ p/2, we see from Theorem F(iii) that if p is odd, no tangent cone to T

at a singular point can be supported on a plane. The same assertion holds if p = 2 by the

De Giorgi–Allard regularity theory ([All72], [Sim83b]). If however p is an even integer ≥ 4,

there may exist singular points y where one tangent cone to T is a multiplicity p/2 hyperplane;

if p = 4, it follows from a result of White ([Whi79]) that T corresponds to a smoothly immersed

hypersurface near such a point y. For general even p, Theorem A readily provides regularity of

the current in a neighbourhood of such a point as a p
2 -valued generalised-C1,α graph. This is

Theorem F(i).

Theorem F. Let p ∈ Z≥2 and suppose that T is an n-dimensional area minimising rectifiable

current mod p in Bn+1
2 (0) with ∂ T Bn+1

2 (0) = 0 mod p.

(i) If p is even, then the conclusions of Theorem A hold with Q = p/2 and V = |T | (the

varifold associated with T ) provided the small excess and mass hypotheses of Theo-

rem A are satisfied with V = |T | and with ε equal to ε(n, p/2), the constant given by

Theorem A;

(ii) ([DLHM+21]) For arbitrary p (even or odd), given a classical cone C0 as in Theo-

rem D with Q = p/2 and a number α ∈ (0, 1), the conclusions of Theorem D hold with

Q = p/2 and V = |T | provided the small excess and mass hypotheses of Theorem D are

satisfied with V = |T | and with ε equal to ε(C0, α), the constant given by Theorem D;

(iii) ([Whi84]) For arbitrary p (even or odd), the conclusions of Theorem C hold with

V = |T | provided the small excess and mass hypotheses of Theorem C are satisfied with

V = |T |, Q = p
2 + 1

2 and ε0 equal to ε0(n, p2 + 1
2), the constant given by Theorem C.

Proof. As discussed above, part (i) is an immediate consequence of Theorem A, part (ii)

is an immediate consequence of Theorem D, and part (iii) is an immediate consequence of

Theorem C. �

It should be noted that recently this result has been used by De Lellis–Hirsch–Marchese–

Spolaor–Stuvard ([DLHM+22]) to prove that in fact the set of flat singular points (i.e. those

singular points at which the tangent cone is a multiplicity p/2 hyperplane) in fact has dimension

at most n− 2.

Remark: It is a well known fact that for sequences of area minimising integral currents, con-

vergence in the integral flat norm F implies measure-theoretic convergence of the associated

varifolds ([Sim83b]); this fact extends in a straightforward manner to the mod p minimising

setting, with the mod p flat (semi-)norm Fp taking the place of F . Thus in all parts of

Theorem F, we may replace the assumption that |T | has height excess < ε relative to a plane
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or a classical cone (as a varifold) with the assumption that for appropriate ε′ = ε′(n, p), the

current T is ε′-close to a plane or a classical cone in Fp.

Remark: As mentioned above, if an n-dimensional classical cone C in Rn+1 is the var-

ifold associated with an area minimising rectifiable current mod p, then by an elemen-

tary construction of a 1-dimensional comparison current, one quickly gets that the density

ΘC(0) ≥ p/2. By a similar construction it can in fact be shown that the density ΘC(0) = p/2

(see [DLHM+21, Proposition 3.5]). Thus (as pointed out in [DLHM+21]) once we have

Theorem F(ii), it in fact provides an asymptotic description of a codimension 1 rectifiable

current T that minimises area mod p near any point where one tangent cone to T is a clas-

sical cone. We note that, although in general such singularities in T obviously do arise, they

can in certain special circumstances be ruled out; for instance, by a theorem of F. Mor-

gan ([Mor86]), if T is such that ∂ T = B mod p for B an extremal compact embedded

(n − 1)-dimensional C1 submanifold with at most p/2 components, then T has no classical

singularities away from ∂ T , and the interior singular set of T is of Hausdorff dimension

≤ n− 7.

Remark: If T is as in Theorem F, y ∈ sptT ∩Bn+1
2 (0) and Cy is a tangent cone to T at y,

then we have the following:

(a) by Theorem F(ii) and the preceding remark, if Cy is a classical cone, then y is a

classical singularity;

(b) by Theorem F(iii), if Cy = qJP K for some oriented hyperplane P and (integer)

q < p/2, then T is embedded in a neighbourhood of y;

(c) by Theorem F(i), if Cy = p
2JP K for some oriented hyperplane P (which can hold

only if p is even), then in a neighbourhood of y, the current T is given by a p
2 -valued

function over P of class GC1,α.

Remark: We have, of course, that Theorem E (the special case of Theorem A for Q = 2,

giving additional information) is applicable to codimension 1 area minimising currents mod 4

in the same way that Theorem A is applicable to mod 2Q minimising currents for general Q.

However, while density 2 branch points do occur in stable codimension 1 integral varifolds

(and so the conclusions of Theorem E are sharp for those), by [Whi79], it is known that

branch points do not occur in codimension 1 area minimising currents mod 4 and in fact

such a current is immersed away from a closed set of codimension at least 7.

4. Outline of the proof of the main results

Our proofs of Theorem A and Theorem B are based on a blow-up (or linearisation) argument,

the idea of which in its most basic (namely, multiplicity 1) setting is contained in the works

of De Giorgi ([DG61]) and Allard ([All72]). The essence of the method in that setting is to

approximate the varifold, when it is close to a multiplicity 1 plane, by the graph of a (single-

valued) harmonic function, and use standard decay estimates for harmonic functions to obtain

a decay estimate for the varifold. Iteration of this estimate ultimately leads to the conclusion

that the varifold is an embedded graph in the interior.

In [Wic14] a higher multiplicity version of this method is carried out, where it is shown that

if the (codimension 1) varifold is stable and has no classical singularities, and is close to a
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multiplicity Q hyperplane, then either the singular set must be lower dimensional (and hence

by [SS81] the varifold must already be embedded as Q ordered graphs), or the support of the

varifold is well approximated by the graph of a single-valued harmonic function. Iterating this

information leads to the embeddedness conclusion again.

In the setting of Theorem A, the embeddedness conclusion is false. A pair of intersecting

hyperplanes illustrates this, and in fact there are more elaborate examples ([SW07], [Kru19])

with both branch points and classical singularities that can be made (by scaling around a

branch point) arbitrarily close to a hyperplane. The present setting requires approximation

of the varifold by the graph of a function that belongs to an appropriate class of Q-valued

functions. These Q-valued functions are obtained as “vertical” scaling limits (coarse blow-ups)

of sequences of varifolds in SQ converging to a multiplicity Q flat disk. Since the varifolds are

now allowed to have classical singularities (of density Q), unlike in [Wic14] the coarse blow-

ups will not in general be separate single-valued harmonic functions. Nonetheless, they are,

ultimately, shown to satisfy a certain uniform generalised-C1,α decay estimate (Theorem 16).

A key step in our proof of this estimate is establishing the monotonicity of the frequency function

associated with coarse blow-ups. Almgren introduced the frequency function in his monumental

work ([Alm00]) to study, among other things, coarse blow-ups of area minimising currents (of

codimension > 1) converging to a plane. In that setting the convergence of energy in the blow-

up process is shown to hold, with coarse blow-ups shown to be Dirichlet energy minimising and

hence stationary for Dirichlet energy; consequently they satisfy two variational identities, termed

in [Alm00] as “squash” and “squeeze” identities, which directly lead to frequency monotonicity.

In a different setting, namely in [SW16], it is shown that C1,α two-valued harmonic functions,

which need not be energy minimising, similarly satisfy frequency monotonicity, by an argument

that depends on their W 2,2 regularity.

In contrast to either of these settings, in the present context the monotonicity of frequency has

to be established having at our disposal neither the knowledge of a variational principle satisfied

a priori by the coarse blow-ups, nor W 2,2 regularity (unless Q = 2), nor any control on the size

of their branch set. There does not seem to be any principle that would guarantee convergence

of energy in the blow-up process; the standard first variation estimates only guarantee local

weak W 1,2 convergence, and the stability inequality does not provide, a priori, any further

strengthening of this convergence, not least since stability is assumed only on the regular set of

the varifolds which a priori could be very small in measure. This lack of convergence of energy

means that in place of the squash identity, we get the weaker squash inequality (Lemma 8 of

Chapter 4); this however, together with the squeeze identity (discussed next), suffices for the

purposes of frequency monotonicity. The failure of W 2,2 regularity of the coarse blow-ups is

illustrated (in the case Q = 3) by the possibility that (the graph of) a coarse blow-up may

consist of six half-hyperplanes joining up along a common axis to form a picture where three of

the half-hyperplanes lie on one half-space of Rn+1 and three on the other, without them forming

three full hyperplanes.

As for the proof of the squeeze identity (Lemma 12 of Chapter 4), our approach is to couple

it with generalised-C1 regularity of the coarse blow-ups, and establish both facts simultane-

ously. We first use a combination of variational and non-variational arguments to establish that

generalised-C1 regular coarse blow-ups v satisfy the squeeze identity. To do this, we use: (i) (an
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elementary version of) a certain energy non-concentration estimate established in [BKW21]

(Lemma 9 of Chapter 4); this is used to show that, for the average-free part of v, the contribu-

tion to the integral on the left hand side of the squeeze identity from a small neighbourhood of

the (potentially large) “branch set” Bv of v is negligible; (ii) a regularity result (Theorem 1 of

Chapter 4) together with a first variational argument for the varifolds, to establish the squeeze

identity locally near the set Cv of classical singularities of v; and (iii) stability of the varifolds,

which implies (via an application of another regularity result—Theorem C) that the coarse

blow-ups are classical harmonic functions locally away from Bv ∪ Cv. We then combine these

results with the help of a partition of unity to establish the squeeze identity everywhere (i.e. for

arbitrary compactly supported test functions) for generalised-C1 coarse blow-ups. This then

implies frequency monotonicity for generalised-C1 coarse blow-ups, which we ultimately use to

prove that general (i.e. W 1,2) coarse blow-ups are in fact of class generalised-C1,α for some fixed

α ∈ (0, 1), and satisfy a uniform decay estimate.

The key purpose of the frequency function, as far as Theorem A is concerned, is not to control

the size of the singular set of the coarse blow-ups (which is its main purpose in Almgren’s work

[Alm00]) but to classify (Q-valued, W 1,2
loc ) homogeneous degree 1 coarse blow-ups as a step in

our proof of their generalised-C1,α regularity; this step can be thought of as establishing an

integrability condition (see e.g. [AA81], [Sim93] where this condition is used in a multiplicity

1 setting, and [KW17] where it is shown to be satisfied at a.e. branch point for Almgren’s

multi-valued Dirichlet energy minimisers). Once the C1,α regularity for the coarse blow-ups is

established, it is possible to return to the frequency function to obtain further information about

the branch set of the coarse blow-ups. For instance, by considering the average-free part and

arguing in a way similar to [Alm00], we get that the Hausdorff dimension of the branch set of a

blow-up is ≤ n− 2; the principal difference in our setting is in proving strong W 1,2 convergence

for rescalings of the average-free part, which in [Alm00] follows from the energy minimising

property, but in our setting is achieved by means of continuity and energy non-concentration

estimates that we establish for the average-free part (see the Appendix at the end of Chapter

4). We note that this dimension bound however is not necessary for the proof of Theorem A.

For the proof of Theorem B, the key new step is in establishing a C1,α boundary regularity

theory for the multi-valued harmonic functions which arise as scaling limits of sequences of

varifolds converging to the relevant (non-flat) cone. It is necessary to work with multi-valued

functions due to the possible presence of (multiplicity 2) branch points in the varifolds. Indeed,

if C(0) = C
(0)
0 × Rn−1, with C

(0)
0 ⊂ R2 a one-dimensional integral stationary cone in R2 with

Θ
C

(0)
0

(0) = 5
2 , it is straightforward to check from the stationarity condition that the number

I of multiplicity two rays in C
(0)
0 obeys I ∈ {0, 1, 2} (see Figure 9); we shall refer to I as

the level of such a C(0). Away from the axis of the cone, we are therefore able to apply the

Allard regularity theory ([All72]) over multiplicity one half-hyperplanes and Theorem E over

multiplicity 2 half-hyperplanes. Whilst we know that in the interior of each half-hyperplane, the

resulting scaling limit will be a single-valued harmonic function or two-valued C1,1/2 harmonic

function respectively, to prove a decay estimate we need to understand the regularity at the

axis boundary for each function over a given half-hyperplane, and indeed, no general boundary

regularity statements are known for multi-valued functions.
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2

Level 2Level 1Level 0

Figure 9. Representative cross-sections C0 of the three different levels of (tangent) cones
we shall be considering. Note that for level 2 cones, the angles between each of the three rays
are pre-determined, but not all equal. In each picture the multiplicity two pieces are highlighted.

There are two initial observations we can make. The first is that we are able to work in a

multiplicity two class, which is an adaptation of the notion of multiplicity one class used by L.

Simon ([Sim93]) to prove the ε-regularity theorem for the triple junction. Being able to work in

such a class enables us to prove certain estimates hold up to the spine. The second observation

is that, due to the n − 2 dimension bound on the multiplicity two branch set provided by

[SW16] (see Theorem E) and the immersed regularity at multiplicity two classical singularities

from Theorem E, we are able to show that density gaps do not occur; in turn, certain key L2

estimates (including the fact that the excess does not concentrate at the spine, allowing one to

prove strong L2 convergence of the blow-ups everywhere) can be shown to hold in the limit, i.e.

for elements of the blow-up class.

After making these observations and proving some initial properties about the coarse blow-up

class, one can reduce the boundary regularity problem for the blow-up class to a classification

of homogeneous degree one elements of the blow-up class; thus, the rest of the work surrounds

classifying the homogeneous degree one elements of the coarse blow-up class. In much the

same way as in the proof of Theorem A, we wish to prove a form of integrability holds for

homogeneous degree 1 coarse blow-ups, and that they themselves have graphs which are also

cones of the same form, i.e. after possibly translating, their graphs take the form C×Rn−1 for

C ⊂ R2 a union of 5 rays (counted with multiplicity) originating at the origin; note that we

make no stationarity assumption on C here. We are able to prove that such an integrability

condition holds if we have at our disposal a suitable ε-regularity property for the coarse blow-

up class. Loosely speaking, such a property says that if we have taken a blow-up v relative

to a cone C0 of level I ∈ {0, 1, 2}, then if v has a graph which is close to a cone of the form

C̃0 × Rn−1, with C̃0 ⊂ R2 a cone comprised of 5 rays (counted with multiplicity) originating

at the origin, with strictly fewer than I multiplicity 2 rays than C0, then in fact v must take

the form of a classical singularity with the same number of single-valued pieces as multiplicity

1 half-hyperplanes in C̃0.

Such an ε-regularity property is suggestive of an inductive argument on the number I of multi-

plicity two half-hyperplanes in C0. Indeed, it is trivially satisfied when I = 0, and thus we are

able to prove Theorem B in this context with no further information, with a suitable smooth

single-valued graph over the cone. We then use the I = 0 case of Theorem B to prove the

I = 1 case. The manner in which we do this is by analysing a new blow-up process, called

a fine blow-up; such a process was first introduced in [Wic14] for a flat setting, and has also

been used in [KW17] to prove rectifiability properties for the branch sets of Dirichlet energy

minimising maps. A fine blow-up enables us to analyse the degenerate situation, where the

varifolds have small excess relative to a cone with I multiplicity 2 half-hyperplanes but have
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significantly smaller excess relative to another cone with < I multiplicity 2 half-hyperplanes.

For us, in the case I = 1 we can use such a process to prove what we call a fine ε-regularity

theorem (a similar result is used in the proof of Theorem A in that context, see Theorem 1

in Chapter 4). In turn, the fine ε-regularity theorem in the case I = 1 can be used to prove

the ε-regularity property for the coarse blow-up class (in the I = 1 case), and thus prove the

desired boundary regularity statement for elements of the coarse blow-up class. It is then the

combination of (i) the C1,α regularity for elements of the coarse blow-up class, and (ii) the fine

ε-regularity theorem for level 1 cones, which enables us to prove Theorem B in the case I = 1.

The final case we have to analyse is when I = 2, i.e. the cone C(0) has two multiplicity 2

half-hyperplanes. The only place the above argument fails in this case is the regularity of the

fine blow-up process. If we are significantly closer to a sequence of level 1 cones, then the

fine blow-up will still be such that over one of the multiplicity two half-hyperplanes in C0, the

fine blow-up is a C1,α two-valued harmonic function. Just as for the multi-valued functions in

the coarse blow-up class, we now need to prove a C1,α boundary regularity theorem for such

a function. Up to only some technical changes, we can do this for such elements of the fine

blow-up class, in the same way as for the coarse blow-up class, provided we have a suitable

ε-regularity property for them. To prove such a property we need to perform an even finer

blow-up procedure, which we call an ultra fine blow-up. This can be thought of as a two-fold

fine blow-up procedure; the key point is that unlike in the fine blow-up procedure, where only

one multiplicity two half-hyperplane was guaranteed to split into two half-hyperplanes, in an

ultra fine blow-up both multiplicity two half-hyperplanes will split. In particular, the ultra fine

blow-ups will be comprised of single-valued harmonic functions on half-hyperplanes, for which

we can prove a boundary regularity statement. Armed with this we can prove the regularity of

the fine blow-ups via an ultra fine ε-regularity theorem, which in turn can then be used to prove

the regularity of the coarse blow-ups in much the same way as the level 1 case.





CHAPTER 3

Discussion of Related Results

In this chapter we digress from the main work of the thesis and discuss some key related results

in the regularity theory of stationary integral varifolds. The reason for doing this is because our

methods and results directly build off these, and so it is natural to spend some time motivating

our techniques in these simpler settings. An expert in the field who is already familiar with

these results and ideas is free to skip this chapter if they so wish.

1. Allard’s ε-regularity theorem

In 1972, W. Allard established a key regularity result for stationary integral varifolds, which

roughly says the following:

If a stationary integral varifold V is close (in a ball) to a multiplicity one plane, then on the

half-ball the varifold is in fact a C1,α graph over the plane, with estimates.

In particular, any point X ∈ spt‖V ‖ for which there is a tangent cone to V at X being a

multiplicity one plane is necessary a regular point, with that tangent cone being the (unique)

tangent plane at the point. Moreover, this readily implies that the set of regular (i.e. smoothly

embedded) points of V form an open dense subset of spt‖V ‖. Of course, once we have C1,α

regularity of the graph it is straightforward to apply standard regularity theory for quasilinear

elliptic PDEs ([GT15]) to get that in fact locally V is expressible as a C∞ graph.

Remark: Allard’s regularity theorem holds more generally for integral varifolds which have

suitably controlled generalised mean curvature. We shall not discuss this here, and just focus

on the stationary case, i.e. generalised mean curvature identically 0, although the key ideas

of the proof is essentially the same.

To gain intuition for this result, it is useful to consider the special case where the varifold

is codimension one and expressible as the graph of some function u having sufficiently high

regularity (e.g. Lipschitz). Then, the stationarity requirement is equivalent to u being a weak

solution of the minimal surface equation (MSE):

(1 + |Du|2)∆u−
n∑

i,j=1

DiuDjuDiju = 0.

One would then like to prove that u satisfies some type of C1,α estimate in order to deduce the

result. The point is that if V is sufficiently flat, then the gradient term |Du| should be small

(in an L2-sense at least), in which case the MSE is approximately saying

∆u ≈ 0

35
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i.e. u is ‘close‘ to being a harmonic function; one would like this to mean that u is close to

a harmonic function in some concrete sense, such as weakly in W 1,2 or strongly in L2, and

thus behaves similarly to a harmonic function. It is well-known by Weyl’s lemma that weakly

harmonic functions are necessarily smooth, and further that (smooth) harmonic functions obey

strong integral decay estimates; namely, if v is a harmonic function on B1(0) then for 0 < σ ≤
ρ ≤ 1 and any α ∈ (0, 1),

(?) σ−(n+2)

∫
Bσ(0)

|v − `|2 ≤
(
σ

ρ

)2α

ρ−(n+2)

∫
Bρ(0)

|v|2

where ` is the affine function `(x) = v(0) + x ·Dv(0). The idea then is that if u is close to such

a harmonic function v strongly in L2, then u should inherit such a decay estimate, up to some

constant factor, i.e. we would like to conclude that, if V is sufficiently close to a flat disk, for

each 0 < σ ≤ ρ ≤ 1 and any α ∈ (0, 1),

σ−(n+2)

∫
Bσ(0)

|u− `|2 ≤ C
(
σ

ρ

)2α

ρ−(n+2)

∫
Bρ(0)

|u|2

for some constant C which only depends on dimensional parameters. Such an estimate is

then exactly a Campanato-style C1,α estimate for u (see [Cam64]). So by applying the same

argument after translating the base point, one is able to prove uniform Campanato estimates

locally on the half-disk in order to conclude that u has C1,α regularity.

To be more precise and to speak more generally for a moment, one can extract from the above

argument the following ‘line of attack’ for the regularity theory:

Step 1: Find some function defined on the plane which approximates the varifold well. In

the above discussion this was given to us by assumption, i.e. V was a (Lipschitz,

say) graph, however in general this will not be the case (e.g. consider rescalings of a

catenoid). However, it suffices to consider functions which approximate the varifold

well on a ‘large set’, where by ‘well’ we mean we can suitably control the size of the

‘bad‘ set where the approximation fails; this control will mean that the bad set is

negligible in an appropriate limit. This step can be achieved in significant generality

by an approximation theory of Almgren’s (see Theorem 20 in Section 3.5).

Step 2: Once we have a suitable graphical approximation, we wish to understand the ‘linearised’

functions which the approximation is close to (in a certain topology, usually strongly in

L2 and weakly in W 1,2). In the above discussion, this was achieved by ‘linearising’ the

MSE to the Laplacian, and we understand harmonic functions well. In general, such

a simple situation will not occur, and the class of ‘linearised’ functions is known as a

(coarse) blow-up class: these are functions which are constructed by taking suitable

scaling limits of the approximate functions found in Step 1 when we allow the varifolds

to become flatter and flatter, converging to the plane (this can then be generalised to

limits other than planes).

Step 3: The next step is to prove that the functions in the blow-up class obey certain regularity

properties; typically we wish to prove integral decay estimates, as the convergence

to a function in a blow-up class is strongly in L2 (and locally weakly in W 1,2). In
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the discussion above this regularity step was immediate from the regularity theory of

linear elliptic PDEs, namely that of harmonic functions. In general however, we do

not know whether the functions in the blow-up class obey a PDE, even locally: it is

possible that when taking the limit as the varifolds converge to the disk that branch

points accumulate on a dense subset of the disk, and thus no local decomposition holds

anywhere. Thus one is left having to find alternative methods for this regularity step,

and in general examples exist to illustrate that one cannot hope to prove C1,α of general

blow-ups.

Step 4: Once suitable regularity estimates have been established for the functions in the blow-

up class, one hopes to use the convergence to the blow-up class to show that a similar

estimate is inherited at the varifold level; typically, as we do not only have available a

Campanato regularity theory at the (non-linear) varifold level, one is only interested

in an integral improvement inequality at some suitably chosen scale, with the aim of

using this to prove the existence of a graph. One should also note that an integral

inequality, such as (?), will transfer at the varifold level to

σ−(n+2)

∫
Bn+k
σ (0)

(height of V relative to P ′)2 ≤ Cσ2α

∫
Bn+k

1 (0)
(height of V relative to P)2

where P was the original plane V was close to and P ′ some other plane i.e. we may

have to perturb the plane to get a “better linear approximation”; this new plane P ′

will be determined by the first-order linear approximation ` to the blow-up. Such an

inequality, for a suitably chosen scale σ, is called an excess decay lemma. One may then

iterate this excess decay lemma and try to patch this together with the approximate

graphical approximations to achieve a complete local graphical representation, with

the desired regularity.

Let us now use these ideas to sketch the proof of Allard’s regularity theorem:

Theorem 1 (Allard Regularity, [All72]). Fix δ ∈ (0, 1). Then there are constants ε =

ε(n, k, δ) ∈ (0, 1) and θ = θ(n, k, δ) ∈ (0, 1) such that the following holds: if V is a station-

ary integral varifold in Bn+k
2 (0) with 0 ∈ spt‖V ‖,

ω−1
n ‖V ‖(Rk ×Bn

1 (0)) ≤ 2− δ

and

Ê2
V :=

∫
Rk×Bn1 (0)

dist2(X, {0}k × Rn) d‖V ‖(X) < ε.

Then, there is a C1,α function u : Bn
θ (0)→ Rk such that

V (Rk ×Bn
θ (0)) = v(u);

moreover, we have the estimates, for α = α(n, k),

‖u‖C1,α(Bnθ (0)) ≤ C

(∫
Rk×B1

n(0)
dist2(X, {0}k × Rn) d‖V ‖(X)

)1/2

.
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Note: Both assumptions on V in Theorem 1 are implied when V is close in the varifold

topology to a multiplicity one plane; the first is a mass control, and the second is an L2-

distance control. See also [Sim83b] and [Ton19, Chapter 5] for other discussions of Allard’s

regularity theorem.

As mentioned before, the mass upper bound in the cylinder is necessary, or else V could be

close to a multiplicity 2 plane; such a situation happens with rescalings of a catenoid or two

close parallel planes (in these cases V is certainly not expressible as a single-valued graph). In

particular, the former example illustrates that, a priori, we cannot rule out the possibility of

their being ‘holes’ in V , and as such we cannot expect to show a priori that V is a graph over

an entire ball – the best we can hope for is to approximate V by a graph of some regularity on

a large enough set. This is achieved by the following:

Lemma 2 (Approximate Graph Representation). Fix δ ∈ (0, 1), θ ∈ (0, 1). Then there is a

constant ε = ε(n, k, δ, θ) ∈ (0, 1) such that the following holds: if V is a stationary integral

varifold in Bn+k
2 (0) with 0 ∈ spt‖V ‖, ω−1

n ‖V ‖(Rk ×Bn
1 (0)) ≤ 2− δ, and ÊV < ε, then there is

a Lipschitz function u : Bn
θ (0)→ Rk with Lip(u) ≤ 1/2, sup |u| ≤ CE

1
n+1 , and

V (Rk × (Bθ\Σ)) = v
(
u|Bθ\Σ

)
where Σ ⊂ Bθ is measurable with

Hn(Σ) + ‖V ‖(Rk × Σ) ≤ CÊ2
V

where C = C(n, k, δ, θ).

Proof. We only sketch the argument here, and refer the reader to [Sim83b, Theorem 20.2]

for fuller details. Set ` := (ÊV /ε)
1

n+1 ; so ` < 1. Then take any two points x, y ∈ Bβ(0)∩ spt‖V ‖
with |q(x−y)| ≥ `|x−y| and |x−y| ≥ β/4, where q : Rn+k → Rk is the orthogonal projection map

and β ∈ (0, 1/2) is for the moment arbitrary. Then a suitable application of the monotonicity

formula gives that

ΘV (x) + ΘV (y) ≤ (1− β)−n · ‖V ‖(B1(0))

ωn
+ C(`β)−n−1

∫
B7/8(0)

‖pX − p‖ d‖V ‖

where pX is the orthogonal projection onto TXV (note that the approximate tangent plane TXV

exists ‖V ‖-a.e.) and p is the orthogonal projection of Rn+k onto Rn, and C = C(n, k). Thus

using ab ≤ (δ/4)a2 + (1/δ)b2 and the fact we can bound tilt excess and height excess, we get

ΘV (x) + ΘV (y) ≤ (1− β)−n(2− δ) +
δ

4
· (2− δ) +

C

δ
(`β)−2(n+1)Ê2

V .

Using the fact that ΘV ≥ 1 everywhere and the definition of `, namely that ε2 = `−2(n+1)Ê2
V ,

we get

2 ≤ (1− β)−n(2− δ) +
δ

2
+ Cδ−1ε2β−2(n+1)
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which clearly is not true if β = β(n, k, δ) and ε = ε(n, k, δ) are sufficiently small. For such a

choice of β, ε we therefore must have

if x, y ∈ spt‖V ‖ ∩Bβ(0) have |x− y| ≥ β/4, then |q(x− y)| ≤ CÊ
1

n+1

V

where C = C(n, k, δ). Now as 0 ∈ spt‖V ‖ and spt‖V ‖ ∩ ∂Bβ/2(0) 6= ∅ (from the monotonicity

formula), we conclude (replacing β by β/4)

|q(x)| ≤ CÊ
1

n+1

V for x ∈ Bβ(0) ∩ spt‖V ‖

where β = β(n, k, δ), C = C(n, k, δ). Now define, for γ ∈ (0, 1) currently arbitrary,

G :=

{
ξ ∈ spt‖V ‖ ∩Bβ/2(0) : σ−(n+2)

∫
Bσ(ξ)

dist2(X, {0}k × Rn) d‖V ‖ ≤ γ(1/2)2(n+1) ∀ σ ∈ (0, 1/2)

}
.

Note that if ξ ∈ spt‖V ‖ ∩ Bβ(0), then for γ, β sufficiently small (only depending on n, k, δ) we

have

1 ≤ ‖V ‖(Bσ(ξ))

σnωn
≤ 2− δ/2.

Thus, if x, y ∈ G, in view of the above we can apply the previous argument with δ/2, β−1|x−y|/2,

x, in place of δ, 1, 0, to deduce that

|q(x− y)| ≤ Cγ
1

2(n+1) |x− y| for all x, y ∈ G

where C = C(n, k, δ). Thus choosing γ = γ(n, k, δ) small, we deduce

|q(x− y)| ≤ 1

4(n+ k)
|x− y| for all x, y ∈ G.

This then readily implies that |q(x)− q(y)| ≤ 1/2
n+k |p(x)− p(y)| for x, y ∈ G, which by standard

Lipschitz extension theorems give that G ⊂ graph(u) for some Lipschitz function u : Bβ/2(0)→

Rk with Lip(u) ≤ 1/2. By construction we may also assume that sup |u| ≤ CÊ
1

n+1

V .

Now set Σ := p(spt‖V ‖∆graph(u)), where ∆ denotes the symmetric difference; it suffices to

show that ‖V ‖(Bβ/2\G) ≤ CÊ2
V and Hn(graph(u)\spt‖V ‖) ≤ CÊ2

V , as

Hn(Σ) ≤ Hn(spt‖V ‖∆graph(u))

≤ Hn(spt‖V ‖\graph(u)) +Hn(graph(u)\spt‖V ‖)

≤ ‖V ‖(spt‖V ‖\graph(u)) +Hn(graph(u)\spt‖V ‖)

≤ ‖V ‖(Rk × Σ) +Hn(graph(u)\spt‖V ‖)

and ‖V ‖(Rk × Σ) ≤ ‖V ‖(Bβ/2(0)\G). Then bound on ‖V ‖(Bβ/2(0)\G) follows readily by the

definition of G, whilst the bound on Hn(graph(u)\spt‖V ‖) follows from an argument based on

the monotonicity formula.
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This gives the result on the ball Bn
β/4(0), where β = β(n, k, δ). The result on Bθ(0) is then

obtained by patching together the results on balls with different centers. �

Armed with the above approximate graphical representation, we are now ready to define the

(coarse) blow-up class. For this, consider a sequence of stationary integral varifolds (Vs)s in

Bn+k
2 (0) obeying 0 ∈ spt‖Vs‖, ω−1

n ‖Vs‖(Rk × Bn
1 (0)) ≤ 2 − δ, and ÊVs → 0. Then for each

σ ∈ (0, 1), we may find a K = K(n, k, δ, σ) such that, for all s ≥ K, the conclusions of

Lemma 2 hold, and so we may find Lipschitz functions us : Bn
σ (0) → Rk with Lip(us) ≤ 1/2,

sup |us| ≤ CÊ
1

n+1

Vs
, and

Vs (Rk × (Bσ\Σs)) = v(us|Bσ\Σ)

where Σs ⊂ Bσ is measurable with

Hn(Σs) + ‖Vs‖(Rk × Σs) ≤ CÊ2
Vs .

Now set vs := Ê−1
Vs
us. Then we clearly have∫

Bσ

|us|2 =

∫
Bσ\Σs

|us|2 +

∫
Bσ∩Σs

|us|2 ≤ CÊ2
Vs

i.e. ∫
Bσ

|vs|2 ≤ C

where C = C(n, k, δ, σ). Furthermore,∫
Bσ

(1 + |Dus|2)−1/2|Dus|2 ≤
∫
Bσ\Σs

(1 + |Dus|2)−1/2|Dus|2 +

∫
Bσ∩Σs

(1 + |Dus|2)−1/2|Dus|2

≤
∫
Rk×Bσ

|∇Vs(x1, . . . , xk)|2 d‖Vs‖(X) + CÊ2
Vs

≤ CÊ2
Vs

and thus
∫
Bσ
|Dvs|2 ≤ C, for some C = C(n, k, δ, σ). Thus we may apply Rellich’s compactness

theorem and a diagonal argument (taking σ ↑ 1) to find a function v ∈W 1,2
loc (B1;Rk)∩L2(B1;Rk)

and a subsequence (sj)j ⊂ (s) such that vsj → v strongly in L2(Bσ;Rk) and weakly in

W 1,2(Bσ;Rk) for each σ ∈ (0, 1). Any such v constructed in this way we call a coarse blow-up.

The key point is then:

Lemma 3 (Regularity Properties of Coarse Blow-Ups). Let v be a coarse blow-up (as con-

structed above). Then v is harmonic; in particular, v is smooth.

Proof. This argument just relies on the first variational formula of the Vs. Indeed, this

gives for each ζ ∈ C1
c (Bσ) that ∫

∇Vsxi · ∇Vs ζ̃ d‖Vs‖(X) = 0
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for each i ∈ {1, . . . , k}, where ζ̃ is any function in C1
c (Rk×Bσ) such that ζ̃ ≡ ζ1 in a neighbour-

hood of spt‖Vs‖∩(Rk×Bσ), where ζ1(X) is the extension of ζ to Rk×Bσ, i.e. ζ1(x, y) = ζ(y) for

X = (x, y) ∈ Rk × Bσ. Then since xi = ũis(X) for ‖Vs‖-a.e. X = (x, y) ∈ graph(uis) ∩ spt‖Vs‖,
where ũis(X) = uis(y) for X = (x, y) ∈ Rk × Bσ, we deduce from the above application of the

first variation formula that∫
Bσ

(1+|Duis|2)−1/2Duis·Dζ = −
∫
Rk×(Bσ∩Σs)

∇Vsxi·∇Vs ζ̃ d‖Vs‖(X)+

∫
Bσ∩Σs

(1+|Duis|2)−1/2Duis·Dζ,

which can be rewritten as

(‡)
∫
Bσ

Duis ·Dζ = −
∫
Rk×(Bσ∩Σs)

∇Vsxi ·∇Vs ζ̃ d‖Vs‖(X)+

∫
Bσ∩Σs

(1+|Duis|2)−1/2Duis ·Dζ+Fs

where

|Fs| =
∣∣∣∣∫
Bσ

Duis ·Dζ − (1 + |Duis|2)−1/2Duis ·Dζ
∣∣∣∣

=

∣∣∣∣∫
Bσ

(1 + |Duis|2)−1/2(1 + (1 + |Duis|2)−1/2)−1|Duis|2Duis ·Dζ
∣∣∣∣

≤ sup |Dζ|
∫
Rk×Bσ

|∇Vsxi|2 d‖Vs‖(X)

+ sup |Dζ| ·
∫
Bσ∩Σs

(1 + |Duis|2)−1/2(1 + (1 + |Duis|2)1/2)−1|Duis|3

≤ sup |Dζ|(CÊ2
s +Hn(Σs))

where in the last inequality we have used the fact that we can bound the L2 tilt-excess (i.e. the

first term on the third line) by the height excess (on a bigger ball), namely Ê2
Vs

(see [Sim83b,

22.2]); here C = C(n, k, σ). So, dividing (‡) by ÊVs and taking s → ∞ we see that (using the

weak convergence in W 1,2
loc of us ⇀ v)∫

Bσ

Dvi ·Dζ = 0 for each i ∈ {1, 2, . . . , k}.

Since ζ ∈ C1
c (Bσ) and σ ∈ (0, 1) were arbitrary this implies that v is weakly harmonic in B1,

and thus harmonic by Weyl’s lemma. �

This enables us to prove an excess decay lemma:

Lemma 4 (Excess Decay). Fix δ ∈ (0, 1) and θ ∈ (0, 1/4). Then there is a constant ε =

ε(n, k, δ, θ) ∈ (0, 1) such that the following holds: if V is a stationary integral varifold in Bn+k
2 (0)

with 0 ∈ spt‖V ‖, ω−1
n ‖V ‖(Rk ×Bn

1 (0)) ≤ 2− δ and ÊV < ε, then there exists a plane (through

0) P with

distH(P ∩ (Rk ×B1), {0}k ×B1) ≤ CÊV

and

θ−(n+2)

∫
Rk×Bθ

dist2(X,P ) d‖V ‖(X) ≤ Cθ2Ê2
V

where C = C(n, k) ∈ (0,∞).
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Proof. Argue by contradiction; suppose it were to fail. Then one could find a sequence

(Vs)s of varifolds obeying the conditions with ÊVs → 0. As such, one may apply Lemma 2 to

find a sequence of Lipschitz approximations (us)s which converge strongly in L2 to a harmonic

function v. Set `(x) := v(0) + Dv(0) · x and put Ps := graph(ÊVs(` − `(0))); Ps is then a

subspace, from which the contradiction follows using the definition of Ps for the first inequality

and standard estimates for harmonic functions for the latter. �

In turn, this excess decay lemma now enables us to prove the regularity result of Allard:

Sketch Proof of Allard Regularity. Firstly, the monotonicity formula tells us that

there is ε = ε(n, k, δ) ∈ (0, 1) and θ = θ(n, k, δ) ∈ (0, 1) such that for all ζ ∈ Bθ(0)∩ spt‖V ‖ and

0 < σ ≤ 1/2 we have

(ω−1
n σn)‖V ‖(Bσ(ζ)) ≤ 2− δ/2

i.e. we are in a position to apply our excess decay lemma at points of spt‖V ‖ (in a smaller ball,

Bσ), provided the excess centred at the point (and at the scale) is small enough. Indeed, if for

σ ∈ (0, 1/2] and ζ ∈ spt‖V ‖ ∩Bθ(0) we have σ−(n+2)
∫
Bσ(ζ) dist2(X, {0}k ×Rn) d‖V ‖ < ε, then

we can apply the excess decay lemma to get that for a suitable subspace P1 for which

(θσ)−(n+2)

∫
Rk×Bθσ(ζ)

dist2(X,P1) d‖V ‖(X) ≤ Cθ2 · σ−(n+2)

∫
Rk×Bσ(ζ)

dist2(X,P0) d‖V ‖

where we have set P0 = {0}×Rn for notational simplicity; note that C = C(n, k). If we choose

θ = θ(n, k, δ) small enough so that Cθ2 < 1/2, then we see that the excess is decaying. In

particular, if the excess is small at some scale, it will remain small at smaller scales. Thus

one may iterate such an inequality, finding a sequence of planes (Pi)i (at a given point ζ ∈
spt‖V ‖∩Bθ(0) where the excess is small at scale 1/2 – which will be all points ζ ∈ Bθ∩spt‖V ‖)
for which the excess decays at scales 1, θ, θ2, θ3, . . . . From the decay it readily follows that (Pi)i

is a Cauchy sequence∗ and thus converges; say to Pζ . One can then show (using the decay along

with an interpolation argument) that for all σ ∈ (0, 1) and each ζ ∈ Bθ ∩ spt‖V ‖,

σ−(n+2)

∫
Rk×Bσ(ζ)

dist2(X,Pζ) d‖V ‖ ≤ Cσ2 · Ê2
V ;

in particular, Pζ is the unique tangent cone to V at ζ. Thus, if we return to the construction

of the graph u in Lemma 2 (in particular the definition of G) we see that ‖V ‖(Bθ(0)\G) = 0

for ε = ε(n, k, δ) and θ = θ(n, k, δ) sufficiently small, and thus

spt‖V ‖ ∩Bθ(0) ⊂ graph(u).

But clearly we must have spt‖V ‖ ∩ Bθ(0) = graph(u) ∩ Bθ(0), as otherwise we could find a

point ζ ∈ Bn
θ (0) and σ > 0 for which (Rk × Bσ(ζ) ∩ Bθ(0) ∩ spt‖V ‖ = ∅ and (Rk × Bσ(ζ)) ∩

Bθ(0) ∩ spt‖V ‖ 6= ∅, but then as spt‖V ‖ ∩ Bθ(0) ⊂ graph(u), this would imply that for any

ξ ∈ (Rk ×Bσ(ζ)) ∩Bθ(0) ∩ spt‖V ‖ we have ΘV (ζ) < 1, a contradiction.

∗This is crucial: we do not want to pass to a subsequence as then we have no hope of proving that the limit
is the unique tangent plane, as we are back in the situation of passing to subsequences to find tangent cones.
The reason this works is that we have a controlled geometric sequence, 1, θ, θ2, θ3, . . . , which now converges, as
opposed to an arbitrary sequence – see also Chapter 7.
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Having now established that spt‖V ‖ ∩ (Rk × Bθ(0)) = graph(u) ∩ (Rk × Bθ(0)), the regularity

conclusion on u now readily follows from the excess decay inequalities for Pζ , as these must be

the tangent planes to the graph, and the excess decay inequality tells us that they vary in a

C0,α manner. �

We remark that typically the most difficult part in generalising the above argument is in the

regularity step, i.e. establishing suitable regularity properties of the blow-up class. In general,

for stationary integral varifolds near higher multiplicity planes, one needs to use multi-valued

functions for the approximate Lipschitz representation, in which case the stationarity condition

only tells us that the average of the function values is harmonic, and nothing about the function

as a whole.

2. Stratification: Dimension bounds and rectifiability

Recall that for a stationary integral varifold, the stratification of the singular set is (Sj)nj=0,

where

Sj := {X ∈ sing(V ) : every C ∈ VarTanX(V ) has dim(S(C)) ≤ j}.

Clearly S0 ⊂ S1 ⊂ · · · Sn−1 ⊂ Sn ≡ sing(V ). We would like to record the following two results:

Theorem 5 (Initial Dimension Bounds on Strata, [Alm00]; see also [Sim96b]). For j ∈
{0, 1, . . . , n} we have dim(Sj) ≤ j.

Theorem 6 (Rectifiability of Strata, [NV15]). For each j ∈ {0, 1, . . . , n}, Sj is countably

j-rectifiable, and moreover for Hj-a.e. X ∈ Sj, every tangent cone at X has the same j-

dimensional spine.

Of course, it is important to note that neither of these results tell us anything meaningful about

the singular set as a whole, aside from trivial facts such as dim(sing(V )) ≤ n and sing(V ) is

countably n-rectifiable, the former of which is trivially true and the latter follows easily from

stationarity (see [Sim83b, Theorem 42.4]). In particular, these results tell us nothing new

about the branch set, and neither do they tell us if tangent cones are unique.

The proof of the rectifiability result claimed in Theorem 6 is significantly more subtle than the

dimension bound. This is because for j-rectifiability we need control of a j-dimensional subspace

when rescaling, which intuitively would be the spine of the corresponding tangent cone, if it

were known to be unique. As the tangent cones are not known to be unique, it is possible to

have tangent cones with different spines at a point, and thus to prove rectifiability one must

be able to control this possible twisting of the spine of the cones. For the dimension bound

such delicate procedures are not needed, and just knowing that there is some j-dimensional

subspace, namely the spine of a tangent cone, whose neighbourhood will contain nearby points

in Sj , is sufficient.

Typically, these dimension bounds are used in conjunction with the discretisation of density

values in sing(V )\Sn−2 for proving that close to a point of a certain density, there is a large

enough collection of nearby points having at least the same density (ruling out so-called ‘density

gaps’) – indeed, we will need to prove such an observation later in the setting of Chapter 5.
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Sketch proof of Theorem 5. Fix X ∈ Sj and δ > 0. Then the definition of Sj and

a simple contradiction argument gives that there is ε = ε(V,X, δ) > 0 such that whenever

σ ∈ (0, ε) we have

(?) ηX,σ({Y ∈ Bσ(X) : ΘV (Y ) ≥ ΘV (X)− ε}) ⊂ δ-neighbourhood of LX,σ

for some j-dimensional subspace LX,σ, i.e.

{Y ∈ B1(0) : Θ(ηX,σ)#V (Y ) ≥ Θ(ηX,σ)#V (0)− ε} ⊂ δ-neighbourhood of LX,σ.

So with δ > 0 arbitrary (and fixed), set for i ∈ {1, 2, . . . },

Sj,i := {X ∈ Sj : (?) holds with ε = 1/i}.

Clearly (?) gives that Sj ⊂ ∪iSj,i. Then set, for q > i,

Sj,i,q := {X ∈ Sj,i : (q − 1)/i ≤ ΘV (X) < q/i}

(i.e. partitioning the densities up into intervals [1, 1 + 1/i), [1 + 1/i, 1 + 2/i), etc. So clearly

Sj,i = ∪q>iSj,i,q. Note that for each X ∈ Sj,i,q we have

Sj,i,q ⊂ {Y ∈ Sj,i : ΘV (Y ) ≥ ΘV (X)− 1/i}

and thus for each σ > 0,

ηX,σ(Sj,i,q ∩Bσ(X)) ⊂ ηX,σ({Y ∈ Bσ(X) : ΘV (Y ) ≥ ΘV (X)− 1/i})

and thus by (?), for any σ ∈ (0, 1/i),

ηX,σ(Sj,i,q ∩Bσ(X)) ⊂ δ-neighbourhood of LX,σ.

But then a simple iterative argument using the definition of Hausdorff measure gives that if A ⊂
Rn+k has a “subspace approximation property”, i.e. for each X ∈ A, there is σ0 = σ0(X) > 0

such that ηX,σ(A∩Bσ(X)) is contained in the δ-neighbourhood of some j-dimensional subspace

of Rn+k, which is allowed to depend on X,σ, for each σ < σ0, then Hj+θδ(A) = 0 for some

θδ = θδ(n, k) with θδ ↓ 0 as δ ↓ 0. Thus Sj,i,q has this property, and so

Hj+θδ(Sj) = Hj+θδ

⋃
i

⋃
q>i

Sj,i,q

 = 0

for every δ > 0, i.e. dimH(Sj) ≤ j. �

Sketch proof of Theorem 6. We sketch the proof of this result given in [NV15].

Step 1: A strengthening of the classical Reifenberg theorem ([Rei60]; see also [Sim96a])

suited to the integral setting. The classical Reifenberg theorem says the following:
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Theorem (Reifenberg). For each α ∈ (0, 1) and ε > 0, there is δ = δ(n, α, ε) > 0

such that: if 0 ⊂ S ⊂ Bn
2 (0) ⊂ Rn is a closed subset, and for each x ∈ S ∩ B1(0) and

r ∈ (0, 1], there is a j-dimensional affine subspace L of Rn such that

(†) distH(S ∩Br(x), L ∩Br(x)) < δr,

then there is ϕ : Bj
1(0) → S which is a Cα bi-Hölder homeomorphism onto its image

with [ϕ]Cα , [ϕ
−1]Cα < 1 + ε and S ∩B1 ⊂ ϕ(Bj

1(0)).

The limitation with the classical Reifenberg theorem in our setting is that the assumption (†)
requires both that S ∩Br(x) is close to a j-dimensional subspace, and that the subspace is close

to S ∩ Br(x). Thus, proving that an assumption like (†) holds in the varifold setting would

require ruling out density gaps, which is not clear and highly likely is not possible. To get

around this, one needs to replace (†) with a condition which only requires that Sj is close to

a j-dimensional subspace, as opposed to the converse (recall that a similar such condition, (?),

was used in the proof of the dimension bounds in Theorem 5), and establish a suitably strong

variant of the Reifenberg theorem.

For this, in [NV15] a suitable one-sided height excess is introduced, namely the j-dimensional

displacement, defined as follows: for µ a measure on B2, for a ball Br(x) ⊂ B2 define

Dj
µ(Br(x)) :=

0 if µ(Br(x)) < εnr
j ;

infLj r
−(j+2)

∫
Br(x) dist2(y, Lj) dµ(y) otherwise;

i.e. if µ has small mass in the ball, then the displacement is 0 (εn is simply a small dimensional

constant), and otherwise Dj
µ is the optimal height excess relative to j-dimensional subspaces.

It is then possible to establish a so-called rectifiable-Reifenberg theorem, saying:

Theorem 7 (Rectifiable-Reifenberg, [NV15]). Let ε > 0. Then there exists δ = δ(n, ε) such

that: if S ⊂ Bn
4 (0) ⊂ Rn is Hj-measurable, and for each Br(x) ⊂ B4 with Hj(S∩Br(x)) ≥ γjrj

we have
1

rj

∫
S∩Br(x)

(∫ r

0
Dj
S(Bs(y))

ds

s

)
dHj(y) < δ2

then: (i) for every ball Br(x) ⊂ B1 with x ∈ S we have Hj(S ∩ Br(x)) ≤ (1 + ε)ωjr
j, and (ii)

S ∩B1(0) is countably j-rectifiable.

The integral assumption here provides uniform control on the excess at every scale and every

base point in S. Again, we only need this assumption on balls which have sufficiently large

measure (and so here γj is simply a dimensional constant). Here, Dj
S ≡ D

j
Hj S

.

Step 2: From the Rectifiable-Reifenberg theorem we see that it suffices to control the one-sided

height excess on the Sj . It should be noted that Rectifiable-Reifenberg is an abstract measure-

theoretic result holding with no mention of varifolds. A convenient estimate in the stationary

integral varifold setting, which follows readily from the existence of tangent cones, bounds this

excess by an integral of a mass drop; more precisely:

Theorem 8 ([NV15]). Fix Λ > 0, ε > 0. Let V be a stationary integral n-varifold on Bn+k
9 (0)

satisfying ‖V ‖(B9) ≤ Λ. Then there exists δ = δ(n, k,Λ, ε), C = C(n, k,Λ, ε) > 0 such that if V
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is (0, δ)-symmetric but not (k + 1, ε)-symmetric in a ball B4r(x), then for any finite measure µ

on spt‖V ‖ ∩Br(x) we have

r−(j+2) inf
Lj

∫
Br(x)

dist2(y, Lj) dµ(y) ≤ Cr−j
∫
Br(x)

W8r,r(y) dµ(y)

where for r ≥ s > 0, Wr,s(x) := ‖V ‖(Br(x))
rn − ‖V ‖(Bs(x))

sn ≥ 0.

We refer the reader to [NV15] for precise definitions for what it means for a varifold to be (k, ε)-

symmetric on a ball; roughly speaking, it means that it is ε-close (in an appropriate metrisation

of the varifold topology) to a cone with spine of at least dimension k.

We are now in a position to see why the possibility of “gaps” in the density can be a problem.

If the density is controlled about x, and in particular if the mass ratio r−n‖V ‖(Br(x)) does

not significantly change about a point x, then W8r,r(y) will be small on Br(x), meaning we get

good L2-control on Dj
Sj , which is what one needs to apply Rectifiable-Reifenberg. The primary

difficulty therefore is to deal with points where there is a significant drop in the mass ratio.

Step 3: The final step is to construct a “good” cover of Sj , splitting up the points where there

is no significant drop in the mass ratio (which can be dealt with in the fashion described above)

and those where there is a significant mass drop. In fact, more can be done: one may write

Sj =
⋃
ε>0

Sj,ε

where

Sj,ε := {x ∈ spt‖V ‖ ∩B1 : V is not (j + 1, ε)-symmetric in Br(x) for all r ∈ (0, 1)}

and so it suffices to show that each Sj,ε is countably j-rectifiable, and so it suffices to produce

such a good cover for a given Sj,ε, ε > 0 fixed. The following lemma provides a suitable cover:

Lemma 9 ([NV15]). Fix Λ > 0 and ε > 0. Let V be a stationary integral n-varifold in Bn+k
2 (0)

with ‖V ‖(B2(0)) ≤ Λ. Then there exists η0 = η0(n, k,Λ, ε) such that for all η ∈ (0, η0) we have

Sj,ε ∩B1(0) ⊂ U0 ∪ U+

where:

(i) U0 is j-rectifiable and satisfies Hn+k(Bs(U0)) ≤ C0s
(n+k)−j for each s > 0; in particular

Hj(U0) ≤ C0;

(ii) U+ =
⋃
iBri(xi), where

∑
i r
j
i ≤ C+, and for each i we have

sup
y∈Bri (xi)

‖V ‖(Bri(y))

rni
≤ ‖V ‖(B1(0))− η.

Here C0 = C0(n, k) and C+ = C+(n, k,Λ, ε).
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The second condition on U+ tells us that there is a significant drop in the mass ratio, of size

at least η, at points near xi, and thus U+ is the ‘bad’ set. A straightforward iteration of this

lemma on each ball Bri(xi) however enables one to produce new covers where at each stage of

the iteration we get a new decomposition Sj,ε ∩Bri(xi) ⊂ U i0 ∪U i+, where U i0 is again rectifiable

and the new ‘bad set’ U i+ has a mass drop of 2η; one only needs to iterate this finitely many

times (in fact, N := dΛ/ηe times, where by construction N = N(n, k,Λ, ε)) until the mass ratio

on the bad set has dropped by at least ‖V ‖(B1(0)), and thus is < 0; in particular, the bad set

must be empty. In this way one is able to establish that Sj,ε is countably j-rectifiable, and thus

so is Sj . �

3. Simon’s triple junction ε-regularity theorem

The idea which will be important for us is an extension of the idea used in the proof of Allard’s

regularity theorem to non-flat cones instead of a plane; more precisely, how to prove regularity

results for stationary integral varifolds which are close to a non-flat cone as opposed to a plane.

In its simplest setting, this is best illustrated by the work of L. Simon in [Sim93], where many

of these foundational ideas were first discovered. In [Sim93], one of the many results is an

ε-regularity theorem is established for the triple junction: this is the (unique, up to rotation)

stationary integral n-dimensional cone in Rn+k which is the sum of 3 multiplicity one half-planes

with a common boundary. The statement is similar to that of Theorem D; we shall record it

here, using the same notation as in Theorem D (in particular N = 3 and q
(0)
1 = q

(0)
2 = q

(0)
3 = 1),

and give a sketch proof to illustrate the similarities and differences with the steps used in the

proof of Allard’s regularity theorem, whilst also highlighting key ideas which will be critical

throughout all of the current work.

Theorem 10 ([Sim93]). Let C(0) denote stationary integral cone which is a triple junction

and let δ > 0. Then there is a constant ε = ε(n, k, δ) such that the following holds: if V is a

stationary integral varifold in Bn+k
2 (0) which obeys∫

Bn+k
1 (0)

dist2(X, spt‖C(0)‖) d‖V ‖ < ε, and ‖V ‖(Bn+k
1 (0)) ≤ 3ωn − δ

then for each i ∈ {1, 2, 3} there is a function

γi ∈ C∞
(
LC(0) ∩Bn+k

1/2 (0); H̃
(0)
i ∩ {X : dist(X,LC(0)) < 1/16}

)
and a function ui : Ωi →

(
H̃

(0)
i

)⊥
, where Ωi is the connected component of H̃

(0)
i ∩B

n+k
1/2 (0)\{x+

γi(x) : x ∈ LC(0)∩Bn+k
1/2 (0)} with

(
H

(0)
i \{X : dist(X,LC(0)) < 1/16}

)
∩Bn+k

1/2 (0) ⊂ Ωi such that:

(i) ui ∈ C∞
(

Ωi;
(
H̃

(0)
i

)⊥)
;

(ii) ui · νi solves the minimal surface equation on Ωi, where νi is a (constant) unit normal

to H̃
(0)
i ;
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(iii) writing ũi(x) := x+ ui(x) for x ∈ Ωi we have

ũi|∂Ωi∩Bn+k
1/2

(0) = ũj |∂Ωj∩Bn+k
1/2

(0) for all i, j ∈ {1, 2, 3};

(iv)

V Bn+1
1/2 (0) =

3∑
i=1

|graph(ui) ∩Bn+k
1/2 (0)|; and

(v) {Z : ΘV (Z) > 3/2} ∩Bn+1
1/2 (0) = ∅, and

{Z : ΘV (Z) = 3/2} ∩Bn+k
1/2 (0) = ũi(∂Ωi ∩Bn+k

1/2 (0)) for each i ∈ {1, 2, 3};

moreover, for each i ∈ {1, 2, 3} and ` ∈ {1, 2, . . . } we have

|ui|`;Ωi ≤ C`

(∫
Bn+k

1 (0)
dist2(X, spt‖C(0)‖) d‖V ‖(X)

)1/2

where C` = C`(n, k).

Note: The proof in [Sim93] only proves that for each α ∈ (0, 1), there is an ε = ε(n, α) for

which under the same assumptions the varifold is locally expressible as a C1,α graph over the

triple junction. However, one is able to upgrade this regularity from C1,α to C∞ – [Kru14].

Sketch proof of Theorem 10. The overall proof will follow the same four step process

seen in the proof of the Allard regularity theorem: (i) find a suitable graphical approximation

to the nearby varifold; (ii) form a suitable “blow-up” class of functions; (iii) establish suitable

regularity properties for elements of the blow-up class; (iv) transfer these regularity estimates

back to the varifold level in the form of an excess decay statement, and iterate this to prove the

full graphical representation. We will look at each step in turn.

One important difference between this setting and the setting of the Allard regularity theorem

we point out now to make the proof more readable is that we can no longer blow-up relative to

a fixed cone: instead, we must perform a blow-up procedure of a sequence of varifolds relative

to a suitable sequence of cones which converge to a fixed given cone (which in this case is a

triple junction C(0)). By “blowing-up relative to a sequence of cones” we mean that we must

work in the extra generality of finding graphical approximations for the sequence of varifolds

relative to a sequence of cones, and rescale these approximations to form the blow-up class, as

opposed to finding approximations relative to a fixed base cone. The reason for this difference

is that when we performed a blow-up in the setting of Allard regularity, the new cone we found

for which the excess decays is generated simply by the first-order linear approximation to the

function generated in the blow-up class (which was harmonic and thus smooth). In this more

general setting, each function in the blow-up class will be formed of 3 (single-valued) harmonic

functions, one defined on each half-plane of C(0). Thus, the new cone C̃ which we “perturb”

the base cone C(0) to in order to prove an excess decay statement will be generated by the

derivatives of each of these three functions at the boundary of their respective half-planes, and
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so there is no guarantee that they will form a new triple junction, but instead will just be

a union of three half-planes. We will be able to show that the derivatives of these functions

parallel to the spine of C(0) all agree, and thus the three half-planes of C̃ will all have the same

axis; however there is no way of guaranteeing that they form 120◦ angles with one another.†

For simplicity, let us rotate so that we can without loss of generality assume that C(0) takes

the form C(0) = C
(0)
0 × Rn−1, where C

(0)
0 is a stationary integral 1-dimensional cone in R1+k,

and thus in particular is formed of 3 (multiplicity one) rays which lie in the same plane. Let us

write (x, y) for the coordinates on Rk+1 × Rn−1 ∼= Rn+k, i.e. y are coordinates relative to the

spine of C(0) and x are the coordinates for the complement of the spine.

Step 1: Initial graphical approximation. If the varifold V is close to the triple junction C(0) then

away from the spine of the cone V will be close to one of the three half-planes making up C(0).

As such, for any τ, γ > 0, for ε = ε(n, k, δ, τ, γ) sufficiently small, we will be able to apply Allard’s

regularity theorem to get a full graphical representation of V on {(x, y) ∈ Bn+k
γ (0) : |x| > τ}.

Of course, more generally this approximation away from the spine can be done for any cone

close to C(0) which is formed of three half-planes meeting along a common axis, regardless of

whether the cone is stationary or not.

Let us first make these two notions of “close” precise. For fixed δ > 0 and ε > 0, we

write Nε(C(0)) for the set of all stationary integral varifolds V which obey 0 ∈ spt‖V ‖,
‖V ‖(Bn+k

1 (0)) ≤ 2‖C(0)‖(Bn+k
1 (0))− δ (≡ 3ωn− δ) and

∫
Bn+k

1 (0) dist2(X, spt‖C(0)‖) d‖V ‖ < ε‡.

We also write Cε(C(0)) for the set of all cones C = C0×Rn−1 with C0 ⊂ R1+k a union of three,

multiplicity one, 1-dimensional rays originating from 0 ∈ R1+k, and∫
B1

dist2(X, spt‖C(0)‖) d‖C‖+

∫
B1

dist2(X, spt‖C‖) d‖C(0)‖ < ε

i.e. for each ray in C0, we can find a distinct ray in C
(0)
0 for which the angle made between the

two rays is θ(ε) → 0 as ε → 0. We also write C̃ε(C(0)) for all rotations in Rn+k of elements of

Cε(C(0)), where the rotation matrix A obeys |A− id| < ε.

So given a suitable graphical representation of V ∈ Nε(C(0)) relative to C ∈ Cε(C(0)), we want

to estimate the “bad set”; here, this would be the region of V close to the spine of C(0) which

is not represented by this graph, as well as getting some initial estimates on the function itself.

This can be readily done by characterising the points which can be represented graphically, and

indeed we can prove the following lemma (see [Sim93, Lemma 2.6]):

†We can however always rotate so that these cones have the same spine as C0, which we will do.
‡It should be noted that in [Sim93], a two-sided excess is used, i.e. this condition is replaced with∫

Bn+k
1 (0)

dist2(X, spt‖C(0)‖) d‖V ‖+

∫
Bn+k

1 (0)

dist2(X, spt‖V ‖) d‖C(0)‖ < ε.

The additional term ensures that this L2-distance acts in a two-sided manner, i.e. ensuring not just that V
is close to C(0), but also vice versa. In the current situation this is not needed, since C(0) is indecomposable,
which guarantees that for ε = ε(n, k) sufficiently small, if the one-sided height excess is small then necessarily
the two-sided height excess is small also.
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Lemma 11 ([Sim93]). Let γ, β, τ ∈ (0, 1) be arbitrary obeying 10τ + γ ≤ 1. Then there is a

ε0 = ε0(n, k, γ, β, τ) ∈ (0, 1] such that if C = C0 × Rn−1 ∈ Cε0(C(0)) and V ∈ Nε0(C(0)), then

there is an open set U ⊂ spt‖C‖ ∩B1 with the properties:

(i) if (x, y) ∈ U , then (x̃, y) ∈ U for all (x̃, y) ∈ spt‖C‖ with |x̃| = |x|;

(ii) {(x, y) ∈ C ∩Bγ : |x| > τ} ⊂ U ;

(iii) there is u ∈ C2(U ; spt‖C‖⊥) with graph(u) ⊂ spt‖V ‖ and

V {(x, y) ∈ Bγ : |x| > τ} = v
(
u|Bγ∩{(x,y):|x|>τ}

)
;

moreover we have the estimates sup |x|−1|u|+ sup |Du| ≤ β and∫
Bγ\graph(u)

|x|2 d‖V ‖+

∫
U∩Bγ

|x|2|Du|2 dHn ≤ C
∫
B1

dist2(X, spt‖C‖) d‖V ‖

where C = C(n, k, γ, β) is independent of τ .

We will actually only need this lemma in the special case γ = 3/4, as we only care about the

behaviour of the varifolds at the spine of C(0), and in particular at the origin.

Step 2: Good L2 estimates: no-gap condition.

If our aim is to establish that V close to the triple junction C(0) is a C1,α perturbation of the

triple junction, then we need to show that the points in V with density equal to 3
2 form a C1,α

(n − 1)-dimensional submanifold in Rn+k. However, from the monotonicity formula, if (say)

0 ∈ spt‖V ‖ obeys ΘV (0) ≥ 3
2 , we get

nρn−1

∫
Bρ

|X⊥|2

|X|n+2
d‖V ‖ =

d

dρ

∫
Bρ

|∇V |X||2 − nΘV (0)ρn−1 ≤ d

dρ

(
‖V ‖(Bρ)− ‖C(0)‖(Bρ)

)
for a.e. ρ ∈ (0, 1). Such an inequality allows for powerful L2 estimates to be established for

the graphical representation which will be crucial when understanding the boundary regularity

of the blow-ups (i.e. the regularity at the spine {0} × Rn−1 of the blow-up restricted to each

half-plane in C(0)). As such, let us first prove that points of density ≥ 3
2 accumulate along the

spine of C(0) in the following sense:

Lemma 12 (No-Gap Condition). For any δ > 0, there exists ε = ε(n, k, δ) ∈ (0, 1) such that if

V ∈ Nε(C(0)), then for all y ∈ Bn−1
1/2 (0),

Bδ(0, y) ∩ {X ∈ B1 : ΘV (X) ≥ 3/2} 6= ∅.

Proof. If not, we can find δ > 0 and a sequence Vk ⇀ C(0) of stationary integral varifolds

and yk ∈ Bn−1
1/2 (0) such that ΘVk < 3/2 in Bδ(0, yk). So pass to a subsequence such that yk →

y ∈ Bn−1
3/4 (0); then we have for all k sufficiently large, ΘVk < 3/2 in Bδ/2(0)(0, y). In particular,

from the stratification of the singular set we know that dim(sing(Vk)∩Bδ/2(0, y)) ≤ n− 3, and

so one may associate to each Vk a current Ṽk in Bδ/2(0, y) with ∂Ṽk = 0 in Bδ/2(0, y). But

then by the Federer-Fleming compactness theorem ([FF60]) gives that Ṽk would converge to a
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current Ṽ with ∂Ṽ = 0 in Bδ/2(0, y), but this is a contradiction as we would need spt‖Ṽ ‖∩B1 =

spt‖C(0)‖ ∩B1, i.e. Ṽ = C(0), and C(0) has a non-zero boundary in Bδ(0, y). �

Remark: An alternative proof of this fact based of Sard’s theorem can be given – see

[Sim93].

As described above, the above “no-gap condition” is crucial for the estimates of the following

theorem:

Theorem 13. Fix γ, τ, α ∈ (0, 1). Then this is ε0 = ε0(n, k, γ, τ), β0 = β0(C(0)) ∈ (0, 1) such

that if ε ≤ ε0, C = C0 × Rn−1 ∈ Cε(C(0)), V ∈ Nε(C(0)), and U , u are as in Lemma 11 with

β = β0, then for each Z = (ζ, η) ∈ B3/4 with ΘV (Z) ≥ 3/2 we have:

dist2(Z, S(C(0))) ≤ C
∫
B1

dist2(X, spt‖C‖) d‖V ‖;

∫
Bγ

n−1∑
j=1

|e⊥1+k+j |2 d‖V ‖+

∫
Bγ

dist2(X, spt‖C‖)
|X − Z|n−α

d‖V ‖ ≤ C
∫
B1

dist2(X, spt‖C‖) d‖V ‖;

∫
{X∈Bγ : |x|>τ}

|u(X)− ζ⊥(X)|2

|X − Z|n+2−α +

∫
U∩Bγ

|X|2−n
(
∂(u/|X|)
∂|X|

)2

≤ C
∫
B1

dist2(X, spt‖C‖) d‖V ‖

where ζ⊥(X) is the orthogonal projection of (ζ, 0) onto T⊥X spt‖C‖, and C = C(n, k, γ, α) is

independent of τ .

The proof of the above Theorem is based on the monotonicity formula and first variation

arguments; we refer the reader to [Sim93, Theorem 3.1] for the proof. It is perhaps informative

to briefly describe each term in the above inequalities to give the reader an insight to how they

will be used.

• The bound on dist(Z, S(C(0))) tells us that all “good” density points must be close

to the spine. Coupled with Lemma 12 we see that the points of density ≥ 3/2 are

accumulating along the spine of C(0). This inequality will also be used in the final part

of the proof when we construct the graph.

• The second line of inequalities are at the varifold level. The first term is a tilt-excess

term, but only in the directions parallel to the spine. Controlling this by a height excess

will mean that we can control the derivative of the blow-up in directions parallel to

the spine, in particular showing that they are in L2; this will be used to prove that

the derivatives of the blow-up in directions parallel to the spine agree. The second

term on the second line tells us that the height excess does not accumulate along the

spine S(C(0)), and will give strong L2 convergence of the blow-up sequence globally on

spt‖C(0)‖ ∩B1 instead of just locally away from S(C(0)).

• The inequalities in the third line are for the approximating function u. The first is

almost like an L2 bound on Du, except we need to subtract a small power in the

denominator, i.e. we have a power of n + 2 − α instead of n + 2 (the latter would be

like a L2 estimate on the derivative). This is what prevents us from achieving global

control of the W 1,2 norm, and so we can only control locally the W 1,2 away from
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the spine. Nonetheless, we will be able to use this inequality to show that the blow-

ups are C0,α up-to-the-boundary. The second inequality is known as the Hardt–Simon

inequality ([HS79]): its primary role is to prove the regularity estimate at the boundary

once one has established a classification of the homogeneous degree one elements of

the blow-up class (in the setting of Allard regularity this classification is simple, as

homogeneous degree one harmonic functions are necessarily planar, and indeed the

planes generated by the blow-ups were exactly those which gave rise to the excess

decay lemma). This inequality can be avoided here (following the lines of [Wic14] by

proving the boundary values are always C1,α directly from first variation arguments and

then invoking standard boundary regularity theory for harmonic functions ([GT15])),

however we introduce it now as it will play a bigger role later in this work; see Chapter

3.5 for more.

Combining Lemma 12 with Theorem 13 we achieve the following important corollary for con-

trolling the excess and function u near the spine of C(0):

Corollary 14. Let α, τ, δ ∈ (0, 1/4) be fixed. Then there are ε0 = ε0(n, k, τ, δ), β0 = β0(n, k) ∈
(0, 1) such that if C ∈ Cε(C(0)), V ∈ Nε(C(0)) with ε ≤ min{ε0, δ}, u is as in Lemma 11 with

β = β0 and γ = 3/4, then∫
B1/2∩{|x|>τ}

|u− κ|2

max{|x|, δ}3−α
dHn+

∫
B1/2

dist2(X, spt‖C‖)
max{|x|, δ}1−α

d‖V ‖ ≤ C
∫
B1

dist2(X, spt‖C‖) d‖V ‖

where C = C(n, k, α), and κ(x, y) =
∑1+k

j=1 κj(|x|, y)e⊥j , where

sup |κ|2 ≤ C
∫
B1

dist2(X, spt‖C‖) d‖V ‖.

In particular, Corollary 14 gives that∫
(B1+k
δ ×Rn−1)∩B1/2

dist2(X, spt‖C‖) d‖V ‖ ≤ Cδ1−α
∫
B1

dist2(X, spt‖C‖) d‖V ‖

where C is independent of δ; this will give the strong L2 convergence of the blow-up sequence

on all of spt‖C(0)‖ ∩B1 as opposed to just locally on spt‖C(0)‖ ∩B1\S(C(0)).

The function κ will form the basis of our latter arguments, as we will establish that its limit

will essentially be the boundary values of the blow-ups, and thus it is the function which forms

the basis of finding a “better” sequences of cones which we may perturb to in order to establish

an excess decay lemma.

Step 3: Formation of blow-up class and regularity properties. Now we are able to describe the

construction of the blow-up class and establish the (boundary) regularity properties of blow-ups.

Recall that the aim is to prove an excess decay lemma. More precisely, we wish to prove that

for any θ ∈ (0, 1/4), there are constants γ = γ(n, k, θ), ε0 = ε0(n, k, θ) ∈ (0, 1/4) such that if
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V ∈ Nε0(C(0)) and C ∈ C̃ε0(C(0)), then there is a C̃ ∈ C̃γε0(C(0)) such that

θ−n−2

∫
Bθ

dist2(X, spt‖C̃‖) d‖V ‖ ≤ Cθα
∫
B1

dist2(X, spt‖C‖) d‖V ‖

where C = C(n, k), γ = γ(n, k, θ) ≥ 1, and α = α(n, k) ∈ (0, 1). If this were not true, then we

may fix θ ∈ (0, 1/4) and find sequences 0 < εj ≤ δj ↓ 0 with V ∈ Nεj (C(0)) and Cj ∈ C̃εj (C
(0))

such that this is not true. Our blow-up class is constructed under these general assumptions.

So fix any θ ∈ (0, 1/4) and consider any sequences 0 < εj ≤ δj ↓ 0 with Vj ∈ Nεj (C(0)),

Cj ∈ C̃εj (C(0)). By definition of C̃εj (C(0)), we may find rotation matrices qj with |qj − id| ≤ εj
with (q−1

j )#Cj ∈ Cεj (C(0)). Then let β0 = β0(C(0)) be as in Corollary 14. Set E2
j := E2

Vj ,Cj
≡∫

B1
dist2(X, spt‖Cj‖) d‖Vj‖, and choose τj ↓ 0 sufficiently slowly such that Ej/τj → 0, and

so that we may apply the graphical representation, Lemma 11 with β = β0, γ = 3/4, and

with (q−1
j )#Cj . τj , εj , (η0,ρ ◦ q−1

j )#Vj in place of C, τ, ε0, V , respectively, for each ρ ∈ [θ, 1].

Then Lemma 11 gives that there are uj ∈ C2(Uj ; spt‖(q−1
j )#Cj‖⊥), where Uj := {(x, y) ∈

spt‖(q−1
j )#Cj‖ ∩B3/4 : |x| ≥ τj} and

(q−1
j )#Vj B3/4\{(x, y) : |x| < τj} = v(u)

and such that the estimates of Theorem 13 and Corollary 14 hold with uj , (q−1
j )#Vj , (q−1

j )#Cj ,

τj , εj , in place of u, V , C, τ , and ε0, respectively. Now set:

vj := uj/Ej .

The sequence (vj)j is essentially our blow-up sequence; for each compact K ⊂ B1\S(C(0)) we

can use elliptic estimates from the minimal surface equation to get that supK∩spt‖Cj‖ |D
ivj | ≤ C

for i ∈ {0, 1, 2}. The only caveat is that the domain of vj is dependent on j, and so to take

a limit we will reparameterise the domain of vj to the fixed domain spt‖C(0)‖. Indeed, as

(q−1
j )#Cj ∈ Cεj (C(0)) with εj ↓ 0, for a suitable choice of τj we have

spt‖(q−1
j )#Cj‖ ∩B1\(B1+k

τj × Rn−1) ⊂ graph(ψj),

where ψj ∈ C2(spt‖C(0)‖ ∩B1\(B1+k
τj/2
× Rn−1); spt‖C(0)‖⊥) with |ψj |C2 ≤ Cεj → 0.

The above estimates then tell us that vj(x + ψj(x)) converges, on each compact subset of

spt‖C(0)‖ ∩ B1\S(C(0)), in C2 to a limit v ∈ C2(spt‖C(0)‖ ∩ B1), which moreover satisfies,

away from S(C(0)), the PDE ∆v = 0, i.e. v is harmonic away from the spine of C(0). The

estimates from Corollary 14 gives that in fact vj(x + ψj(x)) converges to v strongly in all of

spt‖C(0)‖ ∩B1/8, as it gives in particular that

(1/8)1/2

∫
Uj∩B1/8∩(B1+k

δ ×Rn−1)
|vj |2 ≤ δ1/2

for any δ ≥ Cδj . Hence, we may now pass to the limit in the last inequality in Theorem 13 to

get

ρ5/2

∫
spt‖C(0)‖∩Bρ/2

|v − κρ|2

|x|5/2
≤ C

∫
spt‖C(0)‖∩Bρ

|v|2
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for each ρ < 1/4, where sup |κρ|2 ≤ Cρ−n
∫

spt‖C(0)‖∩Bρ |v|
2.

Such an inequality can be used to deduce via Campanato-style estimates that, on each half-

plane, v is necessarily C0,α up to the boundary, with boundary values determined by the κρ.

Next one wishes to use standard boundary regularity theory of harmonic functions to establish

that indeed v is (at least) C1,α up to the boundary. By using first variation arguments at

the varifold level and blowing them up, it can be shown that the sum of the components of v

over each half-plane (defined on a suitable single half-plane) obey a derivative condition at the

boundary allowing one to apply a reflection technique across the boundary. This is enough to

conclude two properties: (i) the gradient of each component of v on each half-plane in C(0) is

the same in directions parallel to the spine, and (ii) the boundary values of v are C1,α (in fact

smooth). This is then enough information to apply the boundary regularity theory for harmonic

functions to deduce that each blow-up v is C2 up to the boundary; moreover, each homogeneous

degree one elements is necessary of the same form as C(0), namely is three half-planes meeting

along a common axis. Thus, decay estimates hold with respect to a cone of the same form as

the original cone.

Armed with this regularity up-to-the-boundary, and the fact that the homogeneous degree one

blow-ups do have graphs which form triple junctions, this enables one to prove the desired excess

decay property holds.

Step 4: Iterating excess decay to get final result. This now follows in much the same way as

we saw in Allard’s regularity theorem (see Theorem 1). One additional difficulty is getting that

the points of density 3
2 in V form a C1,α submanifold. See Chapter 5.2 for similar arguments

in that setting. �

Remark: Like Allard’s regularity theorem, this result holds in arbitrary dimension and

codimension under just the assumption of stationarity; it is one of the few regularity results

which holds in this generality. It therefore tells us that any singular point in a stationary

integral varifold where at least one tangent cone is a triple junction necessarily has a unique

tangent cone and, locally about the singularity, V is a C∞ perturbation of the triple junction.

Let us point out a few key aspects of the proof which will become critical later on in more

complicated situations.

• Integrability. It was crucial in the above proof that the homogeneous degree one el-

ements of the blow-up class had the exact same form as the original base cone C(0):

there were a union of three (multiplicity one) half-planes with a common boundary.

This meant that when we proved that the excess decayed at one scale, we knew that

the new cone was of the same form as the original, meaning it was possible to simply

iterate this one inequality in order to prove that there was a single cone of the same

type for which the excess decayed on every scale.

In general, in the multiplicity one setting at least, the homogeneous degree one elements

will satisfy the Jacobi field equation on the base cone which we are blowing up respect

to, and therefore one has to know that all the homogeneous degree one solutions of the

Jacobi equation are generated by sequences of cones of the same type as the base cone

in order to iterate, i.e. generated by a sequence of cones which have the same spine
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dimension as the base cone and, loosely speaking, are of the “same form” as the base

cone. This is exactly the integrability hypothesis assumed in [Sim93].

For the multiplicity one triple junction (and indeed a multiplicity one plane, as seen

in Allard’s theorem), we see that its rigid structure ensures that this integrability

condition is satisfied in all dimensions and codimensions for sequences of stationary

integral varifolds – this is one of the key reasons why the above proof works, and so we

stress it. Of course, in general it is not always the case that the homogeneous degree

one elements of the blow-up class will obey this integrability property, and this will be

a key difficulty later on in the thesis. If we remain focused on the case of cones which

are unions of half-planes, we already see the issue when we move to the next setting

of 4 half-planes. For example, consider two n-dimensional planes which meet along a

`-dimensional axis, with 0 < ` ≤ n − 1. If we were to blow-up relative to these two

planes, then the best we can hope for is the blow-up class to be formed of functions

which are harmonic over each plane. But then the homogeneous degree one elements

could correspond to a rotation of each plane independent of the other ; in particular,

the new planes could intersect along a lower dimensional axis, changing the form of

the cone and thus not allowing one to iterate the resulting excess decay lemma without

more work. Moreover, in the setting where the codimension is > 1, it is even possible

for the harmonic function on each plane to actually perturb each individual plane to

two half-planes with different boundaries, forming a twisted cone picture.

When one allows a plane of higher multiplicity, or even a half-plane to have higher

multiplicity (as we will do later on in the work) the situation again becomes more

challenging. Supposing for a second that we have a suitable graphical representation

when the varifold is close to a higher multiplicity plane (which is a priori not even clear

due to possible branching behaviour and holes) it is possible that the homogeneous

degree one blow-ups would ‘split up’ the multiplicity into several (half-)planes of lower

multiplicity. Once again, one therefore needs to analyse this situation separately.

Therefore, in general there would appear to be an inductive procedure going on: in

order to understand one picture where it is possible for the blow-ups to perturb the

base cone to a ’reduced’ picture (that is, either decreasing the multiplicity of a half-

plane or decreasing the spine dimension) one must first understand varifolds close to

the reduced picture – as this reduction can only happen finitely often, we are set-up

for our induction. As the multiplicity of a given half-plane can only ever decrease, one

expects pictures of lower multiplicities to be simpler to analyse.

One other remark that should be made at this point is that one should talk about

an integrability hypothesis being satisfied in the context of a certain compact class of

varifolds. In the above proof, we worked with stationary integral varifolds. However,

one may be working in a more restrictive class, such as stable codimension one integral

varifolds without certain classical singularities. Therefore, the blow-up class is itself

restricted, and therefore in order to prove an ε-regularity theorem for this class, one

need only classify the homogeneous degree one blow-ups generated by the given class

as opposed to those generated by arbitrary sequences of stationary integral varifolds; if

this restricted class obeys a suitable integrability hypothesis, we are in a good setting
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for proving a regularity statement for the restricted class. This is a crucial remark for

the following reason which we shall use often later. If one supposes that the varifolds

we are interested in do not have any triple junction singularities, then, by the above

theorem, the varifolds can never be close to a cone with triple junction singularities,

and thus the blow-up will never perturb the base cone to a new cone which has triple

junction singularities. This enables one to restrict the possible perturbations in order

to establish a certain integrability property.

• Density gaps. Lemma 12 told us that stationary integral varifolds close to triple junc-

tions always have “good” density points; such an observation was crucial to establishing

certain L2 estimates which ultimately gave rise to the boundary regularity behaviour

of the blow-ups/classification of homogeneous degree one blow-ups. However, this as-

sumption need not be true in general, as seen by taking a decomposable cone and

rotating the axis of one of the two cones off the other. Therefore, it becomes a crucial

difficulty to deal with density gaps, either by establishing suitable estimates to control

them (see e.g. [BK17]), or by ruling them out entirely by a different argument. In

light of the discussion on integrability above, this also needs to be taken into consid-

eration when the base cone can be perturbed by a blow-up to a new cone which has a

lower dimensional spine, as now one needs to deal with density gaps for a wider variety

of base cones.

Remark: Simon’s results in [Sim93] are more general than just Theorem 10, applying to so-

called multiplicity one classes for cones which obey a certain integrability condition (telling

us essentially that the homogeneous degree one blow-ups are generated by “nice” sequences

of cones; this assumption gives us that the excess always decays with respect to a cone which

we have control over). Moreover, in this situation Simon proves a rectifiability theorem for

the singular set: it is countably m-rectifiable, where m is the maximal singular set dimension

of elements of the multiplicity one class (essentially, just the maximal spine dimension of

a tangent cone in the class). Such methods for proving a rectifiability result have proved

extremely fruitful for further analysis, and indeed these ideas are taken further by Krummel–

Wickramasekera to situations of higher multiplicity to prove rectifiability results in other

settings (see Chapter 3.6). The main lemma behind such a rectifiability result is an excess

decay dichotomy ([Sim93, Lemma 1]). This roughly says that when an appropriate varifold

V is sufficiently close to an appropriate cone C, then either there is a density gap in the

singular set (as discussed above), or the excess decays (with respect to some other cone). If

we have control over the cone for which the excess decays, one may iterate such a dichotomy

to prove the rectifiability result.

4. Dimension bounds for area-minimisers

So far we have discussed regularity results which are true for arbitrary stationary integral

varifolds. If one has more restrictions on the varifold it is perhaps not surprising that one can say

more. For this section, we shall briefly discuss the regularity theory surrounding area-minimising

integral currents, which rose to prominence in the search for a solution to Plateau’s problem. Of

particular interest for us will be Almgren’s proof that, for an area-minimising integral current
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in arbitrary dimension and codimension, the singular set always has codimension at least two

in the (support of the) current.

Before discussing Almgren’s result, let us first remark that in codimension one setting it is

possible to get a much stronger dimension bound, namely:

Theorem 15. Let T be an n-dimensional (locally) area-minimising integral current in Bn+1
1 (0).

Then dimH(sing(T )) ≤ n− 7. Moreover, this bound is sharp.

This result was originally an accumulation of the work of many great mathematicians, including

De Giorgi, Federer, Giusti, Bombieri, and Simons. The fact that the dimension bound is sharp

can be seen from the Simons’ Cone:

C3,3 := {(x, y) ∈ R4 × R4 : |x| = |y|}

which is a 7-dimensional cone in R8 which has an isolated singularity at the origin; the fact

that it is area-minimising can be seen in [BDGG69]. In general, Simons’ cones take the form

Cp,q := {(x, y) ∈ Rp+1×Rq+1 : |x| = |y|}; it is known in R8 that C2,4 is area minimising, however

C1,5 is not area-minimising (but is stable).

The proof of the dimension bound in Theorem 15 is based on a classification of stable hypercones

in small dimensions established by J. Simons ([Sim68]); in particular, they must be planar.

Lemma 16 ([Sim68]). Suppose C is an n-dimensional stationary cone in Rn+1 with sing(C) ⊂
{0}, where n ∈ {2, 3, 4, 5, 6}. Then if reg(C) = spt‖C‖\{0} is stable, then spt‖C‖ is a hyper-

plane.

The proof of Simons’ classification is simply a calculation based on the stability inequality in

order to bound the second fundamental form of the cone in order to deduce that it vanishes.

To use Lemma 16 to prove the dimension bound of Theorem 15 one uses a dimension reduction

argument introduced originally by Federer ([Fed70]). Essentially, the bound comes from show-

ing that the top strata sing(T )\Sn−7 is empty, and thus sing(T ) = Sn−7, with the dimension

bound following from that of Sn−7 established in Chapter 3.2. Since each X ∈ sing(T )\Sn−7 has

a tangent cone of the form C = C0 × Rn−d, where d ≤ 6, we see that the cross-section C0 is a

d ∈ {0, 1, 2, 3, 4, 5, 6} dimensional cone with S(C0) = {0}. As C is area-minimising, it is straight-

forward to find comparison surfaces to show that d 6= 1 (in this case C0 is a (non-planar) union

of rays through the origin, and a wedge-comparison surface can be used), and d 6= 0 (in this case

C would be a hyperplane of multiplicity ≥ 2 by Allard). Thus we must have d ∈ {2, 3, 4, 5, 6};
whence we are in the setting of Simons’ theorem, except we could have C non-cylindrical, i.e.

sing(C)\S(C) 6= ∅. But then by choosing a singular point Y ∈ sing(C)\S(C), one may generate

a tangent cone C′ to C at Y ; it is straightforward to check that S(C) ⊂ S(C′), and moreover

that the line through Y , `Y , also has `Y ⊂ S(C′); hence dim(S(C′)) ≥ dim(S(C)) + 1. We may

then iterate this procedure only finitely many times, and thus after finitely many steps we must

have sing(C′)\S(C′) = ∅, at which point one can apply Simons’ classification to get that C′ is

a hyperplane, providing the contradiction.§

§It should be noted that Federer’s original argument, whilst running along the same lines, does not make use of
the stratification (which was introduced later by Almgren). Indeed, Federer’s original argument was based on
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Note: Simons’ classification, Lemma 16, does not make any area-minimising assumption

on the cone, and so it is natural to wonder whether such a dimension bound is possible for

varifolds which are codimension one and stable (on their regular part). The area-minimising

assumption was used in two crucial places in the above argument, namely to rule out tangent

cones which are higher multiplicity hyperplanes and those with a codimension one spine.

Such tangent cones are possible in the stable setting. This question was taken further by

the work of R. Schoen and L. Simon ([SS81]), answering it under a natural restriction on

the singular set which can be shown to rule out these tangent cones (at singular points).

Another 30 years later, N. Wickramasekera answered this question in full ([Wic14]); indeed,

Wickramasekera’s regularity theory is able to recast the regularity theory for codimension one

area minimising integral currents into that of stable hypersurfaces, showing it to be a direct

consequence of two readily checked properties. These results will be the topic of discussion

in Chapter 3.5.

The situation of area-minimisers in higher codimension is much more intricate then the codimen-

sion one setting; this is because it is possible for branch points to occur, i.e. singular points where

the tangent cone is supported on a plane. For example, every complex analytic variety is area-

minimising (see [Mor86]), and so in particular the current defined by {(z, w) ∈ C×C : z2 = w3}
is a 2-dimensional current in R4 which has an isolated branch point singularity at 0; indeed,

the tangent cone at 0 is the multiplicity two version of the plane {(z, w) ∈ C×C : z = 0}. Fur-

thermore, this current is a limit of a sequence of smoothly embedded area-minimisers, namely

{(z, w) ∈ C× C : z2 = w3 + cε}, for suitable chosen cε → 0. Thus, if one wishes to understand

the closure of smoothly embedded area-minimisers, one is naturally lead to have to understand

branch points.

Almgren’s monumental result in this direction was showing that the singular set, and hence the

set of branch points, has codimension at least 2:

Theorem 17. [Alm00] Suppose T is an n-dimensional area-minimising integral current in

Bn+k
1 (0). Then dim(sing(T )) ≤ n− 2. Moreover, this bound is sharp.

Remark: Almgren’s proof has recently been revisited and streamlined in a series of works by

C. De Lellis and E. Spadaro ([DLS14], [DLS16a], [DLS16b]; see also [DLS13], [DL10]).

To talk about the full details of Almgren’s proof would take a text in itself, so let us only make

some remarks which are relevant to contrast Almgren’s methods with those in the current work.

The first idea is the same as we have been discussing throughout this chapter: perform a blow-up

procedure relative to a higher multiplicity plane at a branch point. The crucial difference here

when compared with the stationary integral setting is that one may use the area-minimising

assumption to attain a stronger graphical representation: the “bad set” where the current is

not graphical has a measure bound which is not just CÊ2
V , but is CÊ2+δ

V , for some small δ > 0

independent of V . This extra decay in the (height) excess enables one to establish that in fact

the convergence of the blow-up sequence (vi)i is in fact strongly in W 1,2
loc , i.e. we also have

the assumption that if dim(sing(T )) > n−7, then one may generate a tangent cone which inherits this dimension
bound. Thus we may perform the same iteration procedure above to end with a cylindrical cone, which from the
dimension bound must have spine of dimension at least n− 6, which then gives the contradiction from Simons’
classification.
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strong convergence of the energy
∫
|Dvi|2 locally¶. This means that one can show that the

blow-ups of area-minimising currents relative to planes are actually Dir-minimising, i.e. they

locally minimise the Dirichlet energy.

The fact that the blow-ups satisfy a variational principle is a crucial analytical tool for all the

further analysis. However, it should be noted that the best a priori regularity result one may

establish for Dir-minimisers is that they are C0,α, for some α ∈ (0, 1). In particular, in this

generality one cannot hope to establish C1,α regularity of the blow-ups in order to prove an

excess decay lemma like in the setting of Allard’s regularity theory, and so one needs to give up

hope on establishing a graphical regularity result at the varifold level. Moreover, one is unable

to prove a uniqueness of tangent cone statement in this setting, as in previous arguments it

was necessary to have a C1,α estimate in order to get decay of the excess, and thus establish

uniqueness; a regularity conclusion of C0,α is simply not strong enough in general to discuss

tangent planes.

Almgren’s result therefore claims nothing about the local structure about a branch point, and

just focuses on a dimension bound. The second idea to achieve this is to establish that there

is a type of “singularity inheritance” when one performs a blow-up procedure – that is to say,

if the varifolds have a singular set of a certain size, then so must the blow-ups; or, conversely,

if the blow-ups have an upper bound on their singular set, so must the varifolds. For this to

be true, one has to abandon the current blow-up procedure, as it is entirely feasible for the

singularities to collapse at the blow-up level to a region of higher multiplicity (much like what

happens at the tangent cone level at a branch point); indeed, the blow-up could be identically

zero. To get around this, one must perform a more intricate blow-up procedure off a so-called

centre manifold. The centre manifold is a suitably regular submanifold which can be thought

of as an approximation to the average of the function values representing the varifold (i.e. the

sheets of the varifold relative to the plane), so that the centre manifold essentially fits between

the sheets of the varifold. When one takes graphical representations of the varifold relative to

the centre manifold, some of the representations will be above the centre manifold and some

below, with the points where they all agree (which intuitively speaking are the singularities)

lying on the centre manifold. Therefore, when one performs a blow-up relative to the centre

manifold, singularities are preserved, and crucially one can prove that one attains a non-zero

blow-up (this is done via Almgren’s frequency function, which is crucial to be able to define and

show is monotone at the blow-up level also for establishing the dimension bound – see below).

It is in this manner that one is able to conclude the relevant dimension bound at the varifold

level.

So, the problem boils down to proving that the blow-ups, i.e. Dir-minimisers, obey the singular

set bound dim(sing(v)) ≤ n− 2. This is achieved by defining the frequency function

ρ 7−→
ρ2−n ∫

Bρ(x) |Dv|
2

ρ1−n
∫
∂Bρ(x) |v|2

≡
ρ
∫
Bρ(x) |Dv|

2∫
∂Bρ(x) |v|2

¶If one just has a bound of CÊ2
V , then the best one can achieve would seem to be local weak convergence in

W 1,2 and strong convergence locally in L2.
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at points x ∈ Bn
1 (0), 0 < ρ < 1 − |x|, and showing that it is monotone; by performing a

dimension reduction argument similar to that seen in Chapter 3.2 at the varifold level, one may

deduce the relevant dimension bound on v by classifying 1-dimensional Dir-minimisers.

The frequency function might more aptly be described as the “vanishing order function”, as

effectively it is a measure of the homogeneity of the function at the point; indeed, when the

function is homogeneous the frequency function is constant (this can be seen from the calculation

below of its derivative). To show that the frequency function of a Dir-minimiser is monotone,

one uses the variational principle to deduce two key variational identities known as the squash

and squeeze identities:

(Squash)

∫
Br(x)

|Dv|2 =

∫
∂Br(x)

v ·Drv

(Squeeze) (n− 2)

∫
Br(x)

|Dv|2 = r

∫
∂Br(x)

|Dv|2 − 2r

∫
Br(x)

|Drv|2

where r = |x| (there are numerous forms of these inequalities that suffice to prove monotonicity

of the frequency function). Indeed, by differentiating the frequency function directly and using

the squash and squeeze identities, one finds

d

dρ

(
ρ
∫
Bρ(x) |Dv|

2∫
∂Bρ(x) |v|2

)
=

r∫
∂Br(x) |v|2

(∫
∂Br(x)

|Drv|2
)(∫

∂Br(x)
|v|2
)
−

(∫
∂Br(x)

v ·Drv

)2


which is ≥ 0 by the Cauchy-Schwarz inequality.

For our work in Chapter 4, it is only the monotonicity of the frequency function which will be

important to us. We will however use the frequency function for an entirely different purpose

than that seen above, where the frequency function is introduced in order to establish dimension

bounds. Whilst we will still be able to use it to prove a dimension bound on the branch set

for our blow-ups, we are able to instead use the frequency function to prove a regularity result

for the blow-ups constructed from certain families of varifolds. This is achieved by using the

frequency function to classify the homogeneous degree one blow-ups.

However, it is not clear how to prove monotonicity of the frequency function without knowing a

priori that the blow-ups obey some type of variational principle, which is not known in general

without the area-minimising assumption. Indeed, for us we will not even have any a priori

regularity assumption on the blow-ups (in Chapter 3.6 we will see that Simon–Wickramasekera

were able to make use of the frequency function in a setting where there was no variational

principle, but instead they had assumed C1,α regularity a priori). The idea will be to perform a

bootstrap argument, where we prove a C1,α regularity result at the same time as monotonicity

of the frequency function. We will be able to prove frequency monotonicity in situations of

sufficiently high regularity (e.g. generalised−C1) provided certain regularity results are known

at the varifold level in order to ensure energy convergence happens locally about certain points;

by performing suitable variations at the varifold level in the first variational formula, we will
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be able to prove the squash and squeeze identities hold in a suitable sense in order to establish

frequency monotonicity.

5. Stable hypersurface regularity: Schoen–Simon and Wickramasekera

Having now discussed a significant number of the key foundational results, let us now move

to the setting which we will focus on for the rest of the work: stable (on the regular part),

codimension one, integral varifolds.

A stability assumption rules out examples such as a catenoid (which is unstable), and so one

should not have “necks” joining sheets occurring. However, as illustrated in Figure 1 below,

it is still possible to have a truncated catenoid close to a plane; here, the regular part is still

stable, and we have introduced classical singularities to bridge the neck region. So in order

to establish an abstract regularity (or, more precisely, sheeting) theorem for stable, stationary,

integral varifolds near higher multiplicity planes, one must also make some assumption on

the singular set. R. Schoen and L. Simon established the first key result in this direction,

establishing a sheeting theorem for stable stationary integral n-varifolds V under the assumption

that Hn−2(sing(V )) = 0; the proof however allows for a slightly weaker assumption, namely that

the 2-capacity of the singular set vanishes, i.e. Cap2(sing(V )) = 0:

Theorem 18 ([SS81]). Fix Λ > 0. Let V be a stationary integral n-varifold in Bn+1
2 (0)

which has stable regular part, Cap2(sing(V )) = 0, and ‖V ‖(Bn+1
2 (0)) ≤ Λ. Then, there is an

ε = ε(n,Λ) > 0 such that if
∫
R×B1(0) |x

1|2 d‖V ‖ < ε, then there are functions u1 < u2 < · · · < uk

defined on Bn
1/2(0) such that

spt‖V ‖ ∩ (R×Bn
1/2(0)) =

k⋃
i=1

graph(ui)

and ‖u‖1,α;B1/2(0) ≤ C
(∫

R×B1/2(0) |x
1|2 d‖V ‖

)1/2
for some C = C(n,Λ).

120◦

Figure 1. A truncated catenoid.

This theorem in particular rules out branch points in such varifolds and can be readily used to

deduce that the interior singular set of such varifolds is at most n− 7, recovering the dimension

bound from the codimension one area minimising setting. It is the result which kicks off the

regularity theory for stable codimension one integral varifolds.

The assumption on the singular set allows one to extend the stability inequality – which is

originally only true for test functions supported on the regular part – to arbitrary test functions

on the support of the varifold; this is done by an excision argument. In particular, one is able

to prove that the so-called Schoen inequality holds for such varifolds:∫
B1(0)

|A|2ϕ2 d‖V ‖ ≤ C
∫
B1(0)

(1− (ν · ν0)2)|∇ϕ|2 + C

∫
B1(0)

ϕ2 d‖V ‖
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for each test function ϕ which is a bounded locally Lipschitz function of compact support; here

ν0 is any constant vector, ν is (a choice of) the unit normal to reg(V ), and A is the second

fundamental form of reg(V ). One may then use this inequality to deduce that there is an

approximate graphical representation of V relative to the hyperplane such that the “bad set”

where V is not graphical is once again of the order Ê2+δ
V ; just like in Almgren’s regularity

theorem, such an improved decay factor is crucial to prove energy convergence of the blow-

ups and thus an improved regularity claim for the blow-ups; in particular, one is able to use

harmonic approximations just as in Allard’s regularity theorem, in the end deducing that a

suitable excess decay statement holds.

Our primary focus of this section will not be to discuss the Schoen–Simon result, but instead the

improved result due to N. Wickramasekera, which weakens the assumption Cap2(sing(V )) = 0

to the assumption Hn−1(sing(V )) = 0, or equivalently (as a consequence of [Wic14]) that V

has no classical singularities at all:

Theorem 19 ([Wic14]). Let Λ ∈ [1,∞), and θ ∈ (0, 1). Then there exists ε0 = ε0(n,Λ, θ) ∈
(0, 1) such that if V is a stationary integral varifold in Bn+1

2 (0) which has stable regular part

and no classical singularities, ‖V ‖(Bn+1
2 (0)) ≤ Λ, and

distH(spt‖V ‖ ∩ (R×B1), {0} ×B1) < ε0

then

V (R×Bθ) =

q∑
j=1

|graph(uj)|

for some integer q ≥ 1, where uj ∈ C1,β(Bθ) for each j = 1, 2, . . . , q; u1 ≤ u2 ≤ · · ·uq;

‖uj‖1,β;Bθ ≤ C
(∫

R×B1

|x1|2 d‖V ‖
)1/2

.

Furthermore, uj solves the minimal surface equation weakly on Bθ and hence in fact uj ∈
C∞(Bθ) for each j = 1, 2, . . . , q; here C = C(n,Λ, θ) ∈ (0,∞) and β = β(n,Λ, θ).

Remark: Our assumptions here are in terms of a Hausdorff distance smallness condition as

opposed to the usual L2 height excess smallness, but as varifold convergence implies local

Hausdorff distance convergence of the supports, these conditions are essentially equivalent.

In particular, Theorem 19 implies that branch points in stable codimension one stationary

integral varifolds are necessarily limits of classical singularities.

Wickramasekera is also able to prove a so-called minimal distance theorem ([Wic14, Theorem

3.4]), effectively ruling out the possibility of such varifolds being closed to classical cones. In

particular, sing(V )\Sn−2 = ∅, and so combining with the Schoen–Simon regularity theory, we

in fact have that sing(V ) = Sn−7 and so dim(sing(V )) ≤ n− 7.

Discussion of the proof of Theorem 19. As is familiar to us by now, the first idea

is to try and analyse the blow-up/linearised picture, as if we can prove C1,α regularity of the

blow-up class, then we will be able to transfer this to an excess decay lemma at the varifold

level. The main differences here are that: (i) a priori the singular set of V can be large (unlike
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in the case of Schoen–Simon, where it was small); (ii) we are now blowing up relative to a

higher multiplicity plane – say of multiplicity q – and so at the blow-up level our homogeneous

degree one elements could in theory split into q distinct hyperplanes, or even 2q distinct half-

hyperplanes. To get around both of these issues, an inductive approach is taken: assuming

that the result is already known to be true (alongside the “minimal distance theorem”) for all

multiplicities < q. This allows one to invoke the Schoen–Simon regularity theory at numerous

places in order to deduce that the singular set is small in some regions.

Firstly, unlike in the setting of Almgren (Theorem 17) or Schoen–Simon (Theorem 18), we are

unable to a priori prove an approximate graphical representation of V which has a non-graphical

subset having measure controlled by Ê2+δ
V , for some δ > 0; the best we can get is Ê2

V (as in

Allard’s regularity theorem), as given by the following general graphical representation result

of Almgren:

Theorem 20 ([Alm00], Corollary 3.11). Let q ∈ Z≥1 and σ ∈ (0, 1). Then there exists

ε0 = ε0(n, q, σ) such that the following holds: Let V be a stationary integral n-varifold in

Bn+1
2 (0) obeying

(ωn2n)−1‖V ‖(Bn+1
2 (0)) < q + 1/2; q − 1/2 ≤ ω−1

n ‖V ‖(R×B1) < q + 1/2;

and

Ê2
V ≡

∫
R×B1

|x1|2 d‖V ‖(X) ≤ ε0

then there is Σ ⊂ Bσ with:

(a) Hn(Σ) + ‖V ‖(R× Σ) ≤ CÊ2
V , where C = C(n, q, σ) ∈ (0,∞);

(b) there are Lipschitz functions uj : Bσ → R with Lip(uj) ≤ 1/2 for each j ∈ {1, 2, . . . , q}
such that u1 ≤ u2 ≤ · · · ≤ uq and

spt‖V ‖ ∩ (R× (Bσ\Σ)) =

q⋃
j=1

graph(uj) ∩ (R× (Bσ\Σ)).

(One can in fact give a precise definition of Σ, which is needed for the final step of establishing

the existence of graphs once one has an excess decay statement in the full proof of Theorem 19,

but to illustrate the key ideas the above suffices.)

This is a sufficiently strong approximate graphical representation to produce (coarse) blow-ups

of sequences of stationary integral varifolds (Vj)j converging to a multiplicity q hyperplane; of

course, if vj := uj/ÊVj → v, this convergence will now only be strongly in L2
loc(B1) and weakly

in W 1,2
loc (B1), and so we in particular do not a priori have strong convergence locally of the

energy,
∫
|Dvj |2 (even if we bring in the additional assumptions of stable on the regular part

and no classical singularities this is not clear – it is still a open question if it is somehow possible

to get strong convergence of the energy).

So, a priori we cannot say that our blow-ups satisfy any variational principle. Moreover, a priori

it is not even clear if the blow-ups obey a PDE on any open subset of B1(0); indeed, as there

is no a priori bound on the size of the singular set, it is plausible that singular (branch) points
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could accumulate on a dense subset of B1, and so in the blow-up limit there is no “good ball”

where a PDE holds. This is a significant obstacle which needs to be overcome.

We are able to readily prove some basic properties of the blow-ups, namely:

(B1) Each blow-up is in W 1,2
loc (B1;Rq) ∩ L2(B1;Rq);

(B2) v1 ≤ v2 ≤ · · · ≤ vq;

(B3) ∆va = 0 in B1, i.e. va is (smoothly) harmonic, where va = q−1
∑q

j=1 v
j is the average-

part of v;

(B5) The set of blow-ups is closed under suitable homotheties, rotations, and subtraction of

linear approximation to average-part, i.e. if v is a blow-up, then so is:

(B5I) ṽz,σ(·) := ‖v(z + σ(·))‖−1
L2(B1)

v(z + σ(·)) for each z ∈ B1 and σ ∈ (0, 3
8(1 − |z|)],

whenever v 6≡ 0 in Bσ(z);

(B5II) v ◦ γ for each orthogonal rotation γ of Rn;

(B5III) ‖v−`v‖−1
L2(B1(0))

(v−`v) whenever v−`v 6≡ 0 in B1, where `v(x) := va(0)+x·Dva(0).

(B6) The set of blow-ups is a compact class, namely if (vk)k is a sequence of blow-ups then

there is a convergent subsequence vk′ → v, with v another blow-up, and the convergence

being locally in L2(B1) and locally weakly in W 1,2(B1).

The numbering above is chosen to match that in [Wic14]. These are the properties which, if

you will, come for free from the stationary condition and how the blow-ups are constructed and

are not so difficult to prove. The stability hypothesis and the absence of classical singularities

are used to prove two further properties, ultimately allowing one to deduce a C1,α regularity

result for the coarse blow-ups, and moreover that each blow-up is harmonic.

1. The Hardt–Simon dichotomy: (B4). Property (B4) says:

(B4) For each blow-up v and z ∈ B1, one of the following must hold:

(B4I) For each ρ ∈ (0, 3
8(1− |z|)], the Hardt–Simon inequality,

q∑
j=1

∫
Bρ/2(z)

R2−n
z

(
∂((vj − va(z))/Rz

∂Rz

)2

≤ Cρ−n−2

∫
Bρ(z)

|v − `v,z|2

holds, where Rz(x) := |x− z|, `v,z(x) := va(x) + (x− z) ·Dva(z);

(B4II) There exists σ = σ(z) ∈ (0, 1− |z|] such that ∆v = 0 in Bσ(z).

i.e. at each point in B1, either v is harmonic on some ball about the point, or the Hardt–Simon

inequality holds for all suitable radii.

We saw the Hardt–Simon inequality before, in the proof of Simon’s triple junction ε-regularity

theorem (Theorem 10); there, it was established at “good density points”, i.e. points which had

density at least that of the spine density of the cone the varifolds were limiting too. Applying

similar arguments, one can prove something similar here, namely that if z ∈ B1 is a limit of

“good density points”, i.e. points of density ≥ q, then the Hardt–Simon inequality holds. Thus,

when the Hardt–Simon inequality fails at z, we expect z to not be a limit of points of density
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≥ q, i.e. we can find σ = σ(z) ∈ (0, 1) for which eventually always there are no points of density

≥ q in the cylinder R×Bσ(z). More precisely, for all sufficiently large k,

Z ∈ spt‖Vk‖ ∩ (R×Bσ(z)) =⇒ ΘVk(Z) < q.

Now we may bring in the “no classical singularities” hypothesis, as with it we may inductively

assume that V has no branch points of density < q, and has no singularities having a tangent

cone which is a classical cone: together with a dimension reduction argument based on Almgren’s

stratification of the singular set, this allows one to show that in such a region one must have

dim(sing(V ) ∩ (R × Bσ(z))) ≤ n − 7; in particular one may apply the sheeting theorem of

Schoen–Simon (Theorem 18) in order to deduce that the blow-up is harmonic in Bσ/2(z), which

gives the second half of the dichotomy, (B4II).

Thus so far we have only really used the stability assumption and the absence of classical

singularities to deduce that a sheeting result holds in regions of strictly lower density; this is

an important observation for inductive approaches to the regularity theory, and indeed it is

possible to make progress under just this assumption instead (see [BKW21]).

2. Classical Singularity Reflection Principle: (B7). The final property needed to prove

the regularity result for the (coarse) blow-ups is the following (B7) property:

(B7) If v is a blow-up such that for each j = 1, 2, . . . , q there exist linear functions Lj1, L
j
2 :

Rn → R with vj(x2, y) = Lj1(x2, y) if x2 > 0, vj(x2, y) = Lj2(x2, y) if x2 ≤ 0, and

Lj1(0, y) = Lk2(0, y) for 1 ≤ j, k ≤ q, y ∈ Rn−1, then v1 = v2 = · · · = vq = L for some

linear function L : Rn → R.

Loosely speaking, this is saying that at the blow-up level, there cannot be classical singularities:

if there is a coarse blow-up which has a graph being a union of half-hyperplanes meeting along

a common axis, then in fact it is just a single hyperplane of multiplicity q. This can therefore

be thought of as a type of reflection principle: ruling out classical singularities at the varifold

level rules out classical singularities at the blow-up level.

Let us discuss how (B7) is used to conclude the proof of Theorem 19. Analytically, (B7) allows

us to classify the homogeneous degree one coarse blow-ups which have a spine of dimension at

least n − 1: they must be single linear functions of multiplicity q. From this it is possible to

prove the regularity result for coarse blow-ups by classifying the homogeneous degree one coarse

blow-ups, showing that they must necessarily be single linear functions of multiplicity q. This

is done in a bootstrapping manner: first we show that homogeneous degree one coarse blow-ups

are C1 harmonic away from their spine, and then if the spine is of dimension ≤ n−2, this gives a

contradiction to the Hopf boundary point lemma, this giving that the homogeneous degree one

blow-ups do take the correct form; this can then be readily used to deduce the full regularity of

arbitrary coarse blow-ups. At each stage where one wants to prove regularity (either C1 away

from spine for homogeneous degree one elements of C1,α regularity of arbitrary coarse blow-ups)

this is done by combining the Hardt–Simon inequality with a reverse Hardt–Simon inequality :

q∑
j=1

∫
Bρ(z)\Bτρ(z)

R2−n
z

(
∂((vj − va)/Rz)

∂Rz

)2

≥ ερ−n−2
q∑
j=1

∫
Bρ(z)

|vj − va|2
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for some suitable ε > 0 and for all ρ ∈ (0, ε]; this is proved by contradiction, assuming you have

already classified all homogeneous degree one elements with larger spine dimension. Combining

the reverse Hardt–Simon inequality with the Hardt–Simon inequality enables one to deduce

Campanato-style estimates for the function, giving the desired regularity from the Campanato

regularity theory.

All that remains to be discussed is the proof of (B7) itself: this is where the bulk of the work

is in the proof of Theorem 19. The proof is again by contradiction.

Suppose there was a blow-up of the form described in (B7). What does this information

translate to at the varifold level? Loosely speaking, it would tell us that our approximate

graphical representation uk takes the form uk ≈ ÊVk × (classical tangent cone), ie. Vk is close

to a fixed classical cone multiplied by the height excess ÊVk . But of course the Vk are close to

a multiplicity q hyperplane, so the fact that Vk is close to such a classical cone multiplied by

a constant ÊVk → 0 is not useful nor surprising. But what is useful is that it tells us that Vk

is significantly closer to such a classical cone than the flat hyperplane, i.e. one may prove that

a sequence (Vk)k generating such a blow-up actually additionally obeys (for all k sufficiently

large, after perhaps a small rotation):

(?) For each k, there are classical cones Ck obeying Q2
Vk,Ck

< γkÊ
2
Vk

, where γk → 0.

To stress, here Ck is a cone of the form Ck =
∑q

j=1 |Hj |+ |Gj |, where for each j ∈ {1, 2, . . . , q},
Hj is the half-hyperplane defined by Hj = {(x1, x2, y) ∈ Rn+1 : x2 < 0 and x1 = λjx

2} and Gj

is the half-hyperplane defined by Gj = {(x1, x2, y) ∈ Rn+1 : x2 > 0 and x1 = µjx
2}, with λj , µj

constants obeying λ1 ≥ λ2 ≥ · · · ≥ λq and µ1 ≤ µ2 ≤ · · · ≤ µq. These half-hyperplanes will be

directly related to the half-hyperplanes in (B7).

Also recall that QV,C is the two-sided height excess of V relative to C, i.e.

Q2
V,C :=

∫
R×B1

dist2(X, spt‖C‖) d‖V ‖(X) +

∫
R×(B1/2\{|x2|<1/16})

dist2(X, spt‖V ‖) d‖C‖(X).

(The domain of integration in the second integral is simply because we do never have graphical

representations of V over the hyperplane on all of B1, and moreover we never have graphical

representations of V over C all the way to the axis of C, so in order to compare the second

term to the first term when we have suitable graphical representations, we need to work a bit

away from each of these sets, i.e. ∂B1 and S(C).)

Intuitively, (?) should enable one to actually find graphical representations of Vk not relative

to the hyperplane {0} × Rn, but relative to the cones Ck – this is just like what is done in

[Sim93] to prove Theorem 10. There is only one caveat: the half-hyperplanes may come with

multiplicity. Of course, if a varifold is close in a region to a half-hyperplane of multiplicity two,

it is also close to all pairs of multiplicity one half-hyperplanes which are sufficiently close to

the fixed (multiplicity two) half-hyperplane. We do necessarily know if we can express such

a varifold as two graphs, one off each multiplicity one half-hyperplane, in this situation: but

we can get a good representation with two functions defined on the fixed (multiplicity two)

half-hyperplane. To deal with this degeneracy, so that we may establish suitable graphical
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representations relative to a sequence of cones instead of the fixed hyperplane, we can introduce

Hypothesis (??):

HYPOTHESIS (??). Either:

(i) C is supported on 4 half-hyperplanes;

(ii) q ≥ 3, and C is supported on p hyperplanes for some p ∈ {5, . . . , 2q} and

Q2
V,C < β inf

C̃
Q2
V,C̃

where the infimum is taken over all classical cones C supported on {4, . . . , p − 1}
half-hyperplanes.

Here β > 0 is a constant to be specified in the proof.

(It should be noted that in the abstract setting one needs to also assume that {0}×Rn is close

to the optimal plane for the height excess of V – this assumption is referred to as HYPOTHESIS

(?) in [Wic14].)

These assumptions allows one to establish that there is a graphical representation of V relative

to C which obeys similar estimates to those seen in Chapter 3.3. This allows us to blow-up

these graphical representations, forming what is called a fine blow-up. The key point is that

the multiplicity of each half-hyperplane in Ck is < q, and so once again we are in a setting

where one can apply the induction hypothesis in order to show that, away from the (fixed)

spine of the cones Ck, we can apply the Schoen–Simon sheeting theorem to get that the Vk can

be represented by smooth maps satisfying the minimal surface equation. Thus, when we take

the limit, the fine blow-up will actually be formed of 2q harmonic functions: q are defined on

{(x2, y) ∈ Rn : x2 < 0}, and q on {(x2, y) ∈ Rn : x2 > 0}.

This is then a “good setting” of a blow-up: we know that the functions in the fine blow-up class

are harmonic away from a boundary. If one could then prove that in fact these functions were

(harmonic and) C1,α up to the boundary‖, then we are again in a setting where we could use

the derivatives at 0 of the harmonic functions to perturb the cones Ck to a sequence of new

cones for which the excess decays in order to establish an ε-regularity theorem (for varifolds

close to a hyperplane but yet significantly closer to a non-flat cone): but this would then give

a contradiction as it would imply that V has a classical singularity. Hence (B7) must hold.

Morally, this is exactly what one can do, except with a caveat form HYPOTHESIS (??): we need

to somehow remove this hypothesis in order to iterate the excess decay lemma. This can be

done via inductively considering when HYPOTHESIS (??) holds or not, which gives rise to a

multi-scale excess decay lemma, i.e. instead of knowing that the excess decays with respect to a

fixed scale, it decays with respect to some scale chosen from a fixed finite set of possible scales.

This does not impact any iteration procedure, and is necessary as we do not know for which

p ∈ {4, 5, . . . , 2q} HYPOTHESIS (??) holds; loosely speaking we get one scale for each possibility.

This outline completes the discussion of the proof of Theorem 19. �

‖This will readily come from first variation arguments similar to those used in the proof of Theorem 10 at the
coarse blow-up stage completed there.
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Let us make some remarks regarding the above proof which are important to the current work.

• If we assume all the same assumptions as above, except instead of assuming that

there are no classical singularities in V , we only assume that there are no classical

singularities of density < q in V , then (B4) will still hold, but (B7) is no longer true.

What will be true instead of (B7) however is that whenever there is a blow-up of

the form in (B7), then the sequence of varifolds (Vk)k generating that blow-up will

resemble a classical singularity of density q, in an appropriate sense. This changes

the classification of homogeneous degree one blow-ups significantly: for example, they

no longer need to be a single, multiplicity q, linear function, but now their graphs

can be comprised of 2q half-hyperplanes meeting along a common axis. To see that

these are the only homogeneous degree one blow-ups in this setting is significantly

more difficult: if there was a blow-up which had a spine of dimension ≤ n − 2, we

will still be able to show that such a blow-up is C1 away from its spine, as long as we

also allow for classical singularities which are not immersed – this is where the notion

of generalised -C1 arises. Even still, it is not clear how to get a contradiction in this

setting as there can still be branch points, and so the argument based on the Hopf

boundary point lemma fails. If one could get that the singular points where (B4II)

fails, i.e. (B4I) holds, must in fact be on the spine of the blow-up, then we would be

in a good setting to get a contradiction (as then the blow-up would be harmonic away

from a excisable set, namely, the spine). We will achieve this using monotonicity of a

frequency function. This forms the bulk of the work in Chapter 4.

• In Chapter 5 we will prove a regularity theorem for stable codimension one stationary

integral varifolds which do not include triple junction singularities and are close to a

classical cone of spine density 5
2 . This situation is similar to the situation described

above due to the fact that any multiplicity > 1 half-hyperplanes in the cone can split

in the manner described above. So, one is led naturally to a fine blow-up procedure

in this non-flat setting. However, as there may be branch points away from the spine

in the nearby varifolds, blow-ups and fine blow-ups can have pieces defined over half-

hyperplanes in the base cone which are two-valued as opposed to single-valued. There is

currently no known boundary regularity theory for two-valued C1,α harmonic functions,

but in this setting we are able to deduce such a boundary regular result if we can classify

the homogeneous degree one blow-ups and use an appropriate multi-valued version of

the classical Campanato regularity theory. But this classification needs to be achieved

at the fine blow-up level as well, so unlike in the proof of Theorem 19, where the

boundary regularity of the fine blow-ups was immediate from the regularity of the

boundary values and the fact that the fine blow-ups were harmonic in the interior

of each half-hyperplane, we need to prove an appropriate (B7) property at the fine

blow-up level as well. For this we need to perform iteratively finer blow-up procedures,

which we call an ultra-fine blow-up; in this setting these will be formed from 5 single-

valued harmonic functions, and so we can deduce their regularity. So in order to prove

the ε-regularity theorem for cones which have more multiplicity 2 half-hyperplanes,

we need to already have established the corresponding theorem for cones with fewer

multiplicity 2 half-hyperplanes, and thus we have an inductive situation.
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6. Dimension bounds and rectifiability of some multiplicity two branch sets

In this final chapter before starting the new work of the thesis, we mention the following

dimension bound and rectifiability results for the multiplicity 2 branch set of certain classes of

varifolds. The dimension bound will be of particular importance to us in Chapter 5.

Dimension Bounds: Simon–Wickramasekera. Fix α ∈ (0, 1). Recall that if u :

Bn
1 (0)→ A2(Rk) is a C1,α two-valued function, we write for x ∈ B1(0), u(x) = {u1(x), u2(x)};

so u1, u2;Bn
1 (0)→ Rk. Moreover, we may then define the average-part of u by ua := (u1 +u2)/2

and the average-free part by uf := {±(u1 − u2)/2}. We then define the set Ku to be the points

where the two values of u agree to first order, i.e.

Ku := {x ∈ B1 : u1(x) = u2(x) and Du1(x) = Du2(x)}

and note that Ku = Kuf = {x ∈ B1 : |uf (x)| = 0 and |Duf (x)| = 0}. As u is C1 we also

have Bu ⊂ Ku, and so to establish a dimension bound on the branch set it suffices to prove

a dimension bound on Ku. Indeed, when u has a stationary graph, i.e. v(u) is a stationary

integral varifold, one has:

Theorem 21 ([SW07]). Fix α ∈ (0, 1). Let u : Bn
1 (0)→ A2(Rk) be a C1,α two-valued function

with stationary graph. Then ua ∈ C1,1(B1;A2(Rk)), uf ∈ C1,1/2(B1;A2(Rk)); in particular,

u ∈ C1,1/2(B1;A2(Rk)) and this is the sharp regularity conclusion. Moreover, if uf 6≡ 0, then

dimH(Ku) ≤ n−2. Furthermore, either: (i) Bu = ∅ or (ii) dimH(Bu) = n−2 and Hn−2(Bu) > 0.

Note that this regularity conclusion of u ∈ C1,1/2(B1;A2(Rk)) is of course sharp in light of

examples such as {(z, w) ∈ C× C : z2 = w3}.

Discussion of the proof of Theorem 21. Let us first remark that the final dichotomy

on Bu is trivial once we have the dimension bound dimH(Bu) ≤ n − 2, using the fact that if

Hn−2(Bu) = 0 then B1\Bu is simply connected, and so u|B1\Bu = {u1, u2} for some pair of

smooth functions u1, u2 : B1\Bu → Rk solving the minimal surface equation. But then as the

weak formulation of the minimal surface equation is only linear in the test function, closed sets

which have vanishing 1-capacity – so in particular closed sets Γ which have Hn−1(Γ) = 0 – are

removable from the minimal surface equation. Hence as Hn−1(Bu) = 0, it follows that u1, u2

solving the minimal surface equation on B1\Bu implies that they are in fact weak C1,α solutions

to the minimal surface equation on all of B1, and thus are in fact smooth. This then implies

Bu = ∅.

The regularity conclusions on ua, uf are established based on a method involving Schauder

theory (recall that the Schauder estimates can be established by a geometric blow-up argument,

see [Sim97]). Of course, the Schauder estimates do not hold at the limiting cases, i.e. classically

the C1,α Schauder estimates only hold for α ∈ (0, 1), and not for α = 0, 1. So establishing initial

Schauder estimates is possible provided we understand the functions in the blow-up limit, that is,

the linearised picture which here are C1,α two-valued harmonic functions. This regularity theory

can be dealt with separately, giving initial Schauder estimates for C1,α two-valued stationary

graphs. These Schauder estimates enable one to then prove that a doubling condition holds, i.e.
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there is γ > 1 and σ > 0 such that

ρ1−n
∫
∂Bρ

|u|2 ≤ γ · (ρ/2)1−n
∫
∂Bρ/2

|u|2 for all ρ ∈ (0, σ].

Doubling conditions normally arise from monotonicity of a frequency function. Here it is possible

to prove the converse: if the doubling condition holds, then the frequency function (perhaps

with an additional exponential term) is monotone. This is the crux of establishing the regularity

conclusion.

The proof of the dimension bound on Ku is based on a frequency function argument. We are

in a simpler setting to Almgren as we already have a graph structure and there are only two

values, and thus the branch points necessarily lie in Ku ≡ Kuf . It is therefore possible to avoid

a centre manifold argument and simply blow-up the average-free part of u, that is, uf . But then

we need to establish monotonicity of a frequency function of v about points in Ku. This is done

by following the work of Garofalo and Lin ([GL86]); this approach is only possible because

uf ∈ C1,1/2, and thus Duf ∈ C0,1/2, and hence the coefficients in the suitable formulation

of the minimal surface equation in this setting are Lipschitz ∗∗. Once we have an appropriate

frequency function for uf , one can apply a standard dimension reduction argument based on

the C1,1/2-Schauder estimates for uf and the fact that suitable rescalings of uf give rise to

(non-zero, by frequency monotonicity) C1,α two-valued harmonic functions (for which we can

prove the corresponding dimension bound on the branch set). �

Rectifiability: Krummel–Wickramasekera. Theorem 21 was then taken further by

B. Krummel and N. Wickramasekera by establishing finer properties of Bu than dimension

bounds, such as countable (n− 2)-rectifiability. It should be stressed that the Naber–Valtorta

rectifiability results from Chapter 3.2 say nothing (new) regarding the rectifiability of the branch

set.

Theorem 22 ([KW13]). Suppose u : Bn
1 (0) → A2(Rk) is a C1,1/2 two-valued function with

stationary graph. If n = 2 then Bu is discrete. If n ≥ 3, then for each closed ball B ⊂ B1,

either B ∩ Bu = ∅, or B ∩ Bu has positive Hn−2-measure and is equal to the union of a finite

number of pairwise disjoint, locally compact sets each of which is locally (n− 2)-rectifiable (and

in particular has locally finite Hn−2-measure).

Very brief discussion of the proof of Theorem 22. The proof relies on results for

the corresponding linearised problem: in this case, this is that of C1,1/2 two-valued harmonic

functions. The main technical lemma of the proof is similar in spirit to the excess decay

dichotomy of [Sim93] seen in Chapter 3.3: if one is able to prove that either there is a frequency

gap or the excess decays, then one is in a good position to prove a rectifiability result. One must

therefore try to employ Simon’s methods in a situation of higher multiplicity; the monotonicity

of the frequency function is crucial for this. One new such inequality is a measure of how far

∗∗Thus, if we were working in a setting with Q-valued stationary graphs, for Q ≥ 3, in light of examples such
as {(z, w) ∈ C × C : zQ = wQ+1}, the optimal regularity conclusion possible for uf is C1,1/Q, and thus the

coefficients of this equation are only C0,2/Q, and so do not have sufficient (i.e. Lipschitz) regularity for the
methods of Garofalo and Lin to be applicable; one is therefore left to try a method based on Almgren’s centre
manifold construction.
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u is from an α-homogeneous function; such an inequality plays the role of a Hardt–Simon type

inequality. Once one establishes a suitable graphical representation away from the axis of the

blow-up objects (which here we know what they look like, as we understand two-dimensional

two-valued harmonic harmonics), one can establish similar estimates to those in [Sim93] in

order to apply a blow-up procedure in order to conclude. �

Remark concerning rectifiability of the branch set of Dir-minimisers: It would be

an injustice at this point to not mention the related work [KW17], which proves that the

branch set of a Q-valued Dir-minimiser is in fact countably (n− 2)-rectifiable (as opposed to

just having a dimension bound of (n−2), as shown originally by Almgren ([Alm00])). There

are several additional difficulties which arise in this setting when compared to the two-valued

case. The first is that there are now more situations of higher multiplicity, and methods

closely related to fine blow-up procedure used in [Wic14] are needed to analyse the various

situations (in particular, an assumption similar to HYPOTHESIS (??) is needed). The second

significant new difficulty is that it is possible for Dir-minimisers to have frequency values

(or equivalently, the degree of homogeneity of blow-ups) < 1/2: this is because the only a

priori regularity conclusion possible is C0,α (in particular this is exactly why this issue does

not occur when one already has a C1,α regularity assumption, if one can prove appropriate

Schauder-type estimates to ensure that the frequency is always at least ≥ 1 + α). Having

a frequency value of < 1/2 is a serious problem as it does not provide sufficient decay of

L2-excess quantities: intuitively, we wish to know that the function vanishes too sufficiently

higher order so that we can find a new object for which we have excess improvement. As

such, one needs a more complex argument to classify homogeneous blow-ups.





CHAPTER 4

Analysis of Flat Singular Points in SQ

In this chapter we will work with various different excesses and so we set up the notation now

as follows:

• For V ∈ SQ and P a hyperplane of Rn+1 (through the origin), we define the one-sided

height excess of V relative to P by:

Ê2
V,P =

∫
π−1
P (P∩Bn+1

1 (0))
dist2(X,P ) d‖V ‖(X)

where πP : Rn+1 → P is the orthogonal projection onto P .

We abbreviate ÊV,{0}×Rn as ÊV , so Ê2
V =

∫
R×B1

|x1|2 d‖V ‖(X).

• For C ∈ CQ, we define the one-sided height excess of V relative to C by:

E2
V,C =

∫
R×Bn1 (0)

dist2(X, spt‖C‖) d‖V ‖(X).

• For C ∈ CQ, we define the two-sided height excess of V relative to C by:

Q2
V,C =

∫
R×Bn1 (0)

dist2(X, spt‖C‖) d‖V ‖(X) +

∫
R×(Bn

1/2
(0))\{rC<1/16}

dist2(X, spt‖V ‖) d‖C‖(X)

where rC(X) := dist(X,S(C)), and S(C) is the spine of C, i.e. S(C) := {X ∈
spt‖C‖ : ΘC(0) = ΘC(X)}.

Remark: Throughout the proof of our main result, Theorem A (starting in Chapter 4.3), we

shall only need to consider excesses ÊV and QV,C for varifolds V ∈ SQ and cones C ∈ CQ for

which ÊV is small and spt ‖C‖ ∩ (R×B1) is close to {0} ×B1. We note now that the excesses

used in Chapter 5 are defined slightly differently to those above, yet we use the same notation.

1. Varifolds in SQ with small coarse excess and significantly smaller fine excess

The following fine excess ε-regularity theorem will play a key role in our later analysis.

Theorem 1 (Fine excess ε-regularity theorem). Let Q ≥ 2 be an integer and α ∈ (0, 1). There

exists ε0 = ε0(n,Q, α) ∈ (0, 1) and γ0 = γ0(n,Q, α) ∈ (0, 1) such that the following is true:

if for some ε ∈ (0, ε0] and some γ ∈ (0, γ0], a varifold V ∈ SQ and a cone C ∈ CQ with

S(C) = {(0, 0)} × Rn−1 satisfy:

(i) ΘV (0) ≥ Q, (ωn2n)−1‖V ‖(Bn+1
2 (0)) < Q+ 1/2, ω−1

n ‖V ‖(R×B1) < Q+ 1/2;

(ii) Ê2
V =

∫
R×B1

|x1|2 d‖V ‖(X) < ε;

73
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(iii) Ê2
V < 3

2 infP
∫
R×B1

dist2 (X,P ) d‖V ‖(X), where the infimum is taken over all hyper-

planes P with S(C) ⊂ P ;

(iv) Q2
V,C < γÊ2

V ;

then there is a cone C0 ∈ CQ with spine S(C0) = {(0, 0)} × Rn−1 and

distH(spt‖C0‖ ∩ (R×B1), spt‖C‖ ∩ (R×B1)) ≤ CQV,C,

and an orthogonal rotation Γ : Rn+1 → Rn+1 with |Γ(e1) − e1| ≤ CQV,C and |Γ(ej) − ej | ≤
CÊ−1

V QV,C for j = 2, 3, . . . , n+ 1, such that C0 is the unique tangent cone to Γ−1
# V at 0 and

σ−n−2

∫
R×Bσ

dist2(X, spt‖C0‖) d‖Γ−1
# V ‖ ≤ Cσ2αQ2

V,C for all σ ∈ (0, 1/2).

Furthermore, there is a generalised-C1,α function u : B1/2 → AQ(R) such that:

(1) V (R×B1/2) = v(u);

(2) Bu ∩B1/2 = ∅;

(3) graph (u) ∩ (R× Cu) = singV ∩ (R×B1/2); moreover,

(i) singV ∩ (R × B1/2) = graphϕ where ϕ = (ϕ1, ϕ2) : Bn−1
1/2 (0) = S(C) ∩ (R ×

B1/2)→ R2×{0} is of class C1,α over Bn−1
1/2 (0) with |ϕ1|1,α;Bn−1

1/2
(0) ≤ CQV,C and

|ϕ2|1,α;Bn−1
1/2

(0) ≤ CÊ
−1
V QV,C;

(ii) If Ω± denote the two components of B1/2\Cu = B1/2 \ graphϕ2, and if we write

u =
∑Q

α=1Ju
jK with u1 ≤ u2 ≤ · · · ≤ uQ, then uj

∣∣
Ω±
∈ C1,α(Ω±) and |uj |1,α;Ω± ≤

CÊV for each j ∈ {1, . . . , Q};

(4) If CZ ∈ CQ denotes the (unique) tangent cone to V at Z ∈ singV ∩ (R × B1/2),

then cÊV ≤ distH(spt‖CZ‖ ∩ (R × B1), {0} × B1) ≤ CÊV ; moreover, if Z1, Z2 ∈
singV ∩ (R×B1/2) then

distH(spt‖CZ1‖ ∩ (R×B1), spt‖CZ2‖ ∩ (R×B1)) ≤ C|Z1 − Z2|αQV,C.

Here, C = C(n,Q, α) and c = c(n,Q, α); in particular, these constants are independent of C.

Proof. Step 1: First note that the argument in [Wic14, Lemma 14.1] gives the fol-

lowing: for any given M1 ∈ [1,∞), there exist constants ε1 = ε1(n,Q,M1, α) ∈ (0, 1) and

γ1 = γ1(n,Q,M1, α) ∈ (0, 1) such that if a varifold V ∈ SQ and a cone C ∈ CQ with

S(C) = {(0, 0)} × Rn−1 satisfy (i), (ii) and (iv) in the statement above for some ε ∈ (0, ε1]

and γ ∈ (0, γ1], and also satisfies, in place of (iii), the more general condition

(1) Ê2
V <

3

2
M1 inf

P

∫
R×B1

dist2 (X,P ) d‖V ‖(X)

where the infimum is taken over all hyperplanes P with S(C) ⊂ P (i.e. over P of the form

P = {x1 = λx2} for λ ∈ R), then we can find: a sequence of numbers (σk)k with σ0 = 1 and
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σk+1

σk
∈ [θ, θ] where θ, θ ∈ (0, 1/2) are fixed constants depending only on n, Q, M1 and α (in fact

for each k = 0, 1, 2, . . ., we have
σk+1

σk
∈ {θ1, θ2, . . . , θ2Q−3}, where each θj ∈ (0, 1/2) depends

only on n, Q, M1 and α); orthogonal rotations Γk,Γ : Rn+1 → Rn+1 with Γ0 = Identity and,

for each k = 1, 2, . . . ,

(2) |Γ(e1)− Γk(e1)| ≤ CσαkQV,C and |Γ(ej)− Γk(ej)| ≤ Cσαk Ê−1
V QV,C

for j = 2, . . . , n+1; a cone C0 (denoted H in [Wic14]) belonging to CQ with S(C0) = {(0, 0)}×
Rn−1 such that:

(3) distH(spt‖C0‖ ∩ (R×B1), spt‖C‖ ∩ (R×B1)) ≤ CQV,C;

(4) σ−n−2

∫
R×Bσ

dist2(X, spt‖C0‖) d‖Γ−1
# V ‖(X) ≤ Cσ2αQ2

V,C for all σ ∈ (0, 1/2);

and also, for k = 1, 2, . . .,

(5) σ−n−2
k

∫
R×Bσk

dist2 (X, spt ‖C0‖) d‖Γ−1
k#V ‖(X) ≤ Cσ2α

k Q2
V,C and,

(6) σ−n−2
k

∫
R×(Bσk/2\{|x

2|<σk/16})
dist2 (X, spt ‖Γ−1

k#V ‖) d‖C0‖(X) ≤ Cσ2α
k Q2

V,C,

where C = C(n,Q,M1, α). There are a few small modifications to the argument in [Wic14,

Lemma 14.1] which we need to make to get this exact statement: first, by [Wic14, Lemma 9.1],

[Wic14, (10.2)] and the argument of [Wic14, (9.4)], we see that for any given τ ∈ (0, 1/16], if

ε1 = ε1(n,Q,M1, τ), γ1 = γ1(n,Q,M1, τ) are sufficiently small, the assumptions of the present

theorem imply that

(7) {Z : ΘV (Z) ≥ Q} ∩ (R× (B1/2\{|x2| < τ})) = ∅.

This with τ = 1/16 is required in [Wic14, Lemma 14.1]. Secondly, for any given M1 ∈ [1,∞) as

above, note that [Wic14, Lemma 13.3] holds (with the same proof) in a slightly more general

form where: (a) instead of requiring that [Wic14, Hypothesis (?)] holds with M = 3
2M0, we

require that [Wic14, Hypothesis (?)] holds with M = 3
2M1M0, where M0 = M0(n,Q) is as in

[Wic14] (given by the explicit expression in [Wic14, Section 10]), and (b) we allow all of the

constants in [Wic14, Lemma 13.3] (i.e. ε, γ, κ, C0, ν1, . . . , ν2Q−3, C1 and C2) to depend also

on M1. Then, arguing as in the proof of [Wic14, Lemma 14.1], applying this slightly modified

version of Lemma 13.3 iteratively in place of [Wic14, Lemma 13.3], we arrive at [Wic14,

(14.2)–(14.8)], with the constants C, C2, θ1, . . . , θ2q−3 all depending only on n, Q, M1 and α; in

particular, we know then that (Γk)k is a Cauchy sequence of rotations of Rn+1, and so converges

to some rotation Γ of Rn+1. Also the sequence spt ‖Ck‖ ∩ (R×B1), where Ck ∈ CQ (produced

by the modified Lemma 13.3) are as in the proof of [Wic14, Lemma 14.1], is a Cauchy sequence

in Hausdorff distance, and hence converges in Hausdorff distance to spt ‖C0‖ ∩ (R × B1) for

some C0 ∈ CQ. It is then not difficult to see using [Wic14, (14.5)] that in fact Ck → C0 as
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varifolds, after possibly redefining the (constant integer) multiplicities on the half-spaces making

up spt ‖C0‖. These facts and an interpolation between scales in the usual way establish (2)–(6).

We also have, by [Wic14, (14.10) and (14.11)], that

(8) C−1ÊV ≤ Êη0,σk #Γ−1
k# V ≤ CÊV

for k = 1, 2, . . ., where C = C(n,Q,M1, α) ∈ [1,∞).

From (3) and (6), it follows that Γ# C0 is the unique tangent cone to V at 0, so that η0,ρ# V ⇀

Γ# C0 as ρ→ 0.

Step 2: Still assuming (1) for some M1, we wish to repeat Step 1 after shifting the (density

≥ Q) base point. To be able to ensure that after shifting the base point the required hypotheses

(i.e. (i), (ii), (iv) for appropriate ε, γ, and hypothesis (1) with a fixed choice of a constant

(depending only on n, Q, α and M1) in place of M1) are satisfied, we need to introduce an

auxiliary condition, namely [Wic14, Hypothesis (??)]; by switching to an appropriate different

cone C′ (in place of C) and choosing ε, γ sufficiently small, we can arrange for this condition

to always be satisfied. We now provide details of this argument.

Write CQ(p) for the set of C̃ ∈ CQ with S(C̃) = {(0, 0)}×Rn−1 for which the number of distinct

half-hyperplanes in spt‖C̃‖ is p. If V ∈ SQ, C ∈ CQ are as in the theorem but with (1) in place

of hypothesis (iii), then for ε = ε(n,Q,M1, α), γ = γ(n,Q,M1, α) sufficiently small, we know

by [Wic14, Lemma 9.1] that we necessarily have C ∈ ∪2Q
p=4CQ(p). Set

Q∗V (p) := inf
C̃∈∪pk=4CQ(k)

Q
V,C̃

.

Following [Wic14], consider, for β ∈ (0, 1/2):

hypothesis (??). Either

(I) C ∈ CQ(4), or

(II) Q ≥ 3, C ∈ CQ(p) for some p ∈ {5, . . . , 2Q} and Q2
V,C < β (Q∗V (p− 1))2.

By the argument of [Wic14, Proposition 10.5] we have the following: suppose that (1) holds

for some M1 ∈ [1,∞), and let ε̃, γ̃ ∈ (0, 1/2) be given. There exists β0 = β0(n,Q,M1, α), ε2 =

ε2(n,Q,M1, ε̃, γ̃, α), γ2(n,Q,M1, ε̃, γ̃, α) ∈ (0, 1/2) such that if hypotheses (i), (ii), (iv) and Hy-

pothesis (??) hold with ε = ε2, γ = γ2, and β = β0, then for any Z ∈ spt‖V ‖ ∩ (R×B9/16) with

ΘV (Z) ≥ Q, if we set VZ = (ηZ,1/8)#V , we have (see [Wic14, p. 912]) that (1) holds with VZ

in place of V and with M1M0 in place of M1, i.e.

(9) Ê2
VZ

<
3

2
M1M0 inf

∫
R×B1

dist2(X,P ) d‖VZ‖(X),

where M0 = M0(n,Q) ∈ [1,∞) is an explicit constant (as in [Wic14]) and where the infimum

is taken over all hyperplanes of the form P = {x1 = λx2}, λ ∈ R, and we also have that

hypotheses (i), (ii), (iv) hold with VZ in place of V , with the same cone C and with ε = ε̃,
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γ = γ̃. Furthermore, we have by [Wic14, (10.32)] that

(10) ÊVZ ≥ CÊV and,

by combining [Wic14, Corollary 10.2(a)] and [Wic14, (10.33)], that

(11) QVZ ,C ≤ CQV,C

where C = C(n,Q,M1, α). We emphasise that β0 is independent of ε̃ and γ̃ (and note that the

purpose of Hypothesis (??) is to enable us to use [Wic14, Theorem 10.1(a)] in the proof of

[Wic14, Proposition 105]; we do not need to verify that Hypothesis (??) holds with VZ in place

of V ).

On the other hand, for any given β ∈ (0, 1/2), V ∈ SQ and C ∈ CQ, if Hypothesis (??)

fails, then we must have Q ≥ 3 and C ∈ CQ(p) for some p ∈ {5, . . . , 2Q}, and we can find

a number ` ∈ {4, . . . , p − 1} and a cone C′ ∈ CQ(`) such that QV,C′ ≤
(

3
2β

)m
QV,C for some

m ∈ {1, 2, . . . , p−4} and C′ satisfies Hypotheses (??), i.e. either we have C′ ∈ CQ(4) or we have

` ∈ {5, . . . , p− 1} and Q2
V,C′ < β (Q?V (`− 1))2.

Thus for any given β ∈ (0, 1/2), V ∈ SQ, C ∈ CQ, we can always find a cone C′ ∈ CQ (possibly

with C′ = C) such that

(A) QV,C′ ≤
(

3
2β

)2Q−4
QV,C and

(B) either

(I)′ C′ ∈ CQ(4) or

(II)′ Q ≥ 3, C′ ∈ CQ(p) for some p ∈ {5, . . . , 2Q} and Q2
V,C′ < β (Q?V (p− 1))2 .

So taking β = β0 and applying the preceding discussion taking C′ in place of C and replacing

γ2 with
(

3
2β0

)−(2Q−4)
γ2, we deduce the following:

Claim: For each M1 ∈ [1,∞), there exists β0 = β0(n,Q,M1, α) ∈ (0, 1/2) such that if (1) holds,

then for any given ε̃, γ̃ ∈ (0, 1/2), there exist numbers ε2 = ε2(n,Q,M1, ε̃, γ̃, α), γ2(n,Q,M1, ε̃, γ̃, α) ∈
(0, 1/2) such that whenever a varifold V ∈ SQ and a cone C ∈ CQ satisfy hypotheses (i), (ii),

(iv) with ε = ε2, γ = γ2, there is a cone C′ ∈ CQ satisfying:

(A)

(12) QV,C′ ≤
(

3

2β0

)2Q−4

QV,C and

(B) either

(I)′ C′ ∈ CQ(4) or

(II)′ Q ≥ 3, C′ ∈ CQ(p) for some p ∈ {5, . . . , 2Q} and Q2
V,C′ < β0 (Q?V (p− 1))2

such that for any Z ∈ spt‖V ‖ ∩ (R × B9/16) with ΘV (Z) ≥ Q, if we set VZ = (ηZ,1/8)#V , we

have that hypotheses (i), (ii), (iv) hold with VZ in place of V , C′ in place of C and with ε = ε̃,
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γ = γ̃; we also have that (1) holds with VZ in place of V and with M1M0 in place of M1, where

M0 = M0(n,Q) ∈ [1,∞). Additionally, we have (by (10) and (11)) that

(13) ÊVZ ≥ CÊV and

(14) QVZ ,C′ ≤ CQV,C′

where C = C(n,Q,M1, α).

Note also that in view of the fact that C′ satisfies (B) above, and that (i), (ii), (iv) hold with

η0,1/8 # V in place of V, C′ in place of C, and with ε = ε̃, γ = γ̃, and that (1) holds, it follows

from [Wic14, Theorem 10.1(a)] (taken with τ = 1/16, say, and with C′ in place of C) and (12)

that, provided ε2, γ2 are sufficiently small depending only on n, Q, α,

(15) distH (spt ‖C′‖ ∩ (R×B1), spt ‖C‖ ∩ (R×B1)) ≤ CQV,C

where C = C(n,Q,M1, α).

Step 3: Suppose that (1) holds for some M1 ∈ [1,∞), and let ε1 = ε1 = ε1(n,Q,M1M0, α),

γ1 = γ1 = γ1(n,Q,M1M0, α), where ε1, γ1 are as in Step 1. Suppose also that (i), (ii), (iv) hold

with ε ∈ (0, ε2(n,Q,M1M0, ε1, γ1, α)], γ ∈ (0, γ2(n,Q,M1M0, ε1, γ1, α)] where ε2, γ2, are as in

the Claim in Step 2.

In view of the Claim in Step 2, there is a cone C′ ∈ CQ such that (by applying Step 1) we

have the conclusions as in Step 1 with C′ in place of C and uniformly at each “base point”

Z ∈ spt‖V ‖ ∩ (R × B9/16) with ΘV (Z) ≥ Q, i.e. for each Z ∈ spt ‖V ‖ ∩ (R × B9/16) with

ΘV (Z) ≥ Q, we can find: a sequence of numbers
(
σZk
)
k

with σ0 = 1 and

(16)
σZk+1

σZk
∈ [θ, θ];

orthogonal rotations ΓZk ,ΓZ : Rn+1 → Rn+1 with ΓZ0 = Identity and, for each k = 1, 2, . . . ,

(17) |ΓZ(e1)− ΓZk (e1)| ≤ C
(
σZk
)α
QVZ ,C′ and |ΓZ(ej)− ΓZk (ej)| ≤ C

(
σZk
)α
Ê−1
VZ
QVZ ,C′

for j = 2, . . . , n+ 1; a cone CZ ∈ CQ with S(CZ) = {(0, 0)} × Rn−1, such that:

(18) distH(spt‖CZ‖ ∩ (R×B1), spt‖C′‖ ∩ (R×B1)) ≤ CQVZ ,C′ and

(19) σ−n−2

∫
R×Bσ

dist2(X, spt‖CZ‖) d‖Γ−1
Z #VZ‖(X) ≤ Cσ2αQ2

VZ ,C′
for all σ ∈ (0, 1/8),

and also, for k = 1, 2, 3, . . .,

(20)
(
σZk
)−n−2

∫
R×BZσk

dist2 (X, spt ‖CZ‖) d‖
(
ΓZk
)−1

#
V ‖(X) ≤ C

(
σZk
)2α

Q2
VZ ,C′

;



Varifolds in SQ with small coarse excess and significantly smaller fine excess 79

(21)(
σZk
)−n−2

∫
R×
(
B
σZ
k
/2
\{|x2|<σZk /16}

) dist2 (X, spt ‖
(
ΓZk
)−1

#
V ‖) d‖CZ‖(X) ≤ C

(
σZk
)2α

Q2
VZ ,C′

and

(22) C−1ÊVZ ≤ Êη
0,σZ

k
#(ΓZk#)

−1
VZ
≤ CÊVZ ,

where C = C(n,Q,M1, α). Furthermore, by (12), (13) and (14), we also have that

(23) ÊVZ ≥ CÊV and

(24) QVZ ,C′ ≤ CQV,C

where C = C(n,Q,M1, α).

From these, we can draw the following conclusions:

• for every Z ∈ spt‖V ‖ ∩ (R × B9/16) with ΘV (Z) ≥ Q, ΓZ # CZ ∈ CQ is the unique

tangent cone to V at Z;

• {ΘV ≥ Q} ∩ (R×B9/16(0)) = {ΘV = Q} ∩ (R×B9/16(0));

• {ΘV ≥ Q} ∩ (R×B9/16(0)) = CV ∩ (R×B9/16(0)); this is so by hypothesis (S3)Q and

an application of Theorem D;

• BV ∩ (R × B9/16) = ∅; this is so by the preceding fact since by Theorem C we have

that ΘV (Z) ≥ Q for every Z ∈ BV .

Step 4: Continue to assume that (1) holds for some M1 ∈ [1,∞), and also, for ε̃, γ̃ to be chosen

depending only on n, Q, M1, that (i), (ii), (iv) hold with

ε ∈ (0, ε2(n,Q,M1M0, ε̃, γ̃, α)],

γ ∈ (0, γ2(n,Q,M1M0, ε̃, γ̃, α)],
(25)

where ε2, γ2 are as in the Claim in Step 2.

Set S = π({ΘV ≥ Q}) where π : Rn+1 → {0} × Rn is the orthogonal projection. If y ∈ B1/2(0)

has dist(y, S) > 1/16, then

(1/16)−n−2

∫
R×B1/16(y)

|x1|2 d‖V ‖(X) ≤ (1/16)−n−2Ê2
V

and so if ε < 16−n−2ε0 where ε0 = ε0(n,Q) is as in Theorem C, as V has no classical singularities

of density < Q in the region R×B1/16(y), we may apply Theorem C to see that V is regular in

R×B1/32(y), with

(26) V (R×B1/32(y)) =

Q∑
j=1

|graphuj |,
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for uj ∈ C2(B1/32(y)) satisfying u1 ≤ · · · ≤ uQ and |u|2,B1/32(y) ≤ CÊV , where C = C(n,Q); if

on the other hand y ∈ B1/2 is such that 0 < dist(y, S) ≤ 1/16, we choose z ∈ S ∩ B9/16(0) for

which dist(y, S) = dist(y, z), set σy = dist(y, z)/4, choose Z = (ζ1, ζ2, η) with ΘV (Z) ≥ Q and

π(Z) = z and choose the integer k such that σZk+1 < 40σy ≤ σZk , and note that

σ−n−2
y

∫
R×Bσy (y)

|x1 − ζ1|2 d‖V ‖(X) ≤ 5n+2 · (5σy)−n−2

∫
R×B5σy (z)

|x1 − ζ1|2d‖V ‖(X)

≤ Cθ−n−2
(σZk /4)−n−2

∫
R×B

σZ
k
/4

(0)
|x1|2d‖VZ‖(X)

≤ C1

(
Ê2
VZ

+ Ê−2
VZ
Q2
VZ ,C′

)
≤ C1(ε̃+ γ̃)

where C1 = C1(n,Q,M1, α), and we have used (17) and (22) in the third inequality and Step 2

in the last inequality.

Now choose

(27) ε̃ = min{ε1, (2C1)−1ε0} and γ̃ = min{γ1, (2C1)−1ε0},

where ε1 = ε1(n,Q,M1M0, α), γ1 = γ1(n,Q,M1M0, α) are as in Step 3 and ε0 = ε0(n,Q) is as in

Theorem C. Then, if (1) holds for some M1 ∈ (0,∞), and if hypotheses (i), (ii), (iv) hold with ε,

γ, satisfying (25), we have the conclusions at the end of Step 3, and moreover, by the preceding

estimate, that σ−n−2
y

∫
R×Bσy (y) |x

1 − ζ1|2 d‖V ‖(X) < ε0, whence, applying Theorem C again,

we get that V (R×Bσy/2(y)) is given by Q embedded, ordered minimal graphs over Bσy/2(y)

with small gradient. Since this holds for every y ∈ B1/2 ∩ {x : 0 < dist (x, S) < 1/16}, and (as

we have already seen) {ΘV ≥ Q}∩
(
R×B9/16

)
consists of C1,α classical singularities, it follows

that there is a function u : B1/2 → AQ(R) of class GC1,α with Cu = S ∩ B1/2 and Bu = ∅
such that V (R×B1/2) = v(u). This establishes conclusions (1), (2) and the first assertion of

conclusion (3).

Step 5: Now we suppose that hypotheses (i)–(iv) as in the statement of the theorem hold with

ε ∈ (0, ε2(n,Q,M0, ε
′, γ′, α)] and γ ∈ (0, γ2(n,Q,M0, ε

′, γ′, α)], where ε2, γ2 are as in Step 2 and

ε′, γ′ are to be chosen depending only on n, Q and α. In particular, we require that ε′ < ε̃ and

γ′ < γ̃, where ε̃, γ̃ are as in (27) with M1 = 1. Since M0 depends only on n, Q, our eventual

choice of ε′, γ′ will imply that ε, γ and β depend only on n, Q, and α.

We wish to establish conclusion (4) and conclusions 3(i) and 3(ii). Since (by Step 4 taken with

M1 = 1) we have conclusions (1), (2) and the first assertion of conclusion (3), this will complete

the proof of the theorem.

First note that the inequalities cÊV ≤ distH(spt‖CZ‖∩B1, {0}×B1) ≤ CÊV , for some constants

c = c(n,Q, α) ∈ (0,∞) and C = C(n,Q, α) ∈ (0,∞), follow from (18) and hypothesis (iv).

For the Hölder continuity estimate in conclusion (4), we proceed as follows: pick any two points

Z1, Z2 ∈ CV ∩ (R × B1/2), and set σ = |Z1 − Z2|. If σ ≥ 1/32 the estimate holds trivially, so

assume σ < 1/32, and choose k such that σZ2
k+1 < 16σ ≤ σZ2

k . Set Ṽ = (η
0,σ

Z2
k

◦
(

ΓZ2
k

)−1
)# VZ2

and Z̃ = (σZ2
k /8)−1

(
ΓZ2
k

)−1
(Z1−Z2). Then Ṽ

Z̃
= (η

0,σ
Z2
k

◦
(

ΓZ2
k

)−1
)# VZ1 , and Z̃ is a density
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Q point of Ṽ , and moreover by (22) and (9) (with M1 = 1) we have that

Ê
Ṽ
≤ CÊVZ2

≤ 3

2
CM0 inf

P={x1=λx2 :λ∈R}

∫
R×B1

dist2(X,P ) d‖VZ2‖(X)

where C = C(n,Q, α). Also, by (20), (21), (22), (23) and (24) we have that

(28)

Q
Ṽ ,CZ2

≤ CσαkQVZ2
,C′ ≤ CσαkQV,C ≤ CγÊV ≤ CγÊVZ2

≤ C ′γÊ
η

0,σ
Z2
k

#

(
Γ
Z2
k#

)−1
VZ2

= C ′γÊ
Ṽ

where C ′ = C ′(n,Q, α). We also clearly have that ÊVZ2
< Cε whence Ê

Ṽ
< Cε.

Thus (1) is satisfied with Ṽ in place of V and M1 = CM0, and hypotheses (i), (ii), (iv) are

satisfied with Ṽ in place of V , CZ2 in place of C and with Cε in place of ε and C ′γ in place

of γ. So if we choose ε, γ sufficiently small depending only on n, Q, and α, we can apply the

Claim in Step 2 to find a cone C′′ ∈ CQ, which, by (24) and (15) satisfies

(29) Q
Ṽ
Z̃
,C′′ ≤ CQṼ ,CZ2

where C is the constant as in (24) with M1 = CM0, and

(30) distH (spt ‖C′′‖ ∩ (R×B1), spt ‖CZ2‖ ∩ (R×B1)) ≤ CQ
Ṽ ,CZ2

where C = C(n,Q, α), and such that (i), (ii), (iv) hold with Ṽ
Z̃

in place of V , C′′ in place of

C and with ε1(n,Q,CM2
0 , α) in place of ε and C

−1
γ1(n,Q,CM2

0 , α) in place of γ, where ε1, γ1

are as in Step 1.

Thus we can apply Step 1 to obtain a cone C̃
Z̃
∈ CQ with S(C̃

Z̃
) = {(0, 0)} × Rn−1 and a

rotation Γ̃
Z̃

such that

(31) distH(spt‖C̃
Z̃
‖ ∩ (R×B1), spt‖C′′‖ ∩ (R×B1)) ≤ CQ

Ṽ
Z̃
,C′′ and

(32) |Γ̃
Z̃

(e1)− e1| ≤ CQṼ
Z̃
,C′′ and |Γ̃

Z̃
(ej)− ej | ≤ CÊ−1

Ṽ
Z̃

Q
Ṽ
Z̃
,C′′

for j = 2, . . . , n+ 1. These together with (29) and (30) imply

(33) distH(spt‖Γ̃
Z̃ #

C̃
Z̃
‖ ∩ (R×B1), spt‖CZ2‖ ∩ (R×B1)) ≤ CQ

Ṽ ,CZ2
.

Now as
(

Γ̃
Z̃

)
#

C̃
Z̃

is also the unique tangent cone of Ṽ at Z̃, we can readily check that

(34)
(

Γ̃
Z̃

)
#

C̃
Z̃

=

[(
ΓZ2
k

)−1
◦ ΓZ1

]
#

CZ1

which combined with (33) and (17) gives

(35)

distH(spt‖ΓZ1 # CZ1‖ ∩ (R×B1), spt‖ΓZ2 # CZ2‖ ∩ (R×B1)) ≤ CQ
Ṽ ,CZ2

+ C
(
σZ2
k

)α
QVZ2

,C′ .
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By (28) and (24), this readily gives

(36) distH(spt‖ΓZ1 # CZ1‖ ∩ (R×B1), spt‖ΓZ2 # CZ2‖ ∩ (R×B1)) ≤ C|Z1 − Z2|αQV,C

which is conclusion (4).

Finally, to see (3)(i) and 3(ii), note first that by Theorem D it follows that for each point

(0, 0, y) ∈ {(0, 0)} × Rn−1 ∩ B1/2 ≡ Bn−1
1/2 (0), we have that

(
R2 × {y}

)
∩ {ΘV = Q} 6= ∅;

moreover, this set consists precisely of one point Zy. (To see this last assertion, note that if

for some (0, 0, y) ∈ Bn−1
1/2 (0) we have two distinct points Z1, Z2 ∈

(
R2 × {y}

)
∩ {ΘV = Q},

then we can choose k such that σZ1
k+2 < |Z1 − Z2| ≤ σZ1

k+1 and use (20)–(24) with Z = Z1 to

see that (7) must hold with V ? = η
Z1,σ

Z1
k #

(
ΓZ1
k

)−1

#
V in place of V and τ = (θ)2/2, where

θ is as in (16) taken with M1 = CM0, provided ε2, γ2 are sufficiently small depending only on

n, Q, α; but since θ ≥ |Z1−Z2|
σ
Z1
k

≥ (θ)2, Z? =
(

ΓZ1
k

)−1
(Z2 − Z1)/σZ1

k satisfies ΘV ?(Z
?) ≥ Q

and π(0,0)×Rn−1(Z1 − Z2) = 0, this is a contradiction). So define ϕ : Bn−1
1/2 (0) → R2 by

setting ϕ(y) = (ϕ1(y), ϕ2(y), y) = Zy. Then ϕ is of class C1,α since graphϕ = CV and, by

Theorem D, CV is an (n − 1)-dimensional C1,α submanifold. Moreover, the tangent plane

to CV at a point Z ∈ CV is the spine of the cone ΓZ #CZ , which is ΓZ({(0, 0)} × Rn−1).

Thus for any y ∈ Rn−1 with |y| < 1/2, Dϕ1(y)({(0, 0)} × Rn−1) = πe1 Γϕ(y)({(0, 0)} × Rn−1)

and Dϕ2(y)({(0, 0)} × Rn−1) = πe2 Γϕ(y)({(0, 0)} × Rn−1), where πei denotes the orthogonal

projection X 7→ (X · ei)ei, X ∈ Rn+1.

On the other hand, by (32) and (34), we have that for any j = 3, 4, . . . , n + 1, if we let

aj =
∑n+1

`=3 aj`e` ∈ {(0, 0)} × Rn−1 be such that

Γ̃
Z̃

(aj) =

[(
ΓZ2
k

)−1
◦ ΓZ1

]
(ej)

then we have, by the triangle inequality, dist(πe1ΓZ1(ej), πe1ΓZ2({(0, 0)}×Rn−1)) ≤ |e1·ΓZ1(ej)−
e1 · ΓZ2(aj)| = |Γ−1

Z2
(e1) · ((Γ−1

Z2
◦ ΓZ1)(ej)− aj)| ≤ |(Γ−1

Z2
(e1)− e1) · (Γ−1

Z2
◦ ΓZ1(ej)− aj)|+ |e1 ·

(Γ−1
Z2
◦ΓZ1(ej)− aj)| ≤ CQV,C|Γ−1

Z2
◦ΓZ1(ej)− aj |+ |e1 · (Γ−1

Z2
◦ΓZ1(ej)− aj)|, where in the last

inequality we have used (17). To bound the first term note that |Γ−1
Z2
◦ΓZ1(ej)−aj | ≤ |(ΓZ2

k )−1 ◦
ΓZ1(ej) − aj | + |(Γ−1

Z2
− (ΓZ2

k )−1)(ΓZ1(e1))| ≤ |Γ̃
Z̃

(aj) − aj | + |Γ−1
Z2
− (ΓZ2

k )−1||ΓZ(e1)| ≤ Cσαk ,

using (32), (29), (28), and (17). Thus now we have

dist(πe1ΓZ1(ej), πe1ΓZ2({(0, 0)} × Rn−1)) ≤ C|Z1 − Z2|αQV,C + |e1 · (Γ−1
Z2
◦ ΓZ1(ej)− aj)|

for some C = C(n,Q, α). To deal with the remaining term note that, by the triangle inequality,

|e1 ·(Γ−1
Z2
◦ΓZ1(ej)−aj)| ≤ |e1 ·((ΓZ2

k )−1◦ΓZ1(ej)−aj)|+|e1 ·(Γ−1
Z2
◦ΓZ1(ej)−(ΓZ2

k )−1◦ΓZ1(ej))| ≤
|e1 ·(Γ̃Z̃(aj)−aj)|+ |(Γ−1

Z1
◦ΓZ2(e1)−Γ−1

Z1
◦ΓZ2

k (e1)) ·ej | ≤ |e1 ·Γ̃Z̃(aj)|+ |(Γ−1
Z1
◦(ΓZ2−ΓZ2

k )(e1)| ≤
|(e1− Γ̃

Z̃
(e1)) · Γ̃

Z̃
(aj)|+ |Γ−1

Z1
||ΓZ2(e1)−ΓZ2

k (e1)| ≤ |e1− Γ̃
Z̃

(e1)|+C|ΓZ2(e1)−ΓZ2
k (e1)|, where

we have used that aj · e1 = 0, |aj | = 1, and (17) to bound |Γ−1
Z1
|. Thus using (32), (29), (28),

and (17) we see |e1 · (Γ−1
Z2
◦ ΓZ1(ej)− aj)| ≤ CσαkQV,C, and thus

dist(πe1ΓZ1(ej), πe1ΓZ2({(0, 0)} × Rn−1)) ≤ C|Z1 − Z2|αQV,C
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for each j = 3, 4, . . . , n + 1, for some C = C(n,Q, α). Similar reasoning, using the estimate

|Γ̃
Z̃

(e2)− e2| ≤ CÊ−1

Ṽ
Z̃

Q
Ṽ
Z̃
,C′′ , gives

dist(πe2ΓZ1(ej), πe2ΓZ2({(0, 0)} × Rn−1)) ≤ C|Z1 − Z2|αÊ−1
V QV,C

for j = 3, 4, . . . , n + 1. These bounds readily give the desired Hölder continuity estimates for

Dϕ1 and Dϕ2. To see the supremum bound on just Dϕ1, Dϕ2, note similarly to the above that

for each such ϕ(y) = Z and each j = 3, . . . , n+ 1,

|e1 · ΓZ(ej)| = |(e1 − ΓZ(e1)) · ΓZ(ej)| ≤ |e1 − ΓZ(e1)| ≤ CQV,C

and the bound on Dϕ2 follows in the same way. The supremum bounds on ϕ1, ϕ2 follow

immediately from [Wic14, Corollary 10.2]. This completes the proof of the theorem. �

2. Coarse blow-ups of varifolds in SQ and their initial properties

We now recall the definition of the coarse blow-up class, BQ, as defined in [Wic14, Section 5].

Let (Vk)k be a sequence of n-dimensional stationary integral varifolds on Bn+1
2 (0) such that for

each k = 1, 2, 3, . . . :

(?) (ωn2n)−1‖Vk‖(Bn+1
2 (0)) < Q+ 1/2; Q− 1/2 ≤ ω−1

n ‖Vk‖(R×Bn
1 (0)) < Q+ 1/2.

Assume also that Êk → 0, where Êk is the one-sided height excess of Vk relative to {0} × Rn,

i.e.

Ê2
k ≡ Ê2

Vk
=

∫
R×Bn1 (0)

|x1|2 d‖Vk‖(X)

where X = (x1, x2, . . . , xn+1). Let σ ∈ (0, 1). By applying [Alm00, Corollary 3.11], for

all sufficiently large k, there exist Lipschitz functions ujk : Bn
σ (0) → R, j = 1, . . . , Q, with

u1
k ≤ u2

k ≤ · · · ≤ u
Q
k and Lip(ujk) ≤ 1/2 for each j ∈ {1, 2, . . . , Q} and such that

(37) spt‖Vk‖ ∩ (R× (Bσ\Σk)) =

Q⋃
j=1

graph(ujk) ∩ (R× (Bσ\Σk))

where for each k, Σk ⊂ Bσ is a measurable subset with

(38) Hn(Σk) + ‖Vk‖(R× Σk) ≤ CÊ2
k

for some C = C(n,Q, σ); we set Ωk := Bn
1 (0)\Σk. Now set vjk(x) := Ê−1

k ujk(x) for x ∈ Bσ, and

write vk = (v1
k, v

2
k, . . . , v

Q
k ). Then vk is Lipschitz on Bσ, and moreover it can be readily checked

(see [Wic14, inequalities (5.8) & (5.9)]) that ‖vk‖W 1,2(Bσ) ≤ C for some C = C(n,Q, σ). Thus

as σ ∈ (0, 1) is arbitrary, we can apply Rellich’s compactness theorem and a diagonal argument

to obtain a function v ∈ W 1,2
loc (B1;RQ) ∩ L2(B1;RQ) and a subsequence (kj) of (k) such that

vkj → v as j →∞, strongly in L2(Bσ;RQ) and weakly in W 1,2(Bσ;RQ), for every σ ∈ (0, 1).
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Definition 2. Let v ∈W 1,2
loc (B1;RQ)∩L2(B1;RQ) correspond, in the manner described above,

to (a subsequence of) a sequence (Vk)k of stationary integral n-varifolds of Bn+1
2 (0) satisfying

(?) and with ÊVk → 0. We call such a v a coarse blow-up of the sequence (Vk)k.

Definition 3. We write BQ for the collection of all coarse blow-ups of sequences of varifolds

(Vk)k ⊂ SQ satisfying (?) and for which ÊVk → 0.

In the same way as [Wic14, Section 8], we can show that BQ satisfies the following properties,

where (in (B4I)) the constant C = C(n,Q) ∈ (0,∞) depends only on n and Q:

(B1) BQ ⊂W 1,2
loc (B1;RQ) ∩ L2(B1;RQ);

(B2) If v ∈ BQ, then v1 ≤ v2 ≤ · · · ≤ vQ a.e. in B1;

(B3) If v ∈ BQ, then ∆va = 0 in B1, where va = Q−1
∑Q

j=1 v
j a.e. in B1;

(B4) For each v ∈ BQ and z ∈ B1, either (B4I) or (B4II) below is true:

(B4I) The Hardt-Simon inequality

Q∑
j=1

∫
Bρ/2(z)

R2−n
z

(
∂((vj − va(z))/Rz)

∂Rz

)2

≤ Cρ−n−2

∫
Bρ(z)

|v − `v,z|2

holds for each ρ ∈ (0, 3
8(1− |z|)], where Rz(x) = |x− z|, `v,z(x) = va(z) +Dva(z) ·

(x− z) and v − `v,z = (v1 − `v,z, v2 − `v,z, . . . , vQ − `v,z);

(B4II) There exists σ = σ(z) ∈ (0, 1− |z|] such that (after redefining v|Bσ(z) on a set of

measure zero) ∆v = 0 in Bσ(z);

(B5) If v ∈ BQ, then

(B5I) vz,σ(·) ≡ ‖v(z + σ(·))‖−1
L2(B1(0))

v(z + σ(·)) ∈ BQ for each z ∈ B1 and σ ∈ (0, 3
8(1−

|z|)] such that v 6≡ 0 in Bσ(z);

(B5II) v ◦ γ ∈ BQ for each orthogonal rotation γ of Rn;

(B5III) ‖v − `v‖−1
L2(B1(0))

(v − `v) ∈ BQ whenever v − `v 6≡ 0 in B1, where `v(x) = va(0) +

Dva(0) · x for x ∈ Rn and v − `v = (v1 − `v, v2 − `v, . . . , vQ − `v);

(B6) If (vk)
∞
k=1 ⊂ BQ then there exists a subsequence (k′) of (k) and a function v ∈ BQ such

that vk′ → v locally in L2(B1) and locally weakly in W 1,2(B1).

The only slight difference to note in proving (B1) − (B6) compared to that seen in [Wic14]

is in the proof of (B4). If for some v ∈ BQ and z ∈ B1 we have that (B4I) does not hold,

then in the same way as [Wic14, Equation (8.8)] we can show that there is σ1 > 0 such that,

if (Vk)k ⊂ SQ is a sequence of stationary integral varifolds generating v, then for all sufficiently

large k:

(?) Z ∈ spt‖Vk‖ ∩ (R×Bσ1(z)) =⇒ ΘVk(Z) < Q.

In particular, there are no classical singularities of density ≥ Q in spt‖Vk‖ ∩ (R×Bσ1(z)). But

by assumption (S3)Q there are no classical singularities in Vk of density < Q in spt‖Vk‖ ∩ (R×
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Bσ1(z)). Thus there are no classical singularities in spt‖Vk‖ ∩ (R×Bσ1(z)) for all k sufficiently

large, and so we can apply the sheeting theorem [Wic14, Theorem 3.3] and standard elliptic

PDE theory to conclude that for all k sufficiently large

Vk (R×Bσ1/2(z)) =

Q∑
j=1

|graph(ujk)|

where ujk : Bσ1/2(z)→ R are C2 functions satisfying

sup
Bσ1/2

(z)

 Q∑
j=1

|Dujk|+ |D
2ujk|

 ≤ CÊk
and solving the minimal surface equation on Bσ1/2(z), where C = C(n,Q, σ1) ∈ (0,∞). This

readily shows that (B4II) holds, with σ = σ1/2.

Notation: For v ∈ BQ we write

ΓHS
v = {y ∈ B1 : (B4I) holds with z = y}, and Γv = ΓHS

v \Ωv

where

Ωv = {x ∈ B1 : there exists ρ ∈ (0, 1− |x|] such that v1 = v2 = · · · = vQ a.e. in Bρ(x)}.

Note that it follows from property (B4) that ΓHS
v , Γv, are relatively closed subsets of Bn

1 (0).

Remark: We note the following: let v ∈ BQ be the coarse blow-up of a sequence (Vk)k ⊂ SQ
with ΘVk(0) ≥ Q for each k. Then va(0) = 0 and (B4I) holds with z = 0.

To see this, note that by exactly the same argument leading to [Wic14, inequality (8.9)], we

obtain that for any ρ ∈ (0, 3/8], any σ ∈ (0, ρ/4) and sufficiently large k,

(
σ2

δ2
k + σ2

)n+2
2

Q∑
j=1

∫
Bρ/2(0)\(Bσ(0)∪Σk)

R2−n

(
∂(ujk/R)

∂R

)2

≤ C2ρ
−n−2

∫
R×Bρ(0)

|x1|2 d‖Vk‖,

where uk, Σk are as in (37) and (38), R(x) = |x|, δk → 0 and C2 = C2(n,Q). Dividing this

inequality by Ê2
k and letting k →∞, and then letting σ → 0, we see that

Q∑
j=1

∫
Bρ/2(0)

R2−n
(
∂(vj/R)

∂R

)2

≤ Cρ−n−2

∫
Bρ(0)

|v|2.

By the triangle inequality, this in particular implies that
∫
Bρ/2(0)R

2−n
(
∂(va/R)
∂R

)2
< ∞ which

in turn readily implies, since va is C1, that va(0) = 0. To see that (B4I) with z = 0 holds

(this follows from (?), but let us now give some of the argument leading to this), note first

that if vj(x) = Dva(0) · x for all j = 1, 2, . . . , Q and all x ∈ B1, then (B4I) with z = 0 holds
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with both sides equal to zero. Otherwise, let L(x) = Dva(0) · x and note that for each fixed

sufficiently large σ ∈ (0, 1), choosing for each k an appropriate orthogonal rotation Γk of Rn+1

that takes the hyperplane graph ÊkL to {0} ×Rn, and passing to a subsequence of (k) without

relabelling, we have that the coarse blow-up of the sequence (Wk)k where Wk = Γk# η0,σ# Vk

is w(x) ≡ ‖v(σ(·))−σL‖−1
L2(B1)

(v(σx)−σL(x)), and moreover, we have ΘWk
(0) ≥ Q. So we can

apply the above inequality with w in place of v, and then let σ → 1 to see that (B4I) holds for

v with z = 0.

In the present setting, property (B7) of [Wic14, Section 4] is no longer true; instead, (B7) is

replaced by an ε-regularity property (Theorem 7 below) for the coarse blow-ups. This relaxation

of property (B7) allows coarse blow-ups to contain branch points, making their analysis con-

siderably more involved than that seen in [Wic14, Section 4]. In particular, for this purpose

we shall use Almgren’s frequency function which we show is monotone subject to a regularity

assumption on the coarse blow-ups (and ultimately unconditionally, once we establish regular-

ity).

We will also need the following preliminary result concerning the structure of coarse blow-ups in

BQ which are close to elements in CQ; this result is a direct consequence of [Wic14, Lemma 9.1].

We shall improve its conclusions in Theorem 7 below.

Proposition 4. Let v ∈ BQ and suppose that 0 ∈ Γv and ‖v‖L2(B1(0)) = 1. Let ψ : Rn → AQ
be such that ψa ≡ 0, v(ψ) ∈ CQ, the spine S(ψ) = {(0, 0)} × Rn−1, and∫

B1(0)
G(v, ψ)2 < ε

where ε ∈ (0, 1). Then:

(i) there is ε0 = ε0(n,Q) such that if the above holds with ε ≤ ε0 and if we write ψ|Rn+ =∑Q
α=1Jh

αK and ψ|Rn− =
∑Q

α=1Jg
αK where hα : Rn+ → R, gα : Rn− → R are of the form

hα(x2, . . . , xn+1) = λαx2 and gα(x2, . . . , xn+1) = µαx2, where λ1 ≤ · · · ≤ λQ and

µ1 ≤ · · · ≤ µQ, then |λ1−λQ| ≥ C and |µ1−µQ| ≥ C for some C = C(n,Q) ∈ (0,∞);

(ii) for each τ ∈ (0, 1/2), σ ∈ (1/2, 1), there is ε0 = ε0(n,Q, τ, σ) ∈ (0, 1) such that if the

above holds with ε ≤ ε0 then for any sequence of varifolds (Vj)j ⊂ SQ that generates v,

we have that for all j sufficiently large,

(R×Bσ) ∩ {|x2| > τ} ⊂ {Z : ΘVj (Z) < Q};

(iii) for each τ ∈ (0, 1/2), σ ∈ (1/2, 1), there is ε0 = ε0(n,Q, τ, σ) ∈ (0, 1) such that if the

above holds with ε ≤ ε0 then v is harmonic on B(1+σ)/2 ∩ {|x2| > τ/2} and, with the

notation as in (i),

Q∑
α=1

(
sup

x∈{x2>τ}∩Bσ
|vα(x)− hα(x)|2 + sup

x∈{x2<−τ}∩Bσ
|vα(x)− gα(x)|2

)
≤ C

∫
B1(0)

G(v, ψ)2,

where C = C(n,Q, τ, σ).
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Proof. To see (i) we argue by contradiction. If (i) were not true then for each k = 1, 2, 3, . . .

there is vk ∈ BQ with 0 ∈ Γvk , ‖vk‖L2(B1(0)) = 1, and ψk : Rn → AQ with (ψk)a ≡ 0 and

v(ψk) ∈ CQ such that, if hαk , g
α
k , λ

α
k , µ

α
k are the functions and coefficients as in (i) for ψk:∫

B1(0)
G(vk, ψk)

2 → 0 and min{|λ1
k − λ

Q
k |, |µ

1
k − µ

Q
k |} → 0

as k → ∞. We may then pass to a subsequence to ensure ψk → ψ for some ψ ∈ CQ; we know

that v(ψ) is not a supported on a single hyperplane as ‖ψ‖L2(B1(0)) = 1 and ψa ≡ 0. Without

loss of generality we can assume that |λ1
k − λ

Q
k | → 0, and so if λ1, . . . , λQ are the corresponding

quantities for ψ, we see λ1 = · · · = λQ = 0, i.e. on Rn+, v(ψ) coincides with a multiplicity Q

half-hyperplane.

Since vk ∈ BQ we may find a sequence (Vk,`)` ⊂ SQ with Vk,` ⇀ Q|{0} × Rn| in R × B1(0)

as ` → ∞. Since 0 ∈ Γvk we have that for each k and all ` sufficiently large, ΘVk,`(Zk,`) ≥ Q

for some sequence of points (Zk,`)` with Zk,` → 0 as ` → ∞ (see the argument establishing

property (B4), given immediately following the list of properties (B1)− (B6)). By translating

and rescaling Vk,` appropriately, and relabelling the indices, we may assume without loss of

generality that ΘVk,`(0) ≥ Q for each k and `; this ensures by the monotonicity formula that

the mass bounds (?) in Chapter 4.2 hold for the Vk,`. Write uk,` for the Q-valued Lipschitz

functions approximating Vk,` (on Bσ`(0) with σ` ↑ 1) which generate vk after scaling by the

height excess ÊVk,` . Passing to a subsequence we can ensure that for all k∫
B1(0)

G(vk, ψ)2 < 1/k

and additionally, for any given σ ∈ (0, 1) and each k, we can find some positive integer `k such

that ∫
Bσ(0)

G(Ê−1
Vk,`k

uk,`k , vk)
2 < 1/k

whence ∫
Bσ(0)

G(Ê−1
Vk,`k

uk,`k , ψ)2 < 2/k.

In particular we have that ψ is the coarse blow-up of Vk,`k , and so ψ ∈ BQ. But then this

is a direct contradiction to [Wic14, Lemma 9.1] taken with q = Q; note that even though

the statement of [Wic14, Lemma 9.1] assumes ψ (denoted v? in the notation of [Wic14,

Lemma 9.1]) is a coarse blow-up of a sequence Vj of stable codimension 1 integral varifolds with

no classical singularities, its proof requires only that Vj have no classical singularities of density

< Q, i.e. that Vj ∈ SQ.

To prove (ii) we follow the same contradiction argument, now using the result from (i). In partic-

ular if (ii) were not true, by the same argument as for (i) we can find sequences (vk)k ⊂ BQ and

(ψk)k with 0 ∈ Γvk , ‖vk‖L2(B1(0)) = 1, (ψk)a ≡ 0 and v(ψk) ∈ CQ which obey
∫
B1(0) G(vk, ψk)

2 →
0. We may pass to a subsequence to ensure that ψk → ψ for some ψ ∈ CQ, where from (i) we

now know that if λα, µα are as in (i), then |λ1 − λQ| ≥ C and |µ1 − µQ| ≥ C for some

C = C(n,Q) ∈ (0,∞). Following the construction in (i), under the assumption that (ii) fails,

we find that ψ is the coarse blow-up of a sequence (Wj)j ⊂ SQ such that for each j we have a
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point Zj ∈ (R × Bσ) ∩ {|x2| > τ} with ΘWj (Zj) ≥ Q. But then by the argument establishing

property (B4), we see that we must have that (B4I) holds, with ψ in place of v, for some

z ∈ Bσ ∩{|x2| ≥ τ}, and hence ψ1(z) = · · · = ψQ(z) = 0 whence min{|λ1−λQ|, |µ1−µQ|} = 0,

a contradiction. Thus (ii) must hold as claimed.

To see (iii), note that if ε = ε(n,Q, τ, σ) is sufficiently small, then from (ii) it follows that Vj

has no classical singularities in the region (R×B(3+σ)/4) ∩ {|x2| > τ/4}, and so we may apply

Theorem C to get that

Vj
(
(R×B(1+σ)/2) ∩ {x2 < −τ/2}

)
=

Q∑
α=1

|graphu
(α, −)
j |

and

Vj
(
(R×B(1+σ)/2) ∩ {x2 > τ/2}

)
=

Q∑
α=1

|graphu
(α,+)
j |

where u
(1, −)
j ≤ · · · ≤ u

(Q, −)
j and u

(1, +)
j ≤ · · · ≤ u

(Q, +)
j are C2 functions on B(1+σ)/2 ∩ {x2 <

−τ/2} and B(1+σ)/2 ∩ {x2 > τ/2} respectively, solving the minimal surface equation and satis-

fying

‖u(α, −)
j ‖C1(B(1+σ)/2∩{x2<−τ/2}) + ‖u(α, +)

j ‖C1(B(1+σ)/2∩{x2>τ/2}) ≤ CÊj

where C = C(n,Q, τ, σ). These and consequent higher derivative estimates imply that we have

Ê−1
j u

(α, −)
j → vα on B(1+σ)/2 ∩ {x2 < −τ/2} and Ê−1

j u
(α, +)
j → vα on B(1+σ)/2 ∩ {x2 > τ/2},

where the convergence is in the C2 norm on the respective domains. It follows that vα is

harmonic in B(1+σ)/2 ∩ {|x2| > τ/2}; the estimate asserted in (iii) is the result of a standard

estimate for harmonic functions and the fact that the multi-valued distance G(a, b) is equal to the

“ordered” distance |a − b| =

√∑Q
α=1 |aα − bα|2 for a =

∑Q
α=1Ja

αK ∈ AQ(R), b =
∑Q

α=1Jb
αK ∈

AQ(R) whenever the labeling is so chosen that a1 ≤ a2 ≤ · · · ≤ aQ and b1 ≤ b2 ≤ · · · ≤ bQ. �

3. Further properties of coarse blow-ups and their GC1,α regularity

A central step in the proof of Theorem A is Theorem 16, which gives a uniform decay estimate

for the coarse blow-ups constructed in Section 2. The goal of this section is to establish this

estimate. To do this, we start by deriving, in part from the properties (B1)-(B6) recorded in

Section 2, the following key additional properties of the coarse blow-ups: (i) Hölder continuity

(Lemma 5), and a homogeneity continuation property (Lemma 6); (ii) an ε-regularity property

(Theorem 7); (iii) the squash inequality (Lemma 8); (iv) an energy non-concentration estimate

(Lemma 10), and (v) the squeeze identity and frequency monotonicity under the assumption of

generalised-C1 regularity (Lemma 12 and Theorem 13).

3.1. A continuity estimate for coarse blow-ups. We have the following as a direct

consequence of property (B4) (in subsection 2):

Lemma 5 (Coarse blow-up continuity estimate). If v ∈ BQ then (after re-defining v on a set

of measure zero) we have that for any β ∈ (0, 1), v|Bγ ∈ C
0,β(Bγ ;AQ(R)) for each γ ∈ (0, 1),
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and v satisfies the estimate

sup
Bγ

|v|2 + sup
x1,x2∈Bγ , x1 6=x2

|v(x1)− v(x2)|2

|x1 − x2|2β
≤ C

∫
B1

|v|2

where C = C(n,Q, β, γ) ∈ (0,∞); moreover, for each z ∈ ΓHS
v , we have that vα(z) = va(z) for

each α ∈ {1, 2, . . . , Q}.

Proof. For δ > 0, let ηδ ∈ C1([0,∞)) be a non-decreasing function such that ηδ(t) = 0 for

t ∈ [0, δ/2], ηδ(t) = 1 for t ∈ [δ,∞) and |Dηδ| ≤ 3/δ for all t ∈ [0,∞). Let ϕ ∈ C1([0,∞)) be

such that ϕ(t) = 1 for t ∈ [0, 1/4], ϕ(t) = 0 for t ∈ [3/8,∞) and |ϕ′(t)| ≤ 10 for all t ∈ [0,∞).

Note that since v ∈ W 1,2
loc (B1(0);AQ(R)) we have that |v − va(z)|2 ∈ W 1,1

loc (B1(0)) for any fixed

z ∈ B1. For any fixed β > 0, fixed z ∈ B1/2 such that (B4I) holds, and any fixed ρ ∈ (0, 1/4),

set Xi(x) = ϕ(Rz/ρ)2ηδ(Rz)R
−n+β−2
z |v(x)− va(z)|2(xi − zi) where Rz = |x− z|. Then by the

divergence theorem we have
∫
Rn DiX

i = 0, whence

β

∫
ϕ(Rz/ρ)2ηδ(Rz)R

−n+β−2
z |v − va(z)|2 = −

∫
ϕ(Rz/ρ)2ηδ(Rz)R

1−n+β
z

∂(R−2
z |v − va(z)|2)

∂ Rz

− 2

∫
ρ−1ϕ(Rz/ρ)ϕ′(Rz/ρ)ηδ(Rz)R

−n+β−1
z |v − va(z)|2

−
∫
ϕ(Rz/ρ)2η′δ(Rz)R

−n+β−1
z |v − va(z)|2.

(39)

Noting that ∂ (R−2
z |v−va(z)|2)
∂Rz

=
∑Q

α=1 2R−1
z (vα − va(z))

∂ ((vα−va(z))/Rz)
∂Rz

a.e. in B1(0), we see,

using the Cauchy-Schwartz inequality (in the form 2ab ≤ εa2 + ε−1b2) and property (B4I), that

this implies∫
ϕ(Rz/ρ)2ηδ(Rz)R

−n+β−2
z |v − va(z)|2

≤ C
∫ (

ϕ(Rz/ρ)2R2−n+β
z

(
∂ (v − va(z))/Rz)

∂ Rz

)2

+ ρ−2ϕ′(Rz/ρ)2R−n+β
z |v − va(z)|2

)

≤ Cρ−n−2+β

∫
Bρ(z)

|v − va(z)|2

where C = C(n,Q, β) ∈ (0,∞) and we have discarded the last integral on the right hand side

of (39). Letting δ ↓ 0 and using the monotone convergence theorem we deduce from this that∫
Bρ/4(z)

|v − va(z)|2

Rn+2−β
z

≤ Cρ−n−2+β

∫
Bρ(z)

|v − va(z)|2

for every ρ ∈ (0, 1/4) and every z ∈ B1/2 ∩ ΓHS
v , whence

σ−n
∫
Bσ(z)

|v − va(z)|2 ≤ C
(
σ

ρ

)2−β
ρ−n

∫
Bρ(z)

|v − va(z)|2
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for every σ, ρ with 0 < σ ≤ ρ/4 ≤ 1/16 and every z ∈ B1/2 ∩ ΓHS
v . Since by property (B4) we

have that v is harmonic in B1 \ ΓHS
v , the desired conclusion for γ = 1/2, with values of v for

each z ∈ B1/2 ∩ ΓHS
v defined by vα(z) = va(z) for α = 1, 2, . . . , Q, follows from this (taken with

2− 2β in place of β) and an appropriate version of the Campanato lemma (e.g. as in [Wic14,

Lemma 4.3] or [Min21a]). The conclusion for γ ∈ (1/2, 1) follows by applying the conclusion

for γ = 1/2 to appropriately translated and rescaled v and using a covering argument. �

3.2. A homogeneity continuation property. In our argument for the classification of

homogeneous degree 1 blow-ups (Theorem 14 below) and our proof of GC1,α regularity of coarse

blow-ups (Theorem 16 below) we will use the following fact, which says that if a coarse blow-up

is homogeneous of degree 1 in an annulus then it is homogeneous of degree 1 everywhere. This

is an elementary consequence of properties (B3), (B4) (in subsection 2) of coarse blow-ups and

the unique continuation property of harmonic functions:

Lemma 6. Let v ∈ BQ and suppose that v is homogeneous of degree 1 on an annulus B1\Br

for some r ∈ (0, 1), i.e. ∂(v/R)
∂R = 0 a.e. in B1\Br where R(x) = |x|. Then v is homogeneous of

degree 1 in B1.

Proof. First note the following general fact: if Ω ⊂ Rn is a connected, open set, and if

u : Ω → R is a harmonic function which is homogeneous of degree 1 on some (non-empty)

open subset of Ω, then u is homogeneous of degree 1 on Ω. Indeed, for x ∈ Ω \ {0}, set

w := ∂ (u/R)
∂R = x·Du−u

R2 where R(x) = |x|, and note that ∆(R2w) = ∆(x · Du) − ∆u = 0 in

Ω\{0}. Since w ≡ 0 on some open subset of Ω, it follows from unique continuation for harmonic

functions that R2w ≡ 0 on Ω\{0} and hence w ≡ 0 on Ω\{0}. Thus u is homogeneous of degree

1 on Ω.

Now to prove the lemma, note that since va is harmonic in B1 (by property (B3)) and homo-

geneous of degree 1 in B1 \Br, we have that va is homogeneous of degree 1 in B1 (and hence in

fact is linear). Set U = {x ∈ Br : vα(x) 6= va(x) for some α ∈ {1, . . . , Q}}. Then U is open by

continuity of v (Lemma 5), and by property (B4) and Lemma 5, for each x ∈ U , there is ρx > 0

such that vα|Bρx (x) is harmonic for each α ∈ {1, . . . , Q}. If U = ∅, then vα = va on Br for each

α and the lemma follows. So suppose U 6= ∅, and let Ω be any connected component of U . If

vα(x) = va(x) for each α and each x ∈ ∂ Ω (boundary taken in B1), then since vα is harmonic

on Ω for each α, it follows from the weak maximum principle that vα = va on Ω for each α,

which is impossible since Ω ⊂ U . So there is a point x0 ∈ ∂ Ω such that vα(x0) 6= va(x0) for

some α ∈ {1, . . . , Q}, whence (by (B4)) there is ρ0 > 0 such that vα is harmonic in Bρ0(x0) for

each α. Now, it is not possible that x0 ∈ Br (for if x0 ∈ Br then x0 ∈ U and hence (since Ω is a

component) x0 6∈ ∂ Ω). Thus x0 ∈ ∂Br ∩ ∂ Ω. Then, since Ω0 ≡ Ω ∪Bρ0(x0) is connected, vα is

harmonic in Ω0 for each α, and (by assumption) vα is homogeneous of degree 1 in Br0(x0) \Br,
it follows from the above general fact that vα is homogeneous of degree 1 in Ω for each α. This

is true for every component of U , so v is homogeneous of degree 1 in U . We also have, since

vα = va on Br \ U for each α, that ∂ (vα/R)
∂R = 0 a.e. on Br \ U for each α. Thus ∂ (v/R)

∂R = 0 a.e.

on Br. But for any function h ∈ C1(Br;RQ), any s ∈ (0, r) and any ρ, σ ∈ [s, r], we have that∣∣∣h(ρω)
ρ − h(σω)

σ

∣∣∣ ≤ s1−n ∫ r
s t

n−1
∣∣∣d(h(tω)/t)

dt

∣∣∣dt for any ω ∈ Sn−1, whence, integrating this with re-

spect to ω,
∫
Sn−1

∣∣∣h(ρω)
ρ − h(σω)

σ

∣∣∣ dω ≤ s1−n ∫
Br\Bs

∣∣∣∂(h/R)
∂R

∣∣∣ ; by an approximation argument, this
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extends to any h ∈ C0(Br;RQ)∩W 1,2(Br;RQ), so taking h = v, we conclude that v(ρω)
ρ = v(σω)

σ

for every ω ∈ Sn−1 and every ρ, σ ∈ (0, r], i.e. v is homogeneous of degree 1 on Br and hence

on B1. �

3.3. An ε-regularity property for coarse blow-ups. We have the following ε-regularity

property of coarse blow-ups in BQ, which can be viewed as the analogue of Theorem D for BQ:

Theorem 7 (Coarse blow-up ε-regularity property). Let α ∈ (0, 1) and γ ∈ (0, 1). There exists

ε = ε(n,Q, α, γ) ∈ (0, 1) such that whenever v ∈ BQ satisfies 0 ∈ Γv, ‖v‖L2(B1) = 1, and∫
B1

G(v, ψ)2 < ε

for some ψ : Rn → AQ(R) with ψa ≡ 0 and v(ψ) ∈ CQ, then we have the following:

(i) v is of class generalised-C1,α in B1/2; moreover, in the notation of Definition 10, Bv ∩
B1/2 = ∅, Cv ∩ B1/2 = graphϕ ∩ B1/2 for some function ϕ : S(ψ)∩B1/2 → S(ψ)⊥ ⊂
Rn of class C1,α with |ϕ|1,α;S(ψ)∩B1/2

≤ Cγ, and, if Ω± denote the two components of

B1/2\Cv, then v|Ω± ∈ C1,α(Ω±) and |v|1,α;Ω± ≤ C, where C = C(n,Q) ∈ (0,∞).

(ii) There is a function ψ̃ : Rn → AQ(R) with v(ψ̃) ∈ CQ such that

dist2
H(graph(ψ̃) ∩ (R×B1), graph(ψ) ∩ (R×B1)) ≤ Cγ and

σ−n−2

∫
Bσ

G(v(x), ψ̃(x))2 dx ≤ Cγσ2α for all σ ∈ (0, 1/2),

where C = C(n,Q) ∈ (0,∞).

Proof. Fix v ∈ BQ with 0 ∈ Γv, ‖v‖L2(B1(0)) = 1 and ψ : Rn → AQ(R) with ψa ≡ 0,

v(ψ) ∈ CQ, and
∫
B1
G(v, ψ)2 < ε where ε is to be chosen depending only on n,Q. By property

(B5II) we can without loss of generality rotate to assume that the (n − 1)-dimensional spine

S(ψ) = {(0, 0)} ×Rn−1. Let (Ṽj)j ⊂ SQ be any sequence of varifolds with Ṽj ⇀ Q|{0} ×Rn| in

R × B1 such that v is the coarse blow-up of (Ṽj)j . Since 0 ∈ Γv, we have by the argument

establishing property (B4) (see the paragraph after the list of properties (B1)-(B6)) that

after passing to a subsequence of (j) without relabelling, Θ
Ṽj

(Zj) ≥ Q for some sequence

of points (Zj)j with Zj → 0 as j → ∞. Set Vj = ηZj ,1−|Zj |# Ṽj . Then ΘVj (0) ≥ Q for each j,

ÊVj ,{0}×Rn → 0 and the coarse blow-up of (Vj) is still v. Write uj for the Q-valued Lipschitz

function approximating Vj (on Bσj with σj ↑ 1) which generates v after scaling by the height

excess ÊVj ≡ Êj =
√∫

R×Bn1 (0) |x1|2 d‖Vj‖. We claim that if ε ∈ (0, 1) is sufficiently small, then

for all sufficiently large j we have

(40) Ê2
j <

3

2
inf
P

∫
R×B1

dist2(X,P ) d‖Vj‖(X)

where the infimum is taken over all hyperplanes P of the form P = {x1 = λx2}, λ ∈ R. Indeed,

if this were false then we could pass to a subsequence (without relabelling) and find a sequence

of hyperplanes Pj = {x1 = λjx
2} such that

∫
R×B1

dist2(X,Pj) d‖Vj‖ ≤ 5
6Ê

2
j . Thus for each
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σ ∈ (1/2, 1), for all j sufficiently large we have

(41) (1 + λ2
j )
−1

Q∑
α=1

∫
Bσ\Σj

|uαj (x2, y)− λjx2|2 dx ≤ 5

6
Ê2
j

from which it follows that (1 +λ2
j )
−1λ2

j

∫
B1/2\Σj

|x2|2 dx ≤ 11
3 Êk

2
and hence |λj | ≤ CÊj for all j

and some constant C = C(n) ∈ (0,∞), and so we may pass to a further subsequence (without

relabelling) to assume that Ê−1
j λj → λ ∈ R. Moreover, from (41) and (38) it readily follows

that
Q∑
α=1

∫
Bσ

|uαj − λjx2|2 dx2dy ≤ 5

6
(1 + λ2

j )Ê
2
j + 2Cσ sup

Bσ

(|uj |2 + λ2
j |x2|2)Ê2

j

where C = Cσ ∈ (0,∞) is a constant. Dividing this by Ê2
j , letting j → ∞, and then σ ↑

1, we see, writing `(x2, . . . , xn+1) := λx2, that
∫
B1(0) |v − `|2 ≤ 5

6 whence by the triangle

inequality
∫
B1(0) |ψ − `|

2 ≤
(√

5
6 +
√
ε
)2

; but since ψ is average-free we have |ψ − `|2 = |ψ|2 −

2`
∑Q

α=1 ψ
α+Q|`|2 = |ψ|2 +Q|`|2, and so we get

∫
B1(0) |ψ|

2 +Q
∫
B1(0) |`|

2 ≤
(√

5
6 +
√
ε
)2

which,

as
∫
B1(0) |ψ|

2 > (1 −
√
ε)2, is a contradiction for ε < 1

4

(
1−

√
5
6

)2

. So (40) must hold for all

sufficiently large j as claimed if we choose ε ∈
(

0, 1
4

(
1−

√
5
6

)2
)

.

Our next aim is to show that for any given γ ∈ (0, 1), if we choose ε = ε(n,Q, γ) ∈ (0, 1)

sufficiently small, then we have for all sufficiently large j that

(42) Q2
Vj ,Cj < γÊ2

Vj

for a suitable sequence of cones Cj ∈ CQ with S(Cj) = {(0, 0)} × Rn−1. Indeed, set Cj :=

v(Êjψ). Then we have∫
R×Bσ

dist2(X, spt‖Cj‖) d‖Vj‖ ≤ 2

∫
Bσ

|uj − Êjψ|2 +Cσ sup
X∈spt‖Vj‖∩(R×Bσ)

dist2(X, spt‖Cj‖)Ê2
j .

Since
∫
B1
G(v, ψ)2 < ε < 1 and ‖v‖L1(B1) = 1, we have by the triangle inequality that∫

B1
|ψ|2 > (1−

√
ε)

2
, and so as ψ is homogeneous of degree 1 we see that for each σ ∈ (0, 1),∫

Bσ
|ψ|2 > (1−

√
ε)

2
σn+2. So for fixed σ ∈ (1/2, 1), we have for all j sufficiently large

∫
Bσ
|uj |2 ≥(

(1−
√
ε)σ

n+2
2 −

√
ε
)2
Ê2
j . Now a simple calculation shows

∫
R×Bσ

|x1|2 d‖Vj‖(X) ≥
∫
Bσ

|uj |2 − 2CσÊ
2
j sup
Bσ

|uj |2

from which it follows that∫
R×(B1\Bσ)

|x1|2 d‖Vj‖(X) ≤
(

1−
((

1−
√
ε
)
σ
n+2

2 −
√
ε
)2

+ 2Cσ sup
Bσ

|uj |2
)
Ê2
j .
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Another simple calculation shows that for all sufficiently large j,∫
R×(B1\Bσ)

dist2(X, spt‖Cj‖) d‖Vj‖(X) ≤ 2

∫
R×(B1\Bσ)

|x1|2 d‖Vj‖(X) + CHn(B1\Bσ)Ê2
j

where C = C(n,Q) ∈ (0,∞). Combining these inequalities we see that∫
R×B1

dist2(X, spt‖Cj‖) d‖Vj‖

≤ 2

(
Cσ sup

X∈spt‖Vj‖∩(R×Bσ)
dist2(X, spt‖Cj‖) +

∫
Bσ

|Ê−1
j uj − ψ|2

+1−
((

1−
√
ε
)
σ
n+2

2 −
√
ε
)2

+ 2Cσ sup
Bσ

|uj |2 + CHn(B1\Bσ)

)
Ê2
j

where C = C(n,Q). Hence, for any given γ ∈ (0, 1), we may fix σ = σ(n,Q, γ) sufficiently close

to 1, and choose ε0 = ε0(n,Q, γ) ∈ (0, 1) such that if ε ≤ ε0, then∫
R×B1

dist2(X, spt‖Cj‖) d‖Vj‖ ≤
γ

4
Ê2
j

for all sufficiently large j. Now from Proposition 4(ii), if ε = ε(n,Q) ∈ (0, 1) is sufficiently small,

then for all j sufficiently large we must have

ΘVj (Z) < Q for all Z ∈ spt‖Vj‖ ∩ (R×B5/8) ∩ {|x2| > 1/32}.

Thus we see that Vj has no classical singularities in the region (R×B5/8) ∩ {|x2| > 1/32}, and

so we may apply Theorem C to get that

Vj
(
(R×B9/16) ∩ {x2 < −3/64}

)
=

Q∑
α=1

|graphu
(α, −)
j |

(
(R×B9/16) ∩ {x2 < −3/64}

)
and

Vj
(
(R×B9/16) ∩ {x2 > 3/64}

)
=

Q∑
α=1

|graphu
(α, +)
j |

(
(R×B9/16) ∩ {x2 > 3/64}

)
where u

(1, −)
j ≤ · · · ≤ u(Q, −)

j and u
(1, +)
j ≤ · · · ≤ u(Q, +)

j are C2 functions on B5/8∩{x2 < −3/64}
and B5/8 ∩ {x2 > 3/64} solving the minimal surface equation and satisfying

‖u(α, −)
j ‖C1(B9/16∩{x2<−3/64}) + ‖u(α, +)

j ‖C1(B9/16∩{x2>3/64}) ≤ CÊj

for some C = C(n). Using the notation ψ|Rn+ =
∑Q

α=1Jh
αK and ψ|Rn− =

∑Q
α=1Jg

αK where hα :

Rn+ → R, gα : Rn− → R are of the form hα(x2, . . . , xn+1) = λαx2 and gα(x2, . . . , xn+1) = µαx2,

with λ1 ≤ · · · ≤ λQ and µ1 ≤ · · · ≤ µQ, we have that

dist ((x, Êjh
α(x)), spt ‖Vj‖) ≤ |Êjhα(x)− u(α, +)

j (x)|

≤ Êj(|hα(x)− vα(x)|+ |vα(x)− Ê−1
j u

(α, +)
j (x)|)
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for each x ∈ B1/2 ∩ {x2 > 1/16} and similarly,

dist ((x, Êjg
α(x)), spt ‖Vj‖) ≤ |Êjgα(x)− u(α, −)

j (x)|

≤ Êj(|gα(x)− vα(x)|+ |vα(x)− Ê−1
j u

(α, −)
j (x)|)

for each x ∈ B1/2 ∩ {x2 < −1/16}; thus,∫
R×(B1/2\{|x2|>1/16})

dist2(X, spt‖Vj‖) d‖Cj‖(X)

≤

(
2

∫
B1

G(v, ψ)2 +

Q∑
α=1

∫
B1/2

|vα − Ê−1
j uαj |2

)
Ê2
j

and so, if ε = ε(n,Q, γ) is sufficiently small, we have (42) for all j sufficiently large. In particular,

for any γ ∈ (0, γ0] where γ0 = γ0(n,Q, α) is as in Theorem 1, and for ε = ε(n,Q, α) ∈ (0, 1)

sufficiently small, we have that the hypotheses of Theorem 1 are satisfied with Vj in place of

V and Cj in place of C for all sufficiently large j. So applying Theorem 1 we obtain for each

sufficiently large j, functions ϕ
(j)
1 , ϕ

(j)
2 ∈ C1,α (B1/2 ∩

(
{(0, 0)} × Rn−1

)
;R2) with ϕ

(j)
1 (0) =

ϕ
(j)
2 (0) = 0, |ϕ(j)

1 |1,α;B1/2∩({(0,0)}×Rn−1) ≤ CÊVj and |ϕ(j)
2 |1,α;B1/2∩({(0,0)}×Rn−1) ≤ CÊ−1

Vj
QVj ,Cj ,

and a function ũj =
∑Q

i=1Jũ
i
jK ∈ GC1,α(B1/2;AQ) where ũ1

j ≤ ũ2
j ≤ · · · ≤ ũQj , such that:

Vj (R×B1/2) = v(ũj) (R×B1/2); Bũj = ∅; Cũj = graphϕ
(j)
2 ∩B1/2; ũij(z, ϕ

(j)
2 (z)) = ϕ

(j)
1 (z)

for each z ∈ π{(0,0)}×Rn−1(Cũj ) and i ∈ {1, 2, . . . , Q}; and if Ω±j denote the two components of

B1/2\Cũj , then ũj |Ω±j ∈ C
1,α(Ω±j ) and |ũj |1,α;Ω±j

≤ CÊVj . Here C = C(n,Q). Moreover, again

by Theorem 1, for each j there is a cone C
(j)
0 ∈ CQ with S(C

(j)
0 ) = {(0, 0)} × Rn−1 and

(43) distH(spt‖C(j)
0 ‖ ∩ (R×B1), spt‖Cj‖ ∩ (R×B1)) ≤ CQVj ,Cj ,

and a rotation Γ
(j)
0 : Rn+1 → Rn+1 with ‖Γ(j)

0 − I‖ ≤ CÊ
−1
Vj
QVj ,Cj , where I is the identity map

on Rn+1, such that C
(j)
0 is the unique tangent cone to

(
Γ

(j)
0

)−1

#
Vj at 0 and

(44) σ−n−2

∫
R×Bσ

dist2(X, spt‖C(j)
0 ‖) d‖

(
Γ

(j)
0

)−1

#
Vj‖ ≤ Cσ2αQ2

Vj ,Cj for all σ ∈ (0, 1/2),

where C = C(n,Q).

From these estimates, it follows that v|B1/2
∈ GC1,α(B1/2;AQ), Bv ∩ B1/2 = ∅ and that there

are functions ϕ1, ϕ2 ∈ C1,α(B1/2 ∩ {(0, 0)} × Rn−1;R) with |ϕ1|1,α;B1/2∩{(0,0)}×Rn−1 ≤ C and

|ϕ2|1,α;B1/2∩({(0,0)}×Rn−1) ≤ Cγ such that: Cv ∩ B1/2 = graphϕ2 ∩ B1/2; if Ω± denote the two

components of B1/2\Cv, then v|Ω± ∈ C1,α(Ω±) and |v|1,α;Ω± ≤ C; and vi(z, ϕ2(z)) = ϕ1(z) for

each z ∈ π{(0,0)}×Rn−1(Cv) and i ∈ {1, 2, . . . , Q}. Here again C = C(n,Q). Thus conclusion (i)

of the theorem holds. Noting that v(0) = 0 and letting ψ̃ : Rn → AQ(R) be the unique function

such that v(ψ) =
∑Q

j=1 |H
+
j |+ |H

−
j | where H±j are the tangent half-planes to graph vj

∣∣
Ω±

at 0

for each j ∈ {1, . . . , Q}, we see from (43) and (44) that conclusion (ii) of the theorem follows. �
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Remark: Suppose that for some α ∈ (0, 1) and ε = ε(n,Q, α) as given by Theorem 7, the

hypotheses of Theorem 7 are satisfied by some v ∈ BQ and some ψ : Rn → AQ(R) with

v(ψ) ∈ CQ. Let (Ṽk)k be any sequence of varifolds in SQ whose coarse blow-up is v, and let

Γ : Rn+1 → Rn+1 be the rotation Γ(x1, x′) = γ(x′) where γ : Rn → Rn is a rotation such that

γ(S(ψ)) = {(0, 0)}×Rn−1. The proof of Theorem 7 shows the following: after possibly passing

to a subsequence of (Ṽk)k, there is a sequence of points (Zk)k with Zk → 0 and Θ
Ṽk

(Zk) ≥ Q for

all k, and moreover, for any such sequence of points (Zk)k, if we set Vk = Γ# ◦ ηZk,1−|Zk|# Ṽk,
then (Vk)k ⊂ SQ, ÊVk,{0}×Rn → 0, v is the coarse blow-up of (Vk)k, and for all sufficiently large

k, the hypotheses of Theorem 1 are satisfied with Vk in place of V and Ck = v(ÊVk,{0}×Rnψ ◦γ)

in place of C.

3.4. Squash inequality. Here and subsequently, for v ∈ BQ, we shall use the notation

vf = v − va = (v1 − va, v2 − va, . . . , vQ − va).

Lemma 8 (Squash inequalities for coarse blow-ups). For each v ∈ BQ we have:

∫
B1

|Dv|2ζ ≤ −
∫
B1

Q∑
α=1

vαDvα ·Dζ and

∫
B1

|Dvf |2ζ ≤ −
∫
B1

Q∑
α=1

vαfDv
α
f ·Dζ

for every ζ ∈ C1
c (B3/4;R). In particular, we have∫

B1/2

|Dv|2 ≤ 16

∫
B1

|v|2 and

∫
B1/2

|Dvf |2 ≤ 16

∫
B1

|vf |2.

Proof. Let ζ ∈ C1
c (B3/4;R), and let ζ̃ denote the vertical extension of ζ given by ζ̃(y, x) :=

ζ(x) for (y, x) ∈ R × B1. Choosing x1ζ̃e1 as the test vector field in the first variation formula

for Vj we have ∫
R×B1

ζ̃|∇Vjx1|2 d‖Vj‖(x) = −
∫
R×B1

x1∇Vjx1 · ∇Vj ζ̃ d‖Vj‖(x).

Omitting the non-graphical part of the left hand side, using the bound Jαj ≥ 1 for the Jacobian

of uαj and the bound |Duαj | ≤ 1/2, we have from the above:

∫
B1∩Ωj

ζ

Q∑
α=1

|Duαj (x)|2 dx

≤ −
∫
B1∩Ωj

Q∑
α=1

uαjDu
α
j ·Dζ(1 + |Duαj |2)−1 dx−

∫
B1\Ωj

x1∇Vjx1 · ∇Vj ζ̃ d‖Vj‖(x)

≤ −
∫
B1∩Ωj

Q∑
α=1

uαjDu
α
j ·Dζ dx+ C

(
sup
B3/4

|uαj ||Dζ|

)
Ê2
j −

∫
B1\Ωj

x1∇Vjx1 · ∇Vj ζ̃ d‖Vj‖(x)

≤ −
∫
B1∩Ωj

Q∑
α=1

uαjDu
α
j ·Dζ dx+ C

(
sup

X∈spt ‖Vj‖∩(R×B3/4)
|x1||Dζ(πX)|

)
Ê2
j
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where C = C(n,Q), and we used the bounds ‖Vj‖(B3/4\Ωj) ≤ CÊ2
j and∫

R×B3/4

|∇Vj x1|2 d‖Vj‖(x) ≤ CÊ2
j

with C = C(n,Q), and the Cauchy-Schwarz inequality in the last step. Note also that

by a similar calculation, we also have that
∑Q

α=1

∫
B3/4
|Duαj |2 ≤ CÊ2

j . So dividing these

inequalities by Ê2
j , we have that

∑Q
α=1

∫
B1∩Ωj

ζ|Dvαj |2 ≤ −
∫
B1∩Ωj

∑Q
α=1 v

α
j Dv

α
j · Dζ dx +

C
(

supX∈spt ‖Vj‖∩(R×B3/4) |x1||Dζ(πX)|
)

and
∑Q

α=1

∫
B3/4
|Dvαj |2 ≤ C. By the weak conver-

gence in W 1,2(B3/4) of vj ≡ Ê−1
j uj to v, the strong convergence in L2(B3/4), the fact that

1Ωj → 1 a.e. in B3/4 and the uniform bound
∫
B3/4
|Dvαj |2 ≤ C, we see that

∫
B1∩Ωj

vαj Dv
α
j ·Dζ →∫

B1
vαDvα ·Dζ and

∫
B1
ζ|Dvα|2 ≤ lim infj→∞

∫
B1∩Ωj

ζ|Dvαj |2. So since

sup
X∈spt ‖Vj‖∩(R×B3/4)

|x1| → 0,

we can let j →∞ to get ∫
B1

ζ|Dv|2 ≤ −
∫
B1

Q∑
α=1

vαDvα ·Dζ

which is the first assertion. Since vα = vαf +va,
∑Q

α=1 v
α
f = 0 and

∫
B1
ζ|Dva|2 = −

∫
B1
vaDva ·Dζ

(by virtue of the fact that va is harmonic), the second assertion follows immediately from this.

The third and the fourth assertions are immediate by taking ζ2 in place of ζ in these inequalities,

using the Cauchy–Schwartz inequality on the right hand side of the resulting inequalities, and

then choosing ζ appropriately. �

3.5. An energy non-concentration estimate. An important fact we will use to estab-

lish monotonicity of the Almgren frequency function associated with the coarse blow-ups is (a

variant of) the following energy non-concentration estimate proved in [BKW21].

Lemma 9 (Energy non-concentration estimate, [BKW21]). For each v ∈ BQ and every δ > 0

we have: ∫
B1/2

Q∑
α=1

1{|vαf |<δ}|Dv
α
f (x)|2 dx ≤ Cδ

(∫
B1

|v|2
)1/2

where C = C(n,Q) > 0.

Remark. Lemma 9 holds in much more generality than stated here, including in arbitrary

codimension and just under the assumption of stationarity of the sequence of varifolds (con-

verging to Q|{0}×Rn|) that produces v. No additional regularity hypothesis on v is necessary.

See [BKW21].

In the present context, in fact a stronger version of this can be established in a more elementary

fashion, based on continuity of v (Lemma 5) and property (B4).
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Lemma 10 (Alternative energy non-concentration estimate). For every v ∈ BQ and δ > 0 we

have ∫
Bρ

Q∑
α=1

1{|vαf |<δ}|Dv
α
f (x)|2 dx ≤ C(1− ρ)−2δ

(∫
B1

|vf |2
)1/2

for every ρ ∈ (0, 1) and some C = C(n,Q) ∈ (0,∞).

Proof. Fix δ > 0. For ε < δ/2, define ηε : R → R to be the odd extension to R of the

function t 7→ δ1(ε,∞)(t) ·min
{
t−ε
δ−ε , 1

}
for t > 0. Let σ ∈ (0, 1) and ζ ∈ C1

c (Bσ). By Lemma 5,

v is continuous in B1, so for each α ∈ {1, . . . , Q}, we have by (B4) that vαf is harmonic on the

open set {|vαf | > 0}, so by an approximation argument we may take ηε(v
α
f )ζ as a test function

in the weak harmonicity identity for vαf , i.e.,∫
B1

Dvαf ·D(ηε(v
α
f )ζ) = 0.

Upon rearranging this becomes∫
B1

ζ · η′ε(vαf ) · |Dvαf |2 = −
∫
B1

ηε(v
α
f )Dvαf ·Dζ,

from which we get

δ

δ − ε

∫
B1

ζ · 1{ε<|vαf |<δ} · |Dv
α
f |2 ≤ ω1/2

n sup
R
|ηε| sup

Bσ

|Dζ|
(∫

Bσ

|Dvαf |2
)1/2

.

By Lemma 8 we have that
∫
Bσ

∑Q
α=1 |Dvαf |2 ≤ C(1−σ)−2

∫
B1

∑Q
α=1 |vαf |2 where C = C(n), and

so we get from the above, after summing over α and letting ε → 0 and noting that Dvαf = 0

a.e. on {vαf = 0},

∫
B1

Q∑
α=1

ζ · 1{|vαf |<δ} · |Dv
α
f |2 ≤ Cδ(1− σ)−1 sup

Bσ

|Dζ|
(∫

B1

|vf |2
)1/2

.

For given ρ ∈ (0, 1), choosing σ = (1 + ρ)/2 and ζ such that ζ = 1 on Bρ, |Dζ| ≤ 2/(σ− ρ), this

gives the desired conclusion. �

3.6. Squeeze identity and frequency monotonicity for generalised-C1 coarse blow-

ups. We start by proving the validity of the squeeze identity locally about classical singularities

of coarse blow-ups.

Lemma 11 (Squeeze identity at classical singular points). Let v ∈ BQ and let x0 ∈ Cv. There

is a number r = r(v, x0) ∈ (0, 1
2(1− |x0|)) such that the following is true:

(i) Γv ∩ Br(x0) is equal to the graph of a C1 function ξ : Br(x0) ∩ (x0 + L) → L⊥ for

some (n− 1)-dimensional subspace L ⊂ Rn, where L⊥ is the orthogonal compliment of

L in Rn;

(ii) Γv ∩Br(x0) = Cv ∩Br(x0);
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(iii) (Squeeze Identity) we have for every ζ ∈ C1
c (Br(x0);Rn),

∫
Br(x0)

Q∑
α=1

n∑
i,j=1

(
|Dvα|2δij − 2Div

αDjv
α
)
Diζ

j = 0

and ∫
Br(x0)

Q∑
α=1

n∑
i,j=1

(
|Dvαf |2δij − 2Div

α
fDjv

α
f

)
Diζ

j = 0.

Proof. The first two conclusions hold for suitably chosen r = r(v, x0) by the definition

of Cv and the fact that, by Lemma 5, we have v(z) = QJva(z)K for every z ∈ Γv. The second

conclusion in (iii) follows from the first by writing vα = vαf + va and noting that
∑Q

α=1 v
α
f = 0

and that ∫
Br(x0)

n∑
i,j=1

(
|Dva|2δij − 2DivaDjva

)
Diζ

j = 0

which is easily seen by integrating by parts, since va is harmonic. To prove the squeeze identity

for v (the first conclusion in (iii)), note first that by properties (B5I), (B5III) together with

the fact that this identity holds for affine functions, we may assume without loss of generality

(after choosing r sufficiently small, translating, “tilting” and rescaling, i.e. considering ṽ(x) =

‖v(x0 + r(·)) − (va(0) + rDva(0) · (·))‖−1
L2(B1)

(v(x0 + rx) − (va(0) + rDva(0) · x)) in place of v)

that x0 = 0, r = 1, ‖v‖L2(B1) = 1, va(0) = 0 and Dva(0) = 0, and that
∫
B1
G(v, ϕ)2 < ε where

ϕ : R2 → AQ(R) is such that v(ϕ) ∈ CQ and (ϕ)a ≡ 0, and ε is as in Theorem 7. Now let

(Ṽk)k ⊂ SQ be a sequence of varifolds generating v. Then by the remark following Theorem 7,

we have that for sufficiently large k, Theorem 1 is applicable with Vk = Γ# ηZk,1−|Zk|# Ṽk in

place of V and Ck = v(ÊVk,{0}×Rnψ ◦ γ) in place of C, where γ : Rn → Rn is a rotation taking

S(ϕ) to {(0, 0)} × Rn−1 and Γ(x) = γ(π x) for x ∈ Rn+1. This provides, for any α ∈ (0, 1) and

for all sufficiently large k, the following:

(a) The set γk = {Z ∈ R × B1/4 : ΘVk(Z) ≥ Q} is the graph of a C1,α function over an

(n−1)-dimensional subspace Lk of Rn+1, and π (γk)→ Γv∩B1/4 in Hausdorff distance

(in fact in C1,α) where π : Rn+1 → {0} × Rn is the orthogonal projection;

(b) Vk (R×B1/4) =
∑Q

j=1 |graphujk|, where ujk : B1/4 → R, u1
k ≤ u2

k ≤ · · · ≤ u
Q
k , and for

each k, if Ω±k denote the two components of B1/4\π(γk), then ujk

∣∣∣
Ω±k

∈ C1,α(Ω±k ∩B1/4)

with |ujk|1,α;Ω±k
≤ CÊVk,{0}×Rn , where C = C(n,Q) ∈ (0,∞).

Now fix ζ ∈ C1
c (B1/4(0);R) and let ζ̃ ∈ C1

c (R×B1/4;R) be the extension of ζ to R×B1/4 such

that ζ̃(x1, x2, . . . , xn+1) = ζ(x2, . . . , xn+1). Taking the vector field X = ζ̃(x)ep, p ∈ {2, . . . , n},
in the first variation formula for Vk, to get∫

∇Vkxp · ∇Vj ζ̃(x) d‖Vk‖(x) = 0.
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By a direct computation, this gives that

Q∑
j=1

∫
B1/4

(
Dpζ −

(Dujk ·Dζ)Dpu
j
k

1 + |Dujk|2

)√
1 + |Dujk|2 = 0

which implies, since
∫
B1/4

Dpζ = 0, that

Q∑
j=1

∫
B1/4

|Dujk|
2

1 +
√

1 + |Dujk|2
Dpζ −

(Dujk ·Dζ)Dpu
j
k

1 + |Dujk|2

√
1 + |Dujk|2 = 0.

Given a vector field ζ = (ζ1, . . . , ζn) ∈ C1
c (B1/4;Rn), we can take ζ = ζp in this, sum over

p, divide the resulting identity by Ê2
Vk,{0}×Rn and let k → ∞ along a subsequence; using the

estimate and the convergence ∂ Ω±k = π(γk)∩B1/4 → Γv ∩B1/4 provided by (a) and (b) above,

this gives that the desired identity (with r/4 in place of the original r). �

Now we may prove that the squeeze identity holds for v ∈ BQ in a region possibly containing

branch points, under the assumption that v is of class generalised-C1 in that region.

Lemma 12 (Squeeze identity for GC1 coarse blow-ups). Let v ∈ BQ and let Ω ⊂ B1/2(0) be

open. Suppose that v is of class GC1 in Ω. Then for every ζ ∈ C1
c (Ω;Rn),

∫
Ω

Q∑
α=1

n∑
i,j=1

(
|Dvα|2δij − 2Div

αDjv
α
)
Diζ

j = 0

and ∫
Ω

Q∑
α=1

n∑
i,j=1

(
|Dvαf |2δij − 2Div

α
fDjv

α
f

)
Diζ

j = 0.

Proof. The first assertion follows by writing vα = vαf + va in the second, and noting that∑Q
α=1 v

α
f = 0 and that (as can easily be seen by integrating by parts, as va is harmonic)

∫
Ω

n∑
i,j=1

(
|Dva|2δij − 2DivaDjva

)
Diζ

j = 0.

To prove the second assertion, let v ∈ BQ. Let ζ ∈ C1
c (Ω;Rn). For δ > 0 small, consider a

smooth function γδ : R → R such that γδ(t) = t + 3
4δ for t < −δ, γδ(t) ≡ 0 for |t| < δ/2, and

γδ(t) = t− 3
4δ for t > δ, in such a way that |γ′δ(t)| ≤ 1 and |γ′′δ (t)| ≤ 3δ−1 for all t ∈ R.

We know from (B4II) that Γv ∩Ω ⊂ {|vf | = 0} ∩Ω and that γδ(v
α
f )
∣∣∣
Ω

is a smooth function for

each α = 1, . . . , Q. Thus by direct calculation and the dominated convergence theorem we have

(using summation convention)

lim
δ→0

∫
B1(0)

Q∑
α=1

(
|Dγδ(vαf )|2δij − 2Diγδ(v

α
f )Djγδ(v

α
f )
)
Diζ

j
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=

∫
B1(0)

Q∑
α=1

(
|Dvαf |2δij − 2Div

α
fDjv

α
f

)
Diζ

j .

We now compute the limit on the left hand side in an alternative way. Let ε > 0. Since v is

generalised-C1 in Ω, we know that |Dvf | = 0 on Bv ∩Ω. For each x ∈ Cv ∩Ω, let ρx > 0 denote

the radius r(v, x0) > 0 from Lemma 11. Then since spt(ζ) is compact we can pick finitely many

points x1, x2, . . . , xN ∈ Cv ∩ Ω for which:

Cv ∩ spt(ζ) ∩Bε(Bv)c ⊂
N⋃
i=1

Bρxi (xi).

Then choose an open set O such that

dist(O, Cv ∪ Bv) > 0 and spt(ζ) ⊂ O ∪Bε(Bv) ∪
N⋃
i=1

Bρxi (xi).

(e.g. take O = Ω \ Bε(Bv) ∪ ∪Ni=1Bρxi (xi).) Write U := {O} ∪ {Bε(Bv)} ∪ {Bρxi (xi) : i =

1, . . . , N}; this is an open cover of spt(ζ). Now let (ϕβ)β∈A be a smooth partition of unity

subordinate to U (which of course depends on ε but is independent of δ); note that:

(I) The indexing set A has cardinality |A| <∞ (i.e. is a finite number, depending on ε);

(II) O is contained in the set where vf is harmonic;

(III) For each β ∈ A, there is some B ∈ U for which spt(ϕβ) ⊂ B. This means that we can

write A as a disjoint union AC ∪ AB ∪ AO depending on the set in which the support

of ϕβ lies; indeed, AO := {β ∈ A : spt(ϕβ) ⊂ O}, AC := {β ∈ A\AO : spt(ϕβ) ⊂
Bρxi (xi) for some i ∈ {1, . . . , N}}, and AB := A\(AO ∪AC);

(IV)
∑

β∈A ϕβ = 1.

Also, by Remark 4 following Definition 8, since v is generalised-C1 and |Dvf | = 0 on Bv ∩Ω we

have that

sup
Bε(Bv)∩spt(ζ)∩Ccv

Q∑
α=1

|Dvαf | → 0 as ε→ 0.

Now consider the integral:

(†)
∫
B1(0)

Q∑
α=1

(
|Dγδ(vαf )|2δij − 2Diγδ(v

α
f )Djγδ(v

α
f )
)
Di(ϕβζ

j) dx.

If β ∈ AB, then by integrating by parts (which we can do as γδ(v
α
f ) is smooth) we have that

this is equal to:

−
∫
B1(0)

Q∑
α=1

[
2D`γδ(v

α
f )Di`γδ(v

α
f )δij − 2∆γδ(v

α
f )Djγδ(v

α
f )− 2Diγδ(v

α
f )Dijγδ(v

α
f )
]
ϕβζ

j
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Since pointwise on spt(γ′δ) we have ∆γδ(v
α
f ) = γ′′δ (vαf )|Dvαf |2, we get:

∑
β∈AB

∫
B1(0)

Q∑
α=1

(|Dγδ(vαf )|2δij − 2Diγδ(v
α
f )Djγδ(v

α
f ))Di(ϕβζ

j)

= 2

∫
B1(0)

Q∑
α=1

γ′′δ (vαf )|Dvαf |2Dγδ(vαf ) · ζ ·

∑
β∈AB

ϕβ

 .

Now as spt(γ′′δ ) ⊂ [−δ, δ] and spt(ϕβ) ⊂ Bε(Bv) for β ∈ AB, the integral on the right hand side

above (for each α) only takes place over the set {|vαf | < δ} ∩ Bε(Bv). Thus we can estimate it,

in absolute value, by:

≤ 2 sup
R
|γ′′δ | · sup

spt(ζ)∩Bε(Bv)∩Ccv

Q∑
α=1

|Dvαf | · sup
B1(0)

|ζ| ·
∫
B1/2(0)

Q∑
α=1

1{|vαf |<δ}|Dv
α
f |2

and so using the energy non-concentration estimate, Lemma 10, and the fact that sup |γ′′δ | ≤
2δ−1, we see that for δ sufficiently small,∣∣∣∣∣∣
∑
β∈AB

∫
B1(0)

Q∑
α=1

(
|Dγδ(vαf )|2δij − 2Diγδ(v

α
f )Djγδ(v

α
f )
)
Di(ϕβζ

j)

∣∣∣∣∣∣ ≤ C sup
spt(ζ)∩Bε(Bv)∩Ccv

Q∑
α=1

|Dvαf |

where C is independent of δ and ε. Now suppose β ∈ AO in (†). Then (†) is equal to

∫
B1(0)

Q∑
α=1

|γ′δ(vαf )|2
(
|Dvαf |2δij − 2Div

α
fDjv

α
f

)
Di(ϕβζ

j)

which as δ ↓ 0, converges to

∫
B1(0)

Q∑
α=1

(
|Dvαf |2δij − 2Div

α
fDjv

α
f

)
Di(ϕβζ

j)

which, by integrating by parts and making a pointwise calculation along x ∈ O, is equal to 0

(note that the vαf are harmonic at such a point).

Finally, suppose β ∈ AC in (†). Then we have:∫ (
|Dγδ(vαf )|2δij − 2Diγδ(v

α
f )Djγδ(v

α
f )
)
Di(ζ

iϕβ)

=

∫
|γ′δ(vαf )|2

(
|Dvαf |2δij − 2Div

α
fDjv

α
f

)
Di(ζ

jϕβ)

→
∫ (
|Dvαf |2δij − 2Div

α
fDjv

α
f

)
Di(ζ

jϕβ)

as δ ↓ 0, and moreover this final expression equals zero by Lemma 11(iii).

Thus summing the above three expressions over β ∈ A, letting δ → 0 first, and then letting

ε ↓ 0, we get the claimed identity. �
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For v ∈ BQ that is generalised-C1 on an open set Ω ⊂ B1, and for Bρ(y) ⊂ Ω we define:

Nv;y(ρ) :=
ρ2−n ∫

Bρ(y) |Dv|
2

ρ1−n
∫
∂Bρ(y) |v|2

.

This is well-defined whenever v is not identically zero on Bρ(y); indeed, if
∫
∂Bρ(y) |v|

2 = 0, then

the squash inequality, Lemma 8, for v would imply that |Dv| = 0 on Bρ(y), and hence v ≡ 0

on Bρ(y).

By combining the squash inequality (Lemma 8) and squeeze identity (Lemma 12) we can prove

in the standard fashion (see e.g. [Alm00] or [SW16]) that, where defined, Nv;y(ρ) is a non-

decreasing function of ρ. In particular for each y ∈ Ω either there is a ρ > 0 for which v|Bρ(y) ≡ 0,

or the limit

Nv(y) := lim
ρ↓0

Nv;y(ρ)

exists (in [0,∞)). When defined, we call Nv(y) the frequency of v at y. It is also a standard

consequence of monotonicity of Nv;y(·) that if Ω is connected, then either v ≡ 0 in Ω or v 6≡ 0

on each ball Bρ(y) ⊂ Ω; hence, if Ω is connected, then Nv;y is well-defined for each y ∈ Ω and

ρ ∈ (0, dist (y, ∂Ω)) unless v ≡ 0 in Ω. As the squash and squeeze identities also hold for vf , we

can also define Nvf ;y(ρ) and Nvf (y) in the same fashion, and the preceding facts hold with vf

in place of v. Thus we have the following:

Theorem 13 (Monotonicity of the frequency function). Let v ∈ BQ and suppose that v is of

class GC1 on a connected open set Ω ⊂ B1/2, and that v 6≡ 0 in Ω. Then v 6≡ 0 on each ball

Bρ(y) ⊂ Ω, Nv;y(ρ) is well-defined for each y ∈ Ω and ρ ∈ (0,dist (y, ∂Ω)), and Nv;y(ρ) is a

monotonically non-decreasing function of ρ; in particular, the frequency Nv(y) = limρ→0 Nv;y(ρ)

exists (as a number in [0,∞)) for each y ∈ Ω, and Nv(y) is an upper semi-continuous function

of y. Furthermore:

(i) for each y ∈ Ω and 0 < σ ≤ ρ < dist (y, ∂ Ω), we have that

(
σ

ρ

)2Nv;y(ρ)

ρ−n
∫
Bρ(y)

|v|2 ≤ σ−n
∫
Bσ(y)

|v|2 ≤
(
σ

ρ

)2Nv(y)

ρ−n
∫
Bρ(y)

|v|2;

(ii) if Nv;y(ρ) is constant for ρ ∈ (ρ1, ρ2), then v is a homogeneous function with respect

to the variable |x− y| on the interval (ρ1, ρ2), with degree of homogeneity equal to the

constant value of Nv;y(ρ) on this interval.

Moreover, the same conclusions hold with vf in place of v whenever vf 6≡ 0 in Ω.

Armed with properties (B1) − (B6) (Chapter 4.2) and the further properties established in

Chapters 4.3.1-4.3.6, in this section we prove that any coarse blow-up v ∈ BQ is of class GC1,α

for some fixed α = α(n,Q) ∈ (0, 1), and that v satisfies a uniform decay estimate. The first

step of the proof is to classify the homogeneous degree 1 blow-ups as having graphs that are

either hyperplanes or classical cones. This is done by first proving that if a homogeneous degree

1 coarse blow-up v has a subspace of translation invariance (spine) of dimension ≤ n− 2, then

GC1 regularity must hold away from the spine; this ensures the validity of the squeeze identity,
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and consequently the monotonicity of the frequency function associated with v. Since the

degree of homogeneity of v is 1, this implies that Γv is contained in the spine, but by property

(B4II) this is impossible since the spine has zero 2-capacity. Thus the spine dimension of any

homogeneous degree 1 coarse blow-up must be ≥ n − 1, in which case it is easy to see that

the classification must hold. With this classification at our disposal, in the second step we run

again the regularity argument (that gives GC1 regularity away from the spine for homogeneous

degree 1 blow-ups in the first instance), but now for general coarse blow-ups. This will prove

GC1,α regularity of general coarse blow-ups, this time giving also a uniform decay estimate and

a uniform α = α(n,Q) ∈ (0, 1).

3.7. Classification of homogeneous degree 1 coarse blow-ups.

Theorem 14 (Classification of homogeneous degree 1 blow-ups). If v ∈ BQ is homogeneous

of degree 1 in B1 then either there is a varifold W ∈ CQ such that v(v) = W (R × B1) or

v(v) = Q|L| (R×B1) for some hyperplane L.

In the proof of this theorem we shall use the following elementary result, which is a slight variant

of a well-known fact concerning limits of rescalings of homogeneous functions:

Lemma 15. For i = 1, 2, 3, . . . , let gi : B1 → AQ(R) be a continuous function such that gi

is homogeneous of degree 1 in B1, i.e. gi(λx) = λgi(x) whenever λ > 0 and λx, x ∈ B1. Let

(zi) be a sequence of points in B1 with zi → z for some z ∈ B1 and let (ρi) be a sequence of

positive numbers with ρi → 0. Let hi(x) = gi(zi + ρix). If hi → h locally uniformly on B1, h

is homogeneous of degree 1 in B1, and if h̃ is the homogeneous degree 1 extension of h to Rn,

then h̃(x+ tz) = h̃(x) for all x ∈ Rn and t ∈ R.

Proof. By homogeneity of h̃, it suffices to verify that h̃(x+ z) = h̃(x) for each x ∈ Rn. If

x, x+z ∈ B1, then for sufficiently large i we have, hi(x+z) = gi(zi+ρi(x+z)) = gi((1+ρi)zi+

ρi(z − zi) + ρix) = (1 + ρi)gi(zi + ρi(1 + ρi)
−1(z − zi + x)) = (1 + ρi)hi((1 + ρi)

−1(z − zi + x)).

Letting i → ∞ in this, we get that h̃(x + z) = h̃(x) if x, x + z ∈ B1. Replacing x with x − z,
we also have that h̃(x− z) = h̃(x) if x, x− z ∈ B1. Now fix any x ∈ B 1

2
(1−|z|)(0). Then for any

t ∈ (0, 1), we have that |x| < (1− |z|) max{t, 1− t}, i.e. either x
t ∈ B1−|z|(0) or x

1−t ∈ B1−|z|(0);

if x
t ∈ B1−|z|(0), then h̃(x + tz) = th̃

(
x
t + z

)
= th̃

(
x
t

)
= h̃(x), and if x

1−t ∈ B1−|z|(0) then

h̃(x + tz) = h̃(x + tz − z) = (1 − t)h̃
(

x
1−t − z

)
= (1 − t)h̃

(
x

1−t

)
= h̃(x). Thus we have shown

that h̃(x+ tz) = h̃(x) for any x ∈ B 1
2

(1−|z|)(0) and any t ∈ [0, 1]. This also implies that for any

x ∈ Rn \B 1
2

(1−|z|)(0), setting t = 1
4(1− |z|)|x|−1 and noting that t ∈ [0, 1] and tx ∈ B 1

2
(1−|z|)(0),

we have h̃(x + z) = t−1h̃(tx + tz) = t−1h̃(tx) = h̃(x). Thus h̃(x + z) = h̃(x) for all x ∈ Rn as

required. �

Proof of Theorem 14. First note that va is harmonic (by property (B3)) and homoge-

neous of degree 1 on Bn
1 (0), and so is linear. Hence if v = QJvaK then the conclusion holds

with v(v) = Q|L| (R × B1) where L = graph va (a hyperplane). Else by (B5III) we have

that ‖v− va‖−1
L2(B1(0))

(v− va) ∈ BQ. So it suffices to establish the theorem (with the conclusion
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v(v) = W (R×B1) for some W ∈ CQ) for v ∈ B̃Q where

B̃Q =

{
v ∈ BQ :

∂(v/R)

∂R
= 0 a.e. in B1, va = 0, ‖v‖L2(B1(0)) = 1

}
.

For each v ∈ B̃Q, let ṽ : Rn → AQ(R) denote the homogeneous degree 1 extension of v to Rn.

Denote by S(ṽ) the set of points z ∈ Rn such that ṽ is invariant under translation by z (i.e.

ṽ(x+z) = ṽ for every x ∈ Rn), and note that by homogeneity of ṽ, we have that S(ṽ) is a linear

subspace of Rn. So we can write B̃Q = ∪nk=0Hk, where Hk := {v ∈ B̃Q : dim(S(ṽ)) = n− k}.
H0 = ∅ since ‖v‖L2(B1) = 1 for each v ∈ B̃Q. If v ∈ H1 then by homogeneity we have v(ṽ) ∈ CQ
and so the conclusion (with W = v(ṽ)) follows. So to prove the theorem, we need to show

that Hk = ∅ for each k = 2, 3, . . . , n. Assuming this is false, let d be the smallest integer in

{2, 3, . . . , n} for which Hd 6= ∅, and fix an element v ∈ Hd.

We claim the following: for any given compact subset K ⊂ B1\S(ṽ), and any α ∈ (0, 1), there

exists ε = ε(v,K, n,Q, α) ∈ (0, dist (K, ∂B1 ∪ S(ṽ))) such that the following holds: for each

z ∈ K ∩ Γv, each ρ ∈ (0, ε] and some fixed constant C = C(n,Q, α) ∈ (0,∞) either:

(a) The conclusions of Theorem 7 hold on B3ρ/8(z); in particular v is a generalised-C1,α

function in B3ρ/8(z) and there is a function ψz : Rn → AQ(R) with v(ψz) ∈ CQ such

that

(45) ρ̃−n−2

∫
Bρ̃(z)

G(v(x), ψz(x))2 dx ≤ C
(
ρ̃

ρ

)2α

· ρ−n−2

∫
Bρ(z)

|v|2

for all 0 < ρ̃ ≤ 3ρ/8, or

(b) We have the reverse Hardt-Simon inequality, i.e.,

(46)

Q∑
α=1

∫
Bρ(z)\Bρ/2(z)

R2−n
z

(
∂(vα/Rz)

∂Rz

)2

≥ ερ−n−2

∫
Bρ(z)

|v|2

where Rz := |x− z|.

To prove this we argue by contradiction, so suppose the claim is not true (with C to be chosen

depending only on n, Q and α). Then for each i = 1, 2, . . . , there are numbers εi > 0 with

εi → 0, points z, zi ∈ K ∩ Γv with zi → z, and radii ρi > 0 with ρi → 0 such that assertion (a)

with ρ = ρi and z = zi fails for each i, and also

(47)

Q∑
α=1

∫
Bρi (zi)\Bρi/2(zi)

R2−n
zi

(
∂(vα/Rzi)

∂Rzi

)2

< εiρ
−n−2
i

∫
Bρi (zi)

|v|2.

Set wi := vzi,ρi , and note that wi ∈ BQ by (B5I), and wi is continuous on B1 by Lemma 5. By

(B6) and Lemma 5, we can find a subsequence (which we pass to) and an element w∗ ∈ BQ

such that wi → w∗ locally uniformly and locally weakly in W 1,2 on B1. Moreover, since va = 0,

we also have that (w∗)a = 0.

Now note that for any function u ∈ C1(B1;RQ), any r, s ∈ [1/2, 1] and any ω ∈ Sn−1, we

have that
∣∣∣ |u(rω)|

r − |u(sω)|
s

∣∣∣ ≤ ∫ 1
1/2

∣∣∣d(u(tω)/t)
dt

∣∣∣ dt, which implies, by the triangle inequality and
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the Cauchy–Schwarz inequality,

|u(rω)|2 ≤ C

(
|u(sω)|2 +

∫ 1

1/2
tn−1

∣∣∣∣d(u(tω)/t)

dt

∣∣∣∣2 dt

)

where C = C(n), which in turn gives

∫
Sn−1

|u(rω)|2 dω ≤ C

(∫
Sn−1

|u(sω)|2 dω +

∫
B1\B1/2

∣∣∣∣∂(u/R)

∂R

∣∣∣∣2
)

where R(x) = |x|. Multiplying this by rn−1 and integrating over r ∈ [1/2, 1], and then multi-

plying the resulting inequality by sn−1 and integrating it over s ∈ [1/2, 3/4], we obtain, after

rearranging terms, ∫
B1

|u|2 ≤ C

(∫
B3/4

|u|2 +

∫
B1\B1/2

∣∣∣∣∂(u/R)

∂R

∣∣∣∣2
)

where C = C(n). By an approximation argument this holds for any u ∈W 1,2(B1;RQ). Applying

this with u = wi we get, by virtue of (47) and the fact that ‖wi‖L2(B1) = 1, that
∫
B3/4
|wi|2 > C−1

for all sufficiently large i, and hence that w∗ 6≡ 0.

Also we see from (47) that w∗ is homogeneous of degree 1 in B1\B1/2, and hence by Lemma 6

w∗ is homogeneous of degree 1 in B1. Let w̃∗ denotes the homogeneous degree 1 extension of

w∗ to Rn. By Lemma 15 (applied with gi(x) = ‖v(zi + ρi(·)‖−1
L2(B1)

v(x)), we see that {tz : t ∈
R} ⊂ S(w̃∗). Since we also have that S(ṽ) ⊂ S(w̃∗), z 6∈ S(ṽ) (since z ∈ K) and that S(w̃∗) is

a linear subspace of Rn, we must have dim(S(w̃∗)) ≥ d+ 1; thus to prevent a contradiction to

the definition of d, we must have dim(S(w̃∗)) ∈ {n− 1, n}. However as (w∗)a ≡ 0 and w∗ 6≡ 0,

we cannot have dim(S(w̃∗)) = n, and so we must have dim(S(w̃∗)) = n− 1, and hence v(w∗) =

W∗ (R×B1) for W∗ = v(w̃∗) ∈ CQ. But then we can apply the ε-regularity property, Theorem 7,

with ψ = w∗ and v = (wi)0,3/4 ≡ ‖wi(3
4(·)‖−1

L2(B1)
wi(

3
4(·)) for all sufficiently large i to conclude

that alternative (a) above must hold with z = zi, ρ = ρi, Czi = v(‖v(zi + ρi(·)‖L2(B1)w∗) and

with the constant C = C(n,Q, α) given by Theorem 7. This is contrary to our assumption, so

the dichotomy that (a) or (b) must hold is established.

Combining (46) with (B4I), we then get the following dichotomy: if z ∈ K ∩ Γv and ρ ∈ (0, ε]

then either:

(i) The conclusions of Theorem 7 hold on B3ρ/8(z); in particular v is generalised-C1,α on

B3ρ/8(z) and there is a function ψz : Rn → AQ(R) with v(ψz) ∈ CQ for which we have

the estimate (45), or

(ii) We have that (46) holds and that

Q∑
α=1

∫
Bρ/2(z)

R2−n
z

(
∂(vα/Rz)

∂Rz

)2

≤ θ
Q∑
α=1

∫
Bρ(z)

R2−n
z

(
∂(vα/Rz)

∂Rz

)2

where θ = θ(v,K, n,Q) ∈ (0, 1). We claim that from this, the following dichotomy (I) or (II)

follows for each z ∈ K ∩ Γv: either
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(I) The conclusions of Theorem 7 holds on some neighbourhood of z, and moreover there

is a function ψz : Rn → AQ(R) with v(ψz) ∈ CQ for which we have the estimate

ρ−n−2

∫
Bρ(z)

G(v(x), ψz(x))2 dx ≤ Cρ2µ

∫
Bε(z)

|v|2

for some C = C(v,K, n,Q) and all ρ ∈ (0, 3ε/8]; or

(II) We have that (46) holds with ρ = 2−iε for each i = 1, 2, 3, . . ., and hence

Q∑
α=1

∫
Bσ(z)

R2−n
z

(
∂(vα/Rz)

∂Rz

)2

≤ β
(
σ

ρ

)2µ Q∑
α=1

∫
Bρ(z)

R2−n
z

(
∂(vα/Rz)

∂Rz

)2

for all 0 < σ ≤ ρ/2 ≤ ε/2.

Here β = β(v,K, n,Q) ∈ (0,∞) and µ = µ(v,K, n,Q) ∈ (0, 1). Indeed, for each fixed z ∈ K∩Γv,

the dichotomy (i) or (ii) above holds for ρ = 2−iε, i = 0, 1, 2, . . . . Let I be the first time (i)

holds (i.e. I is the smallest integer i ≥ 0 such that (i) holds with ρ = 2−iε). If I = 0 we have

alternative (I); also if I ≥ 1, then iterating (ii) for i = 0, 1, . . . I − 1 and combining with the

estimate provided in (i) as well as (B4I) and (46), we again have (I). If if no such I exists, i.e.,

if (ii) always holds, then iterating (ii) for all i we get alternative (II).

Finally, in case (II) holds, we can again use (B4I) and (46) in conjunction with the estimate in

(II) to replace (II) with:

(II)′ For all 0 < σ ≤ ρ/2 ≤ ε/4 we have

(48) σ−n−2

∫
Bσ(z)

|v|2 ≤ β
(
σ

ρ

)2µ

ρ−n−2

∫
Bρ(z)

|v|2.

Note that the set of points z ∈ Γv ∩ intK where alternative (I) holds is Cv|intK
, and hence we

have shown that for each point z ∈ Γv ∩ intK \ Cv|intK
, the estimate (48) holds; from this it is

straightforward to check (e.g. using the Campanato lemma [Wic14, Lemma 4.3]) that v|intK

is generalised-C1,µ in intK, where µ = µ(v,K, n,Q). In particular as K ⊂ B1\S(ṽ) was an

arbitrary compact set, we see that v is generalised-C1 in B1\S(ṽ).

We now claim that Γv ⊂ S(ṽ). Our method for showing this will rely on the frequency function,

which now can be brought into play in view of the generalised-C1 regularity of v on B1\S(ṽ).

Indeed, by Lemma 12 we have that the squeeze identity

∫
B1(0)

Q∑
α=1

(
|Dṽα|2δij − 2Diṽ

αDj ṽ
α
)
Diζ

j dx = 0

holds for ζj ∈ C1
c (B1 \ S(ṽ)). Since S(ṽ) is a linear subspace of dimension at most n − 2,

it has zero 2-capacity, and hence, since we also have that Dṽ is bounded in B1 \ S(ṽ) by

homogeneity of ṽ, we may perform a standard excision argument to see that in fact we can

take ζj ∈ C1
c (B1(0)). Armed with this squeeze identity and the squash inequality (Lemma

8), we can use standard arguments (see e.g. [SW16]) to show that (since ṽ 6≡ 0 in Rn) the
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frequency Nṽ(y) is well-defined at every point y ∈ B1(0), and in fact that all conclusions of

Theorem 13 hold with ṽ in place of v. In particular, as ṽ is homogeneous of degree 1, we

have that Nṽ(0) = 1. It follows from upper semi-continuity of Nṽ and homogeneity of ṽ that

Nṽ(y) ≤ Nṽ(0) = 1 for all y ∈ B1(0). Moreover frequency monotonicity and homogeneity of

ṽ give that if Nỹ(y) = Nṽ(0) = 1, then ṽ is translation invariant along directions parallel to

y∗, i.e. y ∈ S(ṽ), and so S(ṽ) = {y ∈ Rn : Nṽ(y) = Nṽ(0) ≡ 1}. We also have that for each

y ∈ B1(0) and 0 < σ ≤ ρ:

(49)

(
σ

ρ

)2Nṽ;y(ρ)

ρ−n
∫
Bρ(y)

|ṽ|2 ≤ σ−n
∫
Bσ(y)

|ṽ|2 ≤
(
σ

ρ

)2Nṽ(y)

ρ−n
∫
Bρ(y)

|ṽ|2.

Now if y ∈ Bv ∩ (B1\S(ṽ)), then (II)′ must hold for some ε = ε(y) > 0 (which can be taken

to be the ε corresponding to some fixed compact set K = K(y) ⊂ B1\S(ṽ) with y ∈ K in the

argument leading to (I) and (II)′); in particular, by combining (II)′ with (49), we have for fixed

ρ ∈ (0, ε/2] and all σ ∈ (0, ρ/2]:

(
σ

ρ

)2Nṽ;y(ρ)

ρ−n
∫
Bρ(y)

|ṽ|2 ≤ σ−n
∫
Bσ(y)

|ṽ|2 ≤ σ2 · β
(
σ

ρ

)2µ

ρ−n−2

∫
Bρ(y)

|ṽ|2,

and thus σ1+µ−Nṽ;y(ρ) ≥ C̃ > 0 for some C̃ = C̃(v, y, n,Q, ρ) and µ = µ(v, y, n,Q). As we may

take σ ↓ 0, we see that Nṽ;y(ρ) ≥ 1 +µ. As ρ ∈ (0, ε/2) was arbitrary, we can then take ρ ↓ 0 to

see that Nṽ(y) ≥ 1 + µ > 1 = Nṽ(0), which is a contradiction. Thus we must have Bṽ ⊂ S(ṽ).

So if we have Γv 6⊂ S(ṽ), then we can find z ∈ B1\S(ṽ) for which (I) holds. In particular, as

each cone in CQ is determined by linear functions, we readily deduce from the estimate in (I)

that ρ−n
∫
Bρ(z) |v|

2 ≤ Cρ2 for all ρ ∈ (0, ε] and some C independent of ρ, so in the same way

as above, we have Nṽ(z) ≥ 1, and thus Nṽ(z) = 1, and so z ∈ S(ṽ), which is a contradiction.

Thus we must have Γv ⊂ S(ṽ).

Hence from (B4) we know ṽ is harmonic on Rn\S(ṽ). In particular as d ≡ dim(S(ṽ)), this

means that ṽ is determined by a continuous function f , defined on Rn−d, which is harmonic

away from 0 ∈ Rn−d, and thus, since d ≤ n − 2, it follows that 0 is a removable singularity of

f , and so ṽ is harmonic on all of Rn and hence is linear. By (B2) and the fact that ṽ(0) = 0

(since v is continuous) this implies that ṽ1 ≡ ṽ2 ≡ · · · ≡ ṽQ are all the same linear function,

contradicting the fact that d ≤ n− 2. We must therefore have Hk = ∅ for all k ∈ {2, 3, . . . , n},
and this completes the proof of the theorem. �

3.8. Generalised-C1,α regularity of coarse blow-ups. Employing the classification of

homogeneous degree 1 elements of BQ, i.e., Theorem 14, and recycling its method of proof,

we can now establish generalised-C1,α regularity, together with a uniform decay estimate, for

arbitrary elements of BQ, for some fixed α = α(n,Q) ∈ (0, 1).

∗This follows from the monotonicity formula for the frequency function (see Section 3.4), which gives that ṽ is
homogeneous of degree one centred at y, i.e. ṽ(y + λx) = λṽ(y + x) for all λ > 0, x ∈ Rn, from which it follows
for any x ∈ Rn and λ > 0, ṽ(x) = λ−1ṽ(λx) = λ−1ṽ(y+λx− y) = λṽ(y+λ−2(λx− y)) = ṽ(λy+λ−1(λx− y)) =
ṽ(x+ (λ−λ−1)y), and thus as for any t ∈ R we can find λ > 0 such that λ−λ−1 = t, we see that for every t ∈ R
and x ∈ Rn, we have ṽ(x+ ty) = ṽ(x), i.e. ṽ is translation invariant in the direction of y.
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Theorem 16. There exists α = α(n,Q) ∈ (0, 1) such that BQ ⊂ GC1,α(B1/2(0);AQ(R)).

Moreover if v ∈ BQ and if 0 ∈ ΓHS
v , then there exists ϕ : Rn → AQ(R) with v(ϕ) ∈ CQ or

v(ϕ) = Q|L| for some hyperplane L such that for every σ, ρ with 0 < σ ≤ ρ/2 ≤ 3/16, we have

σ−n−2

∫
Bσ(0)

G(v(x)− va(0), ϕ(x))2 dx ≤ C
(
σ

ρ

)2α

· ρ−n−2

∫
Bρ

|v|2,

where C = C(n,Q) ∈ (0,∞).

Proof. In view of property (B5I) and the fact that ‖v‖L2(B1) ≤ 1 for each v ∈ BQ, it

suffices to prove the claimed estimate for ρ = 3/8, so assume ρ = 3/8. First note that we can

repeat the first part of the argument of Theorem 14, leading to the dichotomy that (a) or (b)

holds, to establish the existence of ε = ε(n,Q) ∈ (0, 1/2) such that the same dichotomy ((a) or

(b)) must hold with z = 0 and α = 1/2 (say) for any v ∈ BQ such that 0 ∈ ΓHS
v , provided we

additionally assume that va(0) = 0 and Dva(0) = 0; specifically, there is ε = ε(n,Q) ∈ (0, 1/2)

such that for each v ∈ BQ with 0 ∈ ΓHS
v , va(0) = 0 and Dva(0) = 0, either:

(a) The conclusions of Theorem 7 hold on B9/64(0); in particular v is a generalised-C1,1/2

graph on B9/64(0) and there is a function ψ0 : Rn → AQ(R) with v(ψ0) ∈ CQ such

that we have the estimate

(50) ρ−n−2

∫
Bρ(0)

G(v(x), ψ0(x))2 dx ≤ Cρ
∫
B3/8(0)

|v|2

for all 0 < ρ ≤ 9/64, where C = C(n,Q) ∈ (0,∞), or

(b) We have

(51)

Q∑
α=1

∫
B3/8(0)\B3/16(0)

R2−n
(
∂(vα/R)

∂R

)2

≥ ε
∫
B3/8(0)

|v|2

where R(x) = |x|.

To prove this we argue by contradiction exactly as in the proof of Theorem 14, but with

‖vi‖−1
L2(B1)

vi taking the place of wi = vzi,ρi appearing in that argument, where (vi) ⊂ BQ is a

general sequence such that both options (a) and (b) with v = vi and ε = εi are assumed to

fail, with εi → 0; note that this argument utilises the classification of homogeneous degree 1

elements provided by Theorem 14 to reach a contradiction.

Still subject to the conditions va(0) = 0, Dva(0) = 0, this then leads to the final dichotomy, as

in the proof of Theorem 14 (and by the same argument), namely that either the statement (I)

holds with z = 0 (and with the estimate ρ−n−2
∫
Bρ(0) G

2(v(x), ψ0(x)) dx ≤ Cρ2µ
∫
B3/8(0) |v|

2

for all ρ ∈ (0, 9/64]), or the statement (II)′ holds (with the estimate σ−n−2
∫
Bσ(0) |v|

2 ≤

β
(
σ
ρ

)2µ
ρ−n−2

∫
Bρ(0) |v|

2 for all 0 < σ ≤ ρ/2 ≤ 3/32), where now the constants C, µ, β all

depend only on n and Q. In either case, this provides the desired estimate in the present

theorem (with L = {0} × Rn, α = µ) in the special case va(0) = 0 and Dva(0) = 0. The

claimed estimate in the general case (i.e. without the assumption va(0) = 0 and Dva(0) = 0)
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follows immediately from this special case in view of property (B5III) and a standard derivative

estimate for harmonic functions (applied to va).

Finally, to see the claim that v is of class GC1,α in B1/2, note that we can apply, for any

z ∈ Γv∩B1/2, the estimate just proved with vz,1/2 in place of v to obtain the corresponding decay

estimate at base point z and with some ϕz : Rn → AQ(R) in place of ϕ where v(ϕz) ∈ CQ or

v(ϕz) = Q|Lz| for some hyperplane Lz. Then, setting Cv = {z ∈ Γv ∩B1/2 : v(ϕz) ∈ CQ}, Bv =

Γv∩B1/2\Cv and Rv = B1/2\Γv, we can employ property (B4) to verify the requirement (A)(i)

of the definition of generalised-C1,α (i.e. Definition 10); Theorem 7 to verify the requirement

(A)(ii) of the definition; and standard pointwise estimates for harmonic functions together with

the decay estimate of the present theorem to verify the requirements A(iii) and (B) of the

definition. �

4. Proof of Theorem A

We can now prove our main result in this chapter, Theorem A. We will accomplish this by making

use of two key ingredients we now have at our disposal: (i) the asymptotic decay estimates

provided by Theorem 16 for the coarse blow-ups, valid in uniform-sized neighbourhoods of

a classical singularity or a branch point of a coarse blow-up; (ii) the estimate provided by

Theorem 1, which gives decay of a varifold as in Theorem A towards a unique classical tangent

cone if and when it reaches, upon rescaling about a point, a scale at which the degeneration of

the varifold towards a hyperplane is not too rapid (i.e. a scale at which the fine excess relative

to a classical cone is significantly smaller than the coarse excess relative to any hyperplane).

Proof of Theorem A. We first claim the following: there exist ε = ε(n,Q) ∈ (0, 1) and

θ = θ(n,Q) ∈ (0, 1) such that if P is a hyperplane of Rn+1 with distH (P∩(R×B1), {0}×B1) < ε,

and if V ∈ SQ is such that ΘV (0) ≥ Q, (ωn2n)−1‖V ‖(Bn+1
2 (0)) < Q + 1/2 and ÊV,P ≡∫

π−1
P (P∩Bn+1

1 (0)) dist2(x, P ) d‖V ‖ < ε, then either:

(i) there is a hyperplane P̃ with distH (P̃ ∩ (R×B1), P ∩ (R×B1)) < CÊV,P and

θ−n−2

∫
π−1

P̃
(P̃∩Bn+1

θ (0))
dist2, (x, P̃ ) d‖V ‖ ≤ 1

2
Ê2
V,P , or;

(ii) there is a cone C ∈ CQ with distH (spt ‖C‖ ∩ (R × B1), P ∩ (R × B1)) < CÊV,P and

ρ−n−2
∫
R×Bρ dist2(X, spt‖C‖) d‖V ‖ ≤ Cρ2µÊ2

V,P for all ρ ∈ (0, θ/8].

Here C = C(n,Q) ∈ (0,∞) and µ = µ(n,Q) ∈ (0, 1).

To prove this, we argue by contradiction. So suppose we have a sequence of varifolds (Vk)k ⊂ SQ
and a sequence of hyperplanes (Pk)k with distH (Pk ∩ (R × B1), {0} × B1) → 0 such that

ΘVk(0) ≥ Q, (ωn2n)−1‖Vk‖(Bn+1
2 (0)) < Q + 1/2 and ÊVk,Pk → 0. It suffices to prove, with

θ = θ(n,Q) ∈ (0, 1), µ = µ(n,Q) ∈ (0, 1) and C = C(n,Q) ∈ (0,∞) to be chosen, that we have

for infinitely many k, either:

(I) there is a hyperplane P̃k with distH (P̃k ∩ (R × B1), Pk ∩ (R × B1)) < CÊVk,Pk and

θ−n−2
∫
π−1

P̃k
(P̃k∩Bn+1

θ (0))
dist2(X, P̃k) d‖Vk‖(X) ≤ 1

2Ê
2
Vk,Pk

, or;
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(II) there is Ck ∈ CQ with distH (spt ‖Ck‖ ∩ (R × B1), Pk ∩ (R × B1)) < CÊVk,Pk and

ρ−n−2
∫
R×Bρ dist2(X, spt‖Ck‖) d‖Vk‖ ≤ Cρ2µÊ2

Vk,Pk
for all ρ ∈ (0, θ/8].

Let Γk : Rn+1 → Rn+1 be a rotation such that Γk(Pk) = {0} × Rn and ‖Γk − Identity‖ → 0.

Let Ṽk = (Γk)#Vk. Then Êk = Ê
Ṽk,{0}×Rn = ÊVk,Pk → 0. Let v ∈ BQ be a coarse blow-up

of (Ṽk). Since Θ
Ṽk

(0) ≥ Q, we have that 0 ∈ ΓHS
v and va(0) = 0 (by the remark following the

list of properties (B1)− (B6) in Section 2), so by Theorem 16, there is ϕ : Rn → AQ(R) with

v(ϕ) ∈ CQ or v(ϕ) = Q|L| for some hyperplane L such that for every σ ∈ (0, 3/16],

(52) σ−n−2

∫
Bσ(0)

G(v(x), ϕ(x))2 dx ≤ C1σ
2α

∫
B3/8

|v|2,

where C1 = C1(n,Q) ∈ (0,∞) and α = α(n,Q) ∈ (0, 1). Since
∫
B1
|v|2 ≤ 1, this and homogene-

ity of ϕ imply that

(53)

∫
B1

|ϕ|2 ≤ C2

for some C2 = C2(n,Q) ∈ (0,∞). Also, note that (52) implies that σ−n−2
∫
Bσ(0) |va(x) −

ϕa(x)|2 dx ≤ 2Q−2C1σ
2α
∫
B3/8
|v|2 for all σ ∈ (0, 3/16], so since va is harmonic, va(0) = 0, and

ϕ is homogeneous of degree 1, it follows that

(54) ϕa(x) = Dva(0) · x for x ∈ Rn.

Choose θ = θ(n,Q) ∈ (0, 1) such that

(55) max{C1(2θ)α, (2θ)α} < min{3/16, ε}

where ε = ε(n,Q, α) is as in Theorem 7 (taken with α equal to the present value of α given by

(52)).

Case 1: (2θ)−n−2
∫
B2θ
|v(x) − ϕa(x)|2 dx < (2θ)α. In this case, set P̃k = Γ−1

k (graph Êkϕa).

Noting by (54) that ϕa is linear, it is then straightforward to verify that option (I) holds for

infinitely many k, with C = C(n,Q).

Case 2: Case 1 fails. In this case we have

(56) (2θ)−n−2

∫
B2θ

|v(x)− ϕa(x)|2 dx ≥ (2θ)α;

it follows that we must also have that v(ϕ) ∈ CQ, for if not then v(ϕ) = Q|L| for some

hyperplane whence L = graphϕa(x) and ϕj(x) = ϕa(x) for every j = 1, 2, . . . , Q, so that by

(52), σ−n−2
∫
Bσ(0) |v(x) − ϕa(x)|2 dx ≤ C1σ

2α
∫
B3/8
|v|2 for all σ ∈ (0, 3/16] and thus taking

σ = 2θ and using (55) we see that Case 1 must hold contrary to our aasumption. Now note

that there is a sequence of rotations Γ̃k : Rn+1 → Rn+1 with Γ̃k(graph Êkϕa) = {0} × Rn and

‖Γ̃k − Identity‖ → 0 such that

ṽ(x) ≡ ‖v(2θ(·))− ϕa(2θ(·))‖−1
L2(B1)

(v(2θx)− ϕa(2θx))
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is the coarse blow-up of a subsequence of ((η0,2θ)#Γ̃k# Ṽk)k. Then we have by (52),∫
B1

G(ṽ, ϕ̃)2 < C1(2θ)2α(2θ)2‖v(2θ(·))− ϕa(2θ(·))‖−2
L2(B1)

≤ C1(2θ)α < ε

where ϕ̃(x) = ‖v(2θ(·))−ϕa(2θ(·))‖−1
L2(B1)

ϕf (2θx). Since ‖ṽ‖L2(B1) = 1 and (ϕ̃)a ≡ 0, we see, by

the choice of ε and Theorem 7(i), that for infinitely many k, the hypotheses of Theorem 1 are

satisfied with Wk = (η0,2θ)#Γ̃k# Ṽk in place of V and Ĉk ≡ v(ÊWk,{0}×Rnϕ̃) in place of C. Hence

by applying Theorem 1, and noting that by (56) and (53) we have
∫
B1
|ϕ̃|2 ≤ (2θ)−αC2 ≡ C =

C(n,Q), we see that option (II) must hold for infinitely many k (with Ck =
(

Γ̃k ◦ Γ̃k

)−1

#
C̃k,

where C̃k is the cone C̃ provided by Theorem 1 when that theorem is applied with Wk in place

of V , Ĉk in place of C, and µ = α). This establishes the claim asserted at the beginning of the

proof.

Now we can apply the claim iteratively to deduce that for any hyperplane P with distH (P ∩
(R×B1), {0} ×B1) < ε, one of the following must hold:

(i)′ there is a sequence of hyperplanes (Pk)k with P1 = P, distH (Pk+1∩ (R×B1), Pk∩ (R×
B1)) < CÊ(η

0,θk
)#V,Pk and Ê2

(η
0,θk

)#V,Pk+1
≤ 1

2Ê
2
(η

0,θk−1 )#V,Pk
for all k ≥ 1, or ;

(ii)′ there is an integer I ≥ 1 and a finite sequence of hyperplanes P1 = P, P2, . . . , PI

such that (i)′ holds for for k = 1, 2, . . . , I − 1 (if I ≥ 2), and there is C ∈ CQ with

distH (spt ‖C‖ ∩ (R×B1), PI ∩ (R×B1)) < CÊ(η
0,θI−1 )#V,PI and

(ρθI−1)−n−2

∫
R×B

ρθI−1

dist2(X, spt‖C‖) d‖V ‖ ≤ Cρ2µÊ2
(η

0,θI−1 )#V,PI

for all ρ ∈ (0, θ/8].

From these, it is standard to deduce that there are constants β = β(n,Q) ∈ (0, 1) and C =

C(n,Q) ∈ (0,∞) such that for any hyperplane P with distH (P ∩ (R × B1), {0} × B1) < ε, we

have either:

(A) there is a (unique) hyperplane P0 with distH (sptP0∩ (R×B1), P ∩ (R×B1)) < CÊV,P

and Ê(η0,ρ)#V,P0
≤ CρβÊV,P for all ρ ∈ (0, θ/8], or;

(B) there is a (unique) cone C0 ∈ CQ with distH (spt ‖C0‖∩(R×B1), P∩(R×B1)) < CÊV,P

and ρ−n−2
∫
R×Bρ dist2(X, spt‖C‖) d‖V ‖ ≤ Cρ2βÊ2

V,P for all ρ ∈ (0, θ/8].

Indeed, (A) holds if (i)′ holds, and (B) holds if (ii)′ holds. In particular, V has a unique tangent

cone at 0 which is C0 if (B) holds, and k|P0| for some constant integer k if (A) holds in which

case k = Q since ΘV (0) ≥ Q and (ωn2n)−1‖V ‖(Bn+1
2 (0)) ≤ Q + 1/2; thus we must have that

ΘV (0) = Q.

To complete the proof, note that if the hypotheses of Theorem A are satisfied with ε = ε(n,Q)

sufficiently small, then for any Z ∈ R × B3/4 with ΘV (Z) ≥ Q, we may repeat the argument

leading to (A) or (B) with (ηZ,1/4)#V in place of V . This gives {Z ∈ R × B3/4 : ΘV (Z) ≥
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Q} = {Z ∈ R×B3/4 : ΘV (Z) = Q}. Set

BV =
{
Z ∈ R×B3/4 : ΘV (Z) = Q, and (A) holds with (ηZ,1/4)#V in place of V

and a hyperplane PZ in place of P0} ,

CV =
{
Z ∈ R×B3/4 : ΘV (Z) = Q, and (B) holds with (ηZ,1/4)#V in place of V

and a cone CZ ∈ CQ in place of C0} , and

Ω = B1/2(0)\π(BV ∪ CV ),

where π : R × Rn → {0} × Rn the orthogonal projection. Then BV ∪ CV = {Z ∈ B3/4 :

ΘV (Z) ≥ Q}, and in particular BV ∪ CV is relatively closed in R × B3/4 so Ω is an open

subset of B1/2. We have, by Theorem C and the decay estimates provided by (A) and (B) that

for each Y ∈ Ω and ρY = 1
2dist(Y, π(BV ∪ CV )), the varifold V (R × BρY (Y )) is the sum of

multiplicity 1 varifolds corresponding to Q embedded, ordered graphs of smooth solutions to the

minimal surface equation on BρY (Y ) with small gradient; this gives functions uj : Ω→ R with

u1 ≤ u2 ≤ · · · ≤ uQ solving the minimal surface equation and with small gradient, such that

V R×Ω =
∑Q

j=1 |graphuj |. Moreover, since for each z ∈ B1/2\Ω, π−1(z)∩ spt‖V ‖ is a single-

point Z ∈ BV ∪CV , we can extend these functions to obtain a function u : B1/2 → AQ(R) with

u1 ≤ u2 ≤ · · · ≤ uQ. Setting Cu = π(CV ), Bu = π(BV ) and Ru = Ω, the desired properties for u

to be generalised-C1,α in B1/2 follow by using: (i) the decay estimate provided by alternative

(A) together with Theorem D (or Theorem 1) to give the local description of u near points in

Cu; (ii) the decay estimate provided by alternative (B) to verify differentiability of u at points in

Bu; and (iii) standard elliptic estimates together with the Hausdorff distance estimates between

PZ and P , and between CZ and P, as provided by (A) and (B) for any hyperplane P close to

{0} × Rn, to verify that Du is in C0,α(K) for any compact K ⊂ Ru ∪ Bu. �

Appendix: Hausdorff dimension bound for the branch set of coarse blow-ups

Here we show that the results in Chapter 4.3 above can be used to bound the Hausdorff dimen-

sion of the branch set Bv for any v ∈ BQ, i.e. we prove the following result:

Theorem 17. dimH(Bv) ≤ n− 2 for every v ∈ BQ.

Remark: When Q = 2, given Theorem A this follows immediately from [SW16]; moreover,

from [KW13] we in fact know that Bv is countably (n−2)-rectifiable, with v−va having unique

blow-ups at Hn−2-a.e. point in Bv.

Before starting the proof of this, we point out the following C0,1 estimate for the average-free

part of each v ∈ BQ, which we shall use in the proof.

Lemma 18. If v ∈ BQ then:

(i) for each z ∈ B1/2(0) ∩ ΓHS
v , and for each σ, ρ with 0 < σ ≤ ρ/2 < 3/32, we have that

σ−n
∫
Bσ(z)

|vf |2 ≤
(
σ

ρ

)2

ρ−n
∫
Bρ(z)

|vf |2;
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(ii) for each ρ ∈ (0, 1) we have

sup
Bρ

|vf |2 + ρ2 sup
x1,x2∈Bρ:x1 6=x2

|vf (x1)− vf (x2)|2

|x1 − x2|2
≤ C

∫
B1

|vf |2,

where C = C(n,Q, ρ) ∈ (0,∞).

Proof. Fix v ∈ BQ. Then for each z ∈ B1/2(0) ∩ ΓHS
v , we know from Theorem 16 that

there is a function ϕ : B1(0)→ AQ(R), with v(ϕ) ∈ CQ or v(ϕ) = Q|L| for some hyperplane L,

for which

σ−n−2

∫
Bσ(z)

G(v − va(z), ϕ)2 ≤ C
(
σ

ρ

)2α

· ρ−n−2

∫
Bρ(z)

|v|2

for every 0 < σ ≤ ρ/2 ≤ 3/32, where α = α(n,Q) ∈ (0, 1) and C = C(n,Q) ∈ (0,∞). Writing

vj = vjf + va and ϕj = ϕjf + ϕa, and noting that
∑Q

j=1 v
j
f =

∑Q
j=1 ϕ

j
f = 0 pointwise, we have

that G(v− va(z), ϕ)2 = G(vf , ϕf )2 +Q|va− va(z)−ϕa|2, so it follows from the above inequality

that

σ−n−2

∫
Bσ(z)

|vf |2 ≤ 2σ−n−2

∫
Bσ(z)

|ϕf |2 + 2σ−n−2

∫
Bσ(z)

G(v − va(y), ϕ)2

≤ C
∫
B1/2(z)

|ϕf |2 + C

∫
B1/2(z)

|v|2.

Note that from Theorem 13, we know that the frequency function associated with vf is well-

defined and is monotone. In the same manner as in the proof of Proposition 14, the preceding

inequality then shows that the frequency Nvf (z) ≥ 1 for every z ∈ B1/2(0) ∩ ΓHS
v . Thus from

frequency monotonicity, we therefore see that for each such z and all 0 < σ ≤ ρ < 1/2:

σ−n
∫
Bσ(z)

|vf |2 ≤
(
σ

ρ

)2

ρ−n
∫
Bρ(z)

|vf |2

which is the desired estimate in part (i). To see part (ii), first consider the case ρ = 1/2. Notice

that if z ∈ B1/2(0) \ ΓHS
v , then from (B4II) we see that, setting ρz = dist(z,Γv ∪ ∂B1(0)), vf

is harmonic on Bρz(z) (i.e. vjf

∣∣∣
Bρz (z)

≡ (vj − va)
∣∣
Bρz (z)

: Bρz(z) → R is harmonic for each

j = 1, 2, . . . , Q). Applying standard estimates for harmonic functions, we thus see that for such

z and all σ, ρ with 0 < σ ≤ ρ < ρz and any constant b ∈ AQ(R),

σ−n
∫
Bσ(z)

|vf − vf (z)|2 ≤ C
(
σ

ρ

)2

ρ−n
∫
Bρ(z)

|vf − b|2,

where C = C(n). From here we may apply standard Campanato-style arguments (see e.g.

[Wic14, Lemma 4.3] or [Min21a]) to reach the desired conclusion for ρ = 1/2. In view of

property (B5I), the claimed estimate for arbitrary ρ ∈ (0, 1) follows from the case ρ = 1/2. �

Proof of Theorem 17. Fix v ∈ BQ and assume that there is some j ∈ {1, . . . , Q} such

that vj 6≡ va on B1. Then it follows from Theorem 13 that for every ball Bρ(y) ⊂ B1, vf is not
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identically zero on Bρ(y). Set w := vf . We know from Theorem 16 that w is generalised-C1,α for

some α = α(n,Q), and from Theorem 13 we know that at every x0 ∈ Bv the frequency function

Nw;x0 is monotone and that the frequency Nw(x0) is well-defined. From the bounds provided

by Theorem 16 and the monotonicity of Nw;x0 we can readily check that Nw(x0) ≥ 1 + α at

every x0 ∈ Bv. So set:

F := {x ∈ B1(0) : Nw(x) ≥ 1 + α}.

The above tells us that Bv ⊂ F , and so it suffices to show dimH(F) ≤ n − 2. For y ∈ F and

σ > 0 set wy,ρ(x) := ‖w(y+ ρx)‖−1
L2(B1(0))

w(y+ ρx). Now from (B5I), we know that vy,ρ ∈ BQ,

and moreover

‖v(y + ρx)‖L2(B1(0)) · (vy,ρ)f = ‖w(y + ρx)‖L2(B1(0)) · wy,ρ.

In particular, as (vy,ρ)f and wy,ρ only differ by a multiplicative constant, we have that the squash

inequality (Lemma 8) and squeeze identity (Lemma 12) hold for wy,ρ from the corresponding

results for (vy,ρ)f , i.e.

∫
B1

|Dwy,ρ|2ζ ≤ −
∫
B1(0)

Q∑
α=1

wαy,ρDw
α
y,ρ ·Dζ

∫
B1

Q∑
α=1

n∑
i,`=1

(
|Dwαy,ρ|2δi` − 2Diw

α
y,ρD`w

α
y,ρ

)
Diζ

` = 0

for any ζ, ζ` ∈ C1
c (B1). For any r ∈ (0, 1), the squash inequality provides a bound of the form

‖Dwy,ρ‖L2(Br) ≤ C(1− r)−1‖wy,ρ‖L2(B1) = C(1− r)−1 where C = C(n). This tells us that for

each r ∈ (0, 1), we have a uniform bound on ‖wy,ρ‖W 1,2(Br) depending on r but independent of ρ,

and so given any sequence (ρj) with ρj → 0+, we may pass to a subsequence without relabelling

(using a diagonal argument) to ensure that wy,ρj → w∗ ∈ W 1,2
loc (B1), where the convergence

is locally strongly in L2 and locally weakly in W 1,2. Moreover, by frequency monotonicity, we

have for 0 < r < 1 the doubling condition ρ−n‖vf‖2L2(Bρ(y)) ≤ C(v, r)(rρ)−n‖vf‖2L2(Brρ(y)) and

so w∗ 6≡ 0 on any ball in B1.

We now claim that in fact the convergence wy,ρj → w∗ is in the strong W 1,2 topology locally

on B1. By standard results it suffices to show that ‖Dwy,ρj‖L2(Br) → ‖Dw∗‖L2(Br) for each

r ∈ (0, 1). So fix r ∈ (0, 1). We know from the local weak convergence in W 1,2 that

‖Dw∗‖L2(Br) ≤ lim inf
j→∞

‖Dwy,ρj‖L2(Br)

and so it suffices to show that lim supj→∞ ‖Dwy,ρj‖L2(Br) ≤ ‖Dw∗‖L2(Br). To show this, first

note that applying the energy non-concentration estimate, Lemma 10, to vy,ρj , with δ replaced

by δ · ‖v(y + ρjx)‖−1
L2(B1(0))

· ‖w(y + ρjx)‖L2(B1(0)), we get for any δ > 0

(57)

∫
Br

Q∑
α=1

1{|wαy,σ |<δ}|Dw
α
y,σ|2 ≤ C(1− r)−2δ

for some C = C(n,Q). We now claim that we in fact have local uniform convergence wy,ρj → w∗

in B1. Indeed, applying Lemma 18 to vy,ρ we get local uniform bounds on the C0,1 norm of
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wy,ρj for all j, and thus by the Arzelà-Ascoli theorem, we can pass to a subsequence to ensure

that in fact wy,ρj → w∗ locally uniformly, and in particular w∗ is in C0,1. Moreover this shows

that for any δ > 0 and any compact K ⊂ B1 we have, for all j sufficiently large (depending on

δ and K),

{|wy,ρj | ≥ δ} ∩K ⊂ {|w∗| ≥ 3δ/4} ∩K ⊂ {|w∗| ≥ δ/2} ∩K ⊂ {|wy,ρj | ≥ δ/4} ∩K

and thus from property (B4), wy,ρj is harmonic on {|w∗| > δ/2}, and we can upgrade the

convergence to C2 convergence on K ∩ {|w∗| ≥ 3δ/4}; in particular we have Dwy,ρj → Dw∗

strongly in L2 on this set.

Now fix ε > 0 and choose δ ∈ (0, ε) such that C(1− r)−2δ < ε, where C is as in (57). Then we

have

∫
Br

|Dwy,ρj |2 =

∫
Br

Q∑
α=1

1{|wαy,ρj |<δ}
|Dwαy,ρj |

2 +

∫
Br

Q∑
α=1

1{|wαy,ρj |≥δ}
|Dwαy,ρj |

2

≤ C(1− r)−2δ +

∫
Br∩{|w∗|≥3δ/4}

|Dwy,ρj |2

< ε+ ε+

∫
Br∩{|w∗|≥3δ/4}

|Dw∗|2

≤ 2ε+

∫
Br

|Dw∗|2

where the second and third inequalities holds for all j sufficiently large. Thus taking ε ↓ 0 we

get

lim sup
j→∞

∫
Br

|Dwy,ρj |2 ≤
∫
Br

|Dw∗|2

as desired; thus wy,ρj → w∗ strongly in W 1,2(Br) for every r ∈ (0, 1).

In particular, we are now able to take ρ = ρj in the squash inequality and squeeze identity for

wy,ρ and take j →∞ to see that

∫
B1(0)

|Dw∗|2ζ ≤ −
∫
B1(0)

Q∑
α=1

wα∗Dw
α
∗ ·Dζ

∫
B1(0)

Q∑
α=1

n∑
i,j=1

(
|Dαw∗|2δij − 2Diw

α
∗Djw

α
∗
)
Diζ

j = 0

for each ζ, ζ` ∈ C1
c (B1(0)), i.e., the squash and squeeze identities hold for w∗. In the same

way as in Theorem 13, we can define a frequency function for w∗. Moreover from the strong

W 1,2
loc convergence, we can now show that: Nw∗;0(ρ) = Nw(y) ≥ 1 + α for every ρ ∈ (0, 1) and

thus w∗ is homogeneous of degree Nw∗(0), and extends to Rn as homogeneous degree Nw∗(0)

function for which the above squash and squeeze identities hold for all ζ, ζ` ∈ C1
c (Rn). Then

the homogeneity of w∗ and frequency monotonicity give in the usual way that Nw∗(y) ≤ Nw∗(0)

for all y ∈ Rn and that the spine Sw∗ := {x0 ∈ Rn : Nw∗(0) = Nw∗(x0)} is a linear subspace,
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along which w∗ is translation invariant. Note that the frequency is upper semi-continuous with

respect to both the function and spatial variables when the convergence is strong in W 1,2.

Clearly we cannot have dim(Sw∗) = n; if this were the case w∗ would be a constant, and hence

zero, but we have shown that w∗ is non-zero. Moreover we cannot have dim(Sw∗) = n − 1;

for if this were the case then we can find an (n− 1)-dimensional subspace L along which w∗ is

translation invariant, and so w∗ is determined by a function on R with values in RQ which is

harmonic on R\{0} and homogeneous of degree Nw∗(0) ≥ 1 + α, but no such function exists.

So we have that dim(Sw∗) ≤ n− 2.

Now the above analysis was completed at an arbitrary point of F . To prove that dimH(F) ≤
n− 2, we shall follow the dimension reduction argument established in [Alm00] (and revisited

in [Sim96b]). Indeed, setting η : Rn → Rn to be ηy,ρ(x) := ρ−1(x− y), we claim that for each

y ∈ F and δ > 0, there is an ε = ε(v, y, δ) such that for ρ ∈ (0, ε]:

(58) ηy,ρ ({x ∈ Bρ(y) : Nw(x) ≥ Nw(y)− ε}) ⊂ the δ-neighbourhood of Ly,ρ

for some (n−2)-dimensional subspace Ly,ρ of Rn. Indeed, if this were false, we could find δ > 0

and y ∈ F where it fails, i.e., there are sequences 0 < ρk < εk ↓ 0 such that

{x ∈ B1(0) : Nwy,ρk
(x) ≥ Nw(y)− εk} 6⊂ the δ-neighbourhood of L

for every (n − 2)-dimensional subspace L of Rn. But we know that (up to a subsequence)

wy,ρk → w∗ for some w∗ as above, with Nw∗(0) = Nw(y). In particular we know dim(Sw∗) ≤
n − 2, and so as Sw∗ is the set of points where the frequency of w∗ takes the maximal value

Θw∗(0), we know that there is a (n− 2)-dimensional subspace L0 ⊃ S(w∗) and α > 0 such that

Nw∗(x) < Nw∗(0)− α for all x ∈ B1(0) with dist(x, L0) ≥ δ.

Then we must have by upper semi-continuity of the frequency, for all k sufficiently large,

{x ∈ B1(0) : Nwy ,ρk(x) ≥ Nw(0)− α} ⊂ {x : dist(x, L0) < δ}

which is a contradiction to the original assumption, and so we have established (58).

Now fix δ > 0. Define Fi, i ∈ {1, 2, . . . }, to be the set of points y ∈ F for which (58) holds with

ε = i−1. Then by (58) we know that F = ∪∞i=1Fi. Next for each q ∈ {1, 2, . . . } set

Fi,q :=

{
y ∈ Fi : Nw(y) ∈

(
q − 1

i
,
q

i

]}
and note that clearly F = ∪i,qFi,q. For any y ∈ Fi,q we trivially have by definition that

Fi,q ⊂ {x : Nw(x) > Nw(y)− i−1}

and thus by (58), for each ρ ≤ i−1, ηy,ρ(Fi,q ∩ Bρ(y)) ⊂ the δ-neighbourhood of Ly,ρ for some

(n− 2)-dimensional subspace Ly,ρ of Rn. From this “δ-approximation property”, the proof can

then be concluded by applying [Sim96b, Section 3.4, Lemma 3]. �



CHAPTER 5

Analysis of Non-Flat Singular Points in S2

Armed now with Theorem A, and in particular Theorem E, we can now begin our proof of

Theorem B. Fortunately for us in this situation we are able to make some of our analysis

simpler, as the two-valued functions we will work with are now classically C1,α as opposed to

generalised-C1,α. Hence we can appeal to more concrete results than the more abstract situation

seen in Chapter 4. In particular, from [KW21] we know that the branch set of a two-valued

C1,1/2 stationary n-dimensional graph is countably (n−2)-rectifiable (with the n−2 dimension

bound being initially established in [SW16]). This will enable us to show in our setting that

the relevant no gaps condition is satisfied; indeed, it would seem that it is only this dimension

bound on the branch set which prevents us from applying our argument more generally to the

varifold class SQ from Chapter 4 to establish a form of Theorem B for varifolds in SQ which

are close to a classical cone with vertex density Q+ 1/2.

We also know that a coarse blow-up of a (sequence of) C1,1/2 two-valued stationary graphs

converging to a hyperplane will be a C1,1/2 two-valued harmonic function. For these reasons,

we first recall some known facts surrounding the various types of two-valued functions which

arise in this work, before moving onto the specific theory for this work.

Remark: There will be some classes of notation compared to that used in Chapter 4 (e.g.

EV,C). For this reason, the notation used in this section is independent of that introduced

in Chapter 4, and any notation defined here overrules the equivalent seen in Chapter 4.

1. Further preliminaries

1.1. Further properties of two-valued functions. We recall the specific key definitions

and properties of two-valued functions here – more information on multi-valued functions can

be found in [Alm00], [DL10], whilst more specifics for two-valued functions can be found in

[SW16], [KW13], and [KW21].

A two-valued function u : U → A2(R) defined on an open subset U ⊂ Rn is determined

uniquely by two functions, namely the (single-valued) average part ua : U → R and the (two-

valued) symmetric part us : U → A2(R), where ua(X) = 1
2(u1(X) + u2(X)) and us(X) =

J1
2(u1(X)− u2(X))K + J1

2(u2(X)− u1(X))K if u(X) = Ju1(X)K + Ju2(X)K. If u ∈ C1, we define

the touching sets

Zu := {X ∈ U : |us(X)| = 0} and Ku := {X ∈ U : |us(X)| = 0 and |Dus(X)| = 0}.

Definition 1. The branch set Bu of a two-valued C1 function u : U → A2(R) is the set of

Y ∈ U such that there is no radius ρ ∈ (0,dist(Y, ∂U)) for which on Bρ(Y ) we can write

u(X) = Ju1(X)K + Ju2(X)K for some single-valued C1(Bρ(Y )) functions u1, u2.

117
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Clearly for u : U → A2(R) a C1 function we have Bu ⊂ Ku ⊂ Zu and Zu = Zus , Ku = Kus .

1.1.1. Two-valued C1,α harmonic functions. Two-valued C1,α harmonic functions will play

the same role for our varifolds which are close to a multiplicity two plane as single-valued

harmonic functions play for stationary varifolds close to multiplicity one planes, namely they

provide appropriate decay estimates which can be passed to the varifold level via blow-up

procedures.

Definition 2. Let α ∈ (0, 1] and U ⊂ Rn be open. Then we say u ∈ C1,α(U ;A2(R)) is (two-

valued) harmonic in U if, for every Bρ(x0) ⊂ U\Ku, there is a (unique) pair of single-valued

harmonic functions u1, u2 : Bρ(x0)→ R such that u(x) = Ju1(x)K + Ju2(x)K for all x ∈ Bρ(x0).

From [SW16] we know that if v is a symmetric two-valued C1,α harmonic function on U , then:

(i) Either |v| ≡ 0 on U or dim(Kv) ≤ n − 2; moreover either Bv = ∅, or Bv is countably

(n− 2)-rectifiable with Hn−2(Bv) > 0 (see [KW13]);

(ii) In fact v ∈ C1,1/2(U ;A2(R)) ∩W 2,2
loc (U ;A2(R)) with the estimate

(1) sup
Bρ/2(Y )

|v|+ ρ sup
Bρ/2(Y )

|Dv|+ ρ3/2[Dv]1/2;Bρ/2(Y ) ≤ Cρ−n/2‖v‖L2(Bρ(Y ))

for every ball Bρ(Y ) with Bρ(Y ) ⊂ U ; here C = C(n).

In particular, if u is any two-valued C1,α harmonic function then Bu is (n− 2)-rectifiable, and

thus the average part ua is always a single-valued harmonic function on U .

Remark: One crucial difference between single-valued and two-valued harmonic functions

which is relevant to the current work is that currently there is no known general boundary

regularity theory for two-valued harmonic functions. For single-valued harmonic functions we

have classical boundary regularity results from elliptic PDE theory (see e.g. [GT15]). Even

a reflection principle for two-valued harmonic functions is unclear (it should be stressed that

the reason the usual reflection principle for single-valued harmonic functions is so versatile

is that it assumes no control on the derivatives of the function at the boundary). In order

to establish a suitable C1,α boundary regularity theory for the relevant two-valued harmonic

functions which appear in this work, we shall use geometric arguments based on the Hardt–

Simon inequality.

1.1.2. Two-valued C1,α stationary graphs. From Theorem E we see that C1,α (in fact, C1,1/2)

stationary graphs provide a graphical representation for stable codimension one integral varifolds

containing no triple junction classical singularities (i.e. V ∈ S2) which are close, as varifolds,

to a hyperplane of multiplicity two. If u ∈ C1,α(U ;A2(R)) recall that we denote by v(u) the

varifold associated to the graph of u.

We now make explicit some properties of two-valued C1,α stationary graphs. Note that v(u) is

determined by the function x 7→ (x, u(x)) ∈ Rn×A2(R), and so if we define the two-valued Ja-

cobian of this map by J(x) := JJ1(x)K+ JJ2(x)K, then Ji(x) =
√

det(δpq +Dpui(x) ·Dqui(x))p,q
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for i = 1, 2. From the area formula (see [DLS13]) we have

(2)

∫
A×R

g d‖v(u)‖ =

∫
A
g(x, u1(x))J1(x) + g(x, u2(x))J2(x) dx

for any measurable subset A ⊂ U and bounded compactly supported Borel function g : U×R→
R. Moreover we have 1 ≤ Ji ≤ C

√
1 + |Du|2 for each i = 1, 2, where C = C(n).

We can then define analogous sets Zv(u), Kv(u), on the graph level instead of the domain level

via Zv(u) := Θ−1
v(u)(2) and

Kv(u) := {Z ∈ Zv(u) : at least one tangent cone at Z is supported on a hyperplane}.

Again, from [SW16] we know that there exists ε = ε(n) such that if ‖u‖1,α < ε, then either

Kv(u) = graph(u), i.e. u1 ≡ u2, or dim(Kv(u)) ≤ n−2. Moreover, either we have sing(v(u)) = ∅
or Bv(u) is countably (n − 2)-rectifiable (the rectifiability claim is established in [KW21])

with Hn−2(Bv(u)) > 0. We also have that ua ∈ C1,1(U ;R) and us ∈ C1,1/2(U ;A2(R)) ∩
W 2,2

loc (U ;A2(R)), with the estimates:

(3) sup
Bρ/2(Y )

|ua|+ ρ sup
Bρ/2(Y )

|Dua|+ ρ2 sup
Bρ/2(Y )

|D2u| ≤ Cρ−n/2‖ua − ua(Y )‖L2(Bρ(Y ))

(4) sup
Bρ/2(Y )

|us|+ ρ sup
Bρ/2(Y )

|Dus|+ ρ3/2[Dus]1/2;Bρ/2(Y ) ≤ Cρ−n/2‖us‖L2(Bρ(Y ))

for each Bρ(Y ) ⊂ Bρ(Y ) ⊂ U , where C = C(n).

1.2. A unique continuation property. At various points we shall need to patch together

two-valued stationary graphs defined on different intersecting regions to form a global function.

To achieve this we use the following unique continuation principle.

Lemma 3. Let U ⊂ Rn be open and suppose u1, u2 ∈ C1,1/2(U ;A2(R)) are both stationary

two-valued graphs. Then if there is an open subset V ⊂ U on which u1|V ≡ u2|V , then we have

u1 ≡ u2.

Proof. First it is well-known, albeit hard to find in the literature (see e.g. [Hie20]), that

for a C1,α stationary two-valued graph u : U → A2(R), the associated varifold v(u) is stable.

We know from Chapter 5.1.1.2 that dimH(Bv(ui)) ≤ n − 2 for i = 1, 2, and thus Almgren’s

stratification of the singular set gives

sing(v(ui)) = Si ∪Bi

where for each i = 1, 2, Bi is a relatively closed set with dimH(Bi) ≤ n − 2 and each X ∈ Si
has at least one classical tangent cone of density 2 at the origin (note that triple junction

singularities do not occur in two-valued stationary graphs).

Now suppose there is a point X ∈ U\π(B1 ∪ B2) where u1(X) 6= u2(X); here π : U × R →
U × {0} ∼= U is the orthogonal projection. It suffices to find a contradiction to this, as then



120 Analysis of Non-Flat Singular Points in S2

we have u1|U\π(B1∪B2) ≡ u2|U\π(B1∪B2), which then implies u1 ≡ u2 by continuity and the fact

that dimH(π(B1 ∪ B2)) ≤ n − 2. We may also assume that U is bounded by restricting to an

appropriate ball containing X and an open region of V . In particular, this dimension bound on

B1∪B2 implies that U\π(B1∪B2) is connected, and so it is path connected (as it is open), and

thus choosing X0 ∈ V \π(B1∪B2) we may find a path γ : [0, 1]→ U\π(B1∪B2) with γ(0) = X0

and γ(1) = X.

Set A := {t ∈ [0, 1] : u1 = u2 on a neighbourhood of γ(t)}. Then we know that there is some

ε > 0 for which [0, ε) ⊂ A. Let t0 := sup{t : [0, t) ⊂ A}; clearly [0, t0) ⊂ A. We claim that

if t0 < 1 we have a contradiction. Indeed, we know from continuity that u1(t0) = u2(t0) and,

by construction, we know that there is a ρ > 0 with Bρ(γ(t0)) ⊂ U\π(B1 ∪ B2) for which

ui = Ju(1)
i K+ Ju(2)

i K for i = 1, 2, where u
(j)
i is a smooth solution of the minimal surface equation.

However by definition of A and t0, we know u
(i)
1 agrees with u

(ji)
2 on an open subset of Bρ(γ(t0))

for some ji, and so by unique continuation of solutions of the minimal surface equation, they

must agree on all of Bρ(γ(t0)), i.e. there exists t > t0 for which t ∈ A, contradicting the

definition of t0. Thus t0 = 1 and so by continuity we must have u1(γ(1)) = u2(γ(1)), i.e.

u1(X) = u2(X), providing the necessary contradiction and proving the result. �

Making straightforward modifications to the above proof, and instead using results from Chap-

ter 5.1.1.1 and the unique continuation principle for single-valued harmonic functions, we can

similarly prove a unique continuation principle for two-valued C1,α harmonic functions.

Lemma 4. Let U ⊂ Rn be open and suppose u1, u2 ∈ C1,1/2(U ;A2(R)) are both two-valued

harmonic functions. Then if there is an open subset V ⊂ U on which u1|V ≡ u2|V , then we

have u1 ≡ u2.

1.3. Classes of varifolds. We now describe the set-up for the proof of Theorem B. Note

that we know that S2 is a closed class, i.e. any limit point of elements of S2 with uniformly

bounded mass necessarily lies in S2.

For V ∈ S2 we shall write B2 ⊂ B for the set of multiplicity two branch points in V . From

Theorem E we know that B2 is a countably (n− 2)-rectifiable subset of spt‖V ‖ when it is non-

empty, and that any multiplicity two immersed singular points are exactly those singular points

where one tangent cone is a classical tangent cone with density 2 at the origin. Since Theorem

E provides an understanding of such V in the region {ΘV < 5
2}, the purpose of Theorem B is to

provide an understanding of V in the region {ΘV < 3}, up to a countably (n− 2)-rectifiable set

(namely Sn−2; see [NV15]). To do this, we need to understand the local structure of V about

singular points which have a tangent cone C which is a classical tangent cone with ΘC(0) = 5
2 .

So take such a cone C, and without loss of generality rotate V so that we may assume C =

C0×Rn−1; here C0 is a stationary 1-dimension integral cone in R2 which has ΘC0(0) = 5
2 , and

is thus comprised of 5 rays from the origin (counted with multiplicity).

Remark: For C0 ⊂ R2 a 1-dimensional stationary integral cone with ΘC0(0) = 5
2 , if we write

{n1, . . . , nk} for the unit vectors in the directions of the rays of spt‖C0‖, and {θ1, . . . , θk} ⊂
Z≥1 for the multiplicities of each ray respectively, then the stationarity condition requires that∑k

i=1 θini = 0, whilst the density condition implies that
∑k

i=1 θi = 5. It follows immediately

from these two facts that θi ∈ {1, 2} for each i, and thus k ∈ {3, 4, 5}. A simple calculation
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shows that when k = 3, up to a orthogonal rotation of R2, spt‖C0‖ is completely determined,

whilst when k ∈ {4, 5} in fact we have an (k − 3)-parameter family of possible cones, which

is a closed family except when two or more rays coincide to give a cone with a fewer number

of distinct rays.

The above remark implies that C0 must be comprised of either: (i) five multiplicity 1 rays, or

(ii) three multiplicity 1 rays and one multiplicity 2 ray, or (iii) one multiplicity 1 ray and two

multiplicity 2 rays. Each case will need its own consideration in the proof of Theorem B, with

those cases of fewer multiplicity one rays relying on the result of Theorem B for those with

more.

Definition 5. Fix I ∈ {0, 1, 2}. We say that a cone C is level I if it is a classical cone with

ΘC(0) = 5
2 and exactly I of the half-hyperplanes in spt‖C‖ have multiplicity 2 (equivalently

spt‖C‖ is comprised of 5− I half-hyperplanes). We write LI for the set of cones of level I.

Remark: We make no stationarity assumption on the cones in LI .

Set L := L0 ∪L1 ∪L2. The set L comprises of all cones which we are interested in for the proof

of Theorem B. We write LS ⊂ L for the set of cones in L which are also stationary as varifolds.

There are two height excesses which we shall need for the proof of Theorem B. For simplicity

we use the same notation as seen in Chapter 4, however we stress that these expressions are

different to those of Chapter 4 due to the domains of integration.∗

Definition 6. For V ∈ S2 and C ∈ L, the one-sided height excess of V relative to C is:

E2
V,C :=

∫
B1

dist2(X, spt‖C‖) d‖V ‖

and the two-sided height excess of V relative to C is:

Q2
V,C :=

∫
B1

dist2(X, spt‖C‖) d‖V ‖+

∫
B1/2\{rC<1/16}

dist2(X, spt‖V ‖) d‖C‖

where rC(X) := dist(X,S(C)) (= |x| if X = (x, y) ∈ R2 × Rn−1 and S(C) = {0}2 × Rn−1).

As mentioned in the above footnote (∗), the height excess can only tell us how close the supports

are, and so to ensure a varifold is close in the varifold topology to a given cone, we need an

assumption on the mass. This leads us to define a class of nearby varifolds for each C ∈ L.

Definition 7. For C ∈ L and ε > 0, define Nε(C) to be the class of V ∈ S2 which have
5
2ωn − 1 ≡ ‖C‖(B1(0))− 1 ≤ ‖V ‖(B1(0)) ≤ ‖C‖(B1(0)) + 1 ≡ 5

2ωn + 1 and EV,C < ε.

For ε > 0 we also define a class Lε(C) of nearby cones to a given cone C ∈ L in the following

manner: C′ ∈ Lε(C) if S(C′) = S(C) and, after performing a rotation so that C = C0 × Rn−1

and C′ = C′0 ∈ Rn−1, if we write C0 =
∑5

i=1 |`i| for some rays `i through 0 ∈ R2, then

C′0 =
∑5

i=1 |qi(`i)| for some qi ∈ SO(2) with |qi − id| < ε, for id : R2 → R2 the identity map.

∗A mass lower bound is of course natural for our setting, as we do not want to consider the situation where V is
close to a subcone to C, such as a multiplicity one hyperplane or triple junction. As long as the total mass of V
is in some (2ωn + δ, 3ωn − δ), we will be fine.
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Remark: If C ∈ LI , then, for ε = ε(C) sufficiently small, Lε(C) only contains cones which

are of level at most I.

We now prove that indeed varifolds in Nε(C) are close, as varifolds, to C for ε > 0 sufficiently

small, in the following sense:

Lemma 8. Fix C ∈ LS. Then if Vi ∈ Nεi(C) with εi ↓ 0, we have Vi ⇀ C (as varifolds).

Proof. It suffices to show that every subsequence of (Vi)i has a further subsequence which

converges to C as varifolds; so let us suppose, without relabelling the sequence, we have already

passed to some subsequence and that this is (Vi)i. Then, from the compactness properties of the

class S2, we may pass to another subsequence to ensure that Vi ⇀ V for some V ∈ S2, which

moreover has 5
2ωn−1 ≤ ‖V ‖(B1(0)) ≤ 5

2ωn+1. By definition ofNεi(C) and the fact that varifold

convergence implies local convergence of the supports with respect to the Hausdorff distance, we

see that spt‖V ‖ ∩B1 ⊂ spt‖C‖. In particular, as C comprises of half-hyperplanes and spt‖V ‖
has no boundary in Bn+1

2 (0), we see that necessarily spt‖V ‖∩B1 consists of some subcollection

of half-hyperplanes in spt‖C‖ ∩ B1. Thus, as V is integral, each half-hyperplane in V arises

with a fixed integer multiplicity. From the mass bound on V we know that ΘV (0) < 3; the form

of V (i.e. supported on half-hyperplanes) then implies ΘV (0) ≤ 5
2 . It is then straightforward to

check case by case that for C of this specific form that we must have, as ‖V ‖(B1) > 2ωn, that

V = C; this then completes the proof. �

For a given classical cone C, we will also need a notion of functions defined over spt‖C‖ which

“respect the multiplicity” of C. We will use these functions to express nearby varifolds as graphs

over C.

Definition 9. Fix α ∈ (0, 1), I ∈ {0, 1, 2}, and C ∈ LI ; write C =
∑5−2I

i=1 JHiK + 2
∑I

j=1JGjK,
where (Hi)

5−2I
i=1 , (Gi)

I
i=1 are the half-hyperplanes spt‖C‖ is comprised of. We say u ∈ C1,α(C),

written u : spt‖C‖ → AC(spt‖C‖⊥), if the following holds:

(a) For each i = 1, . . . , 5 − 2I, u|Hi = ui, where ui ∈ C1,α(H i, H
⊥
i ), and for each j =

1, . . . , I, u|Gj = vj , where vj ∈ C1,α(Gj ,A2(G⊥j ));

(b) There is a C1,α function w : S(C)→ R2 such that for each i, j we have ui|S(C) = w⊥Hi

and vj |S(C) = w
⊥Gj , where ⊥H denotes the orthogonal projection onto the normal

direction to H.

We also write u ∈ C1,α(C U), for U ⊂ Rn+1 obeying dist(U, S(C)) > 0, to mean that

u = v|spt‖C‖∩U for some v ∈ C1,α(C), and we write u ∈ C1,α(C {rC > 0}) to mean a function

u obeying (a) above, except we only require ui ∈ C1,α(Hi, H
⊥
i ) and vj ∈ C1,α(Gi,A2(G⊥j )).

Remark: Condition (b) tells us that each two-valued function vj necessary has boundary

values on ∂Hj which are determined by a single-valued function.

1.4. Multiplicity two classes. The aim of this section is to show that, for ε = ε(C) > 0

sufficiently small, Nε(C) is contained in a so-called multiplicity two class; this is a natural

extension of the multiplicity one class notion originally introduced in [Sim93]. Working in such

a class provides us with more powerful estimates than those available otherwise, allowing us



Further preliminaries 123

in places to follow arguments in the style of [Sim93, Sections 2 and 3] as opposed to those in

[Wic14, Section 10], the latter of which are significantly more involved.

Definition 10. We say that a class M2 is a multiplicity two class if:

(i) Elements ofM2 are pairs (V,UV ), where UV ⊂ Rn+1 is open, V is stationary and stable

in UV with no triple junction singularities, and moreover for any orthogonal rotation

q of Rn+1, X ∈ UV , and ρ ∈ (0,dist(X, ∂UV )), we have ((q ◦ ηX,ρ)#V, (q ◦ ηX,ρ)(UV )) ∈
M2;

(ii) If (Vj , UVj )j ⊂M2 and U ⊂ Rn+1 is open such that U ⊂ UVj for all sufficiently large j,

and supj≥1 ‖Vj‖(K) < ∞ for each compact K ⊂ U , then there is a subsequence (Vj′)

and (V,UV ) ∈M2 such that U ⊂ UV , Vj′ U ⇀ V U , and moreover ΘV |reg(V )∩U ≤ 2.

Remark: When UV is clear, we shall write for simplicity V ∈M2 instead of (V,UV ) ∈M2.

Moreover from (ii), each V ∈M2 must have ΘV |reg(V ) ≤ 2.

It then follows from Allard’s regularity theorem and Theorem E that we have the following

ε-regularity theorem for multiplicity two classes:

Lemma 11. Let Λ > 0 and let M2 be a multiplicity two class. Then there exists a con-

stant β = β(M2,Λ) > 0 such that the following is true: if V ∈ M2, ρ > 0, Bρ(X0) ⊂ UV ,

‖V ‖(Bρ(X0)) ≤ Λ, spt‖V ‖ ∩ B3ρ/4(X0) 6= ∅, and ρ−n−2
∫
Bρ(X0) dist2(X,P ) d‖V ‖(X) < β for

some n-dimensional hyperplane P ⊂ Rn+1, then, for some C = C(n), we have either:

(i) There is a C2 map u : P ∩ B3ρ/4(X0) → P⊥ such that V Bρ/2(X0) = |graph(u)|
Bρ/2(X0), graph(u) ⊂ spt‖V ‖;

(ii) There is a C1,1/2 map u : P ∩B3ρ/4(X0)→ A2(P⊥) such that V Bρ/2(X0) = v(u)

Bρ/2(X0), graph(u) ⊂ spt‖V ‖;

in either case, we have:

ρ−2 sup |u|2 + sup |Du|2 ≤ Cρ−n−2

∫
Bρ(X0)

dist2(X,P ) d‖V ‖.

Proof. If this were not true, then we could find sequences (Vk)k ⊂M2, (ρk)k, (Xk)k, with

Bρk(Xk) ⊂ UVk , ‖Vk‖(Bρk(Xk)) ≤ Λ, spt‖Vk‖ ∩B3ρk/4(Xk) 6= ∅, and

ρ−n−2
k

∫
Bρk (Xk)

dist2(X,Pk) d‖Vk‖ → 0

for some sequence of hyperplanes (Pk)k, such that neither conclusion holds for each k. Now,

for each k we can find a rotation qk of Rn+1 with qk(Pk) = {0} × Rn, and then by properties

of a multiplicity two class we know that Ṽk := (qk ◦ ηXk,ρk)#V ∈ M2 for each k, and moreover

by construction ÊṼk → 0, where Ê2
Ṽk

:=
∫
B1
|x1|2 d‖Ṽk‖. We can also pass to a subsequence to

ensure that Ṽk ⇀ V ∈ M2. By construction we necessarily have spt‖V ‖ ∩ B1(0) ⊂ {0} × Rn,

and thus by definition of a multiplicity two class, V B1 = θ|{0} × Bn
1 (0)|, where θ ∈ {1, 2}.

But then if θ = 1 we get a contradiction to Allard’s regularity theorem, and if θ = 2 we get a

contradiction to Theorem E. �
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The crucial step to containing V ∈ Nε(C) in a multiplicity two class is to control the density of

points in V close to the spine of C. The following simple lemma enables us to do this.

Lemma 12. Fix δ0 > 0. There exists ε0 = ε0(n, δ0) such that if δ ≥ δ0 and V is a stationary

n-varifold in Bn+1
1 (0) which satisfies ω−1

n ‖V ‖(B1(0)) ≤ 5
2 + δ, then for any X ∈ Bε0(0) and any

ρ ∈ (0, 1− |X|) we have
‖V ‖(Bρ(X))

ωnρn
≤ 5

2
+ 2δ.

Proof. From the monotonicity formula it follows that:

‖V ‖(Bρ(X))

ωnρn
≤
‖V ‖(B1−|X|(X)

ωn(1− |X|)n
≤ ‖V ‖(B1(0))

ωn
· (1− |X|)−n ≤

(
5

2
+ δ

)
· (1− ε0)−n

and since y 7→
5
2

+2y
5
2

+y
is increasing for y > 0, it suffices to take ε0 obeying (1− ε0)−n ≤

5
2

+2δ0
5
2

+δ0
. �

We can now prove:

Lemma 13. Let C ∈ LS. Then there exists ε1 = ε1(C) ∈ (0, 1) and a multiplicity two class

M2 = M2(C) such that for all ε ≤ ε1, Nε(C) ⊂ M2, in the sense that there is a fixed

U ⊃ Bn+1
3/4 (0) for which (V,U) ∈M2 for each V ∈ Nε(C).

Proof. We follow a similar argument to that seen in [Sim93, Corollary 3]. It will be crucial

to our argument that C has half-integer density at the origin as opposed to integer density.

Firstly note that trivial inclusion Nε(C) ⊂ Nε1(C) for ε ≤ ε1, and so it suffices to prove the

containment for Nε1(C). Next note that from Lemma 8 that if ε1 = ε1(C) is sufficiently small we

have for all V ∈ Nε1(C), ω−1
n ‖V ‖(B1(0)) ≤ 5

2 + 1/8, and so applying Lemma 12 with δ0 = 1/8

we see that we can find some ρ0 = ρ0(n) such that for any X ∈ Bρ0(0) and ρ ∈ (0, 1 − |X|),
(ωnρ

n)−1‖V ‖(Bρ(X)) ≤ 5
2 + 1/4.

By translation and the definition of Nε1(C), we can also arrange that for ε1 = ε1(C) sufficiently

small, the same mass bounds hold for all X ∈ B2
ρ0

(0) × Bn−1
3/4 (0) and ρ ∈ (0, 1 − |X|), in

coordinates where S(C) = {0}2 × Rn−1; write X = (x, y) ∈ R2 × Rn−1 in these coordinates.

Moreover from Lemma 8, Theorem E, and Allard’s regularity theorem, we can find ε∗ = ε∗(C)

such that if ε < ε∗, then on {|x| > ρ0/4} each V ∈ Nε(C) is expressible on B1/2(0)∩{|x| > ρ0/4}
as a sum of single-valued and two-valued stationary graphs defined on spt‖C‖ ∩ {|x| > ρ0/4};
suppose also that ε1 < ε∗.

Now we define M2 to be all varifolds of the form (q ◦ ηY,ρ)#V and their varifold limits, where

Y ∈ Bn+1
1/2 (0), ρ > 0, and q a rotation of Rn+1. In all cases take the corresponding open set U

in the definition of M2 to be B2
1(0) × Bn−1

3/4 (0). Then it is easy to check from the above that

this is a multiplicity two class containing Nε1(C), completing the proof. �

Remark: The above argument does not actually depend on C ∈ LS : no sequence of cones

in LS can converge to a cone which has a half-hyperplane of multiplicity ≥ 3, as this would

contradict the stationarity condition. As such, in the proof of Lemma 13 one could find

a multiplicity two class M2, dependent only on the dimension (and the number of half-

hyperplanes in C counted with multiplicity, or equivalently ΘC(0) = 5/2) and an ε = ε(n) > 0
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such that Nε(C) ⊂ M2, in the above sense, for any C ∈ LS . As such, the constant β from

Lemma 11 when applied later to the classesNε(C) can be chosen such that β = β(n,ΘC(0)) =

β(n), i.e. independent of C and only dependent on the dimension. We shall make use of this

later to ensure our constants do not depend on C explicitly.

Remark: From now on, we shall always assume that ε = ε(C) is sufficiently small so that

Nε(C) is contained in a multiplicity two class, which can be ensured by Lemma 13.

1.5. Density gaps. The last important property we will need is that, for each V ∈ Nε(C),

for each point Z ∈ S(C)∩B1 points of sufficiently large density in V accumulate at Z. Geomet-

rically this ensures that V is not losing symmetries that C as, and analytically we are able to

use this property to prove certain L2 estimates hold on balls centred on S(C), which ultimately

we use to establish the C1,α boundary regularity for the blow-ups.

Definition 14. Let δ > 0 and C ∈ L. We say that V ∈ S2 has no δ-density gaps with respect

to C if for each y ∈ S(C) ∩B1(0), we have {ΘV ≥ ΘC(0) = 5
2} ∩Bδ(y) 6= ∅.

Lemma 15. Fix δ > 0 and C ∈ L. Then there exists ε = ε(C, δ) ∈ (0, 1) such that each

V ∈ Nε(C) has no δ-density gaps with respect to C.

Proof. Without loss of generality rotate so that S(C) = {0}2 × Rn−1. We claim that, for

ε = ε(C, δ) ∈ (0, 1) sufficiently small, for every Y = (0, y) ∈ {0}2 ×Bn−1
1 (0) and V ∈ Nε(C) we

have

(?) (sing(V )\C2) ∩ (R2 × {y}) ∩Bn+1
1 (0) 6= ∅.

where by C2 we mean the density 2 immersed classical singular points of V . Indeed to see this,

first choose ε = ε(C) such that if V ∈ Nε(C) then on {(x, y) ∈ Bn+1
1 (0) : |x| > 1/100} we can

express V as a union of two-valued C1,α stationary graphs and C2 single-valued graphs defined

on the half-hyperplanes in spt‖C‖; such an ε exists by virtue of Lemma 8 and Theorem E. Now

if (?) fails with this ε, then we can find some (0, y) ∈ {0}2 ×Bn−1
1 (0) and V ∈ Nε(C) for which

sing(V ) ∩ (R2 × {y}) ∩Bn+1
1 (0) ⊂ C2.

However we know that C2 ⊂ sing(V ) is open, and thus applying a compactness argument we

see that we must be able to find a neighbourhood U ⊂ Bn−1
1 (0), which can depend on V and

y, with y ∈ U and

sing(V ) ∩ (R2 × U) ∩Bn+1
1/2 (0) ⊂ C2.

This means that in R2 × U , spt‖V ‖ is an immersed submanifold, which by choice of ε and the

fact that the two-valued pieces have no branch points and so necessarily decompose into two

single-valued stationary graphs, has five (counted with multiplicity) connected components in

∂ spt‖V ‖ ∩ ∂Bn+1
1/2 (0). However an such an immersed submanifold must have an even number

of such boundary components, providing the contradiction and establishing (?).

From (?) we can now prove the result. Choosing ε∗ = ε∗(C, δ) so that (?) holds with ε∗, again

from Lemma 8 we can choose ε < ε∗, ε = ε(C, δ) such that on {|x| > δ/2} we have ΘV ≤ 2+1/4.

Now fixing Y = (0, y) ∈ S(C) ∩ Bn+1
1 (0), (?) implies that Hn−1(Bδ(Y ) ∩ sing(V )\C2) > 0.
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From Theorem E we know that dimH(B2) ≤ n − 2, where B2 is the set of multiplicity two

branch points of V . Thus if Hn−1(B ∩ Bδ(Y )) > 0, we must be able to find a branch point of

density ≥ 3, which establishes the lemma. So we may assume from now on that B is Hn−1-

null in Bδ(Y ). But then from Almgren’s stratification of the singular set, the we must have

Hn−1(Bδ(Y ) ∩ (Sn−1\Sn−2)\C2) > 0. But we know that every singular point in Sn−1\Sn−2 has

a classical tangent cone, which has density q ∈ {3/2, 2, 5/2, . . . }. Moreover as V has no triple

junction classical singularities, by the ε-regularity theorem for the triple junction ([Sim93]) we

know that q 6= 3/2. Moreover by construction the singular points aren’t in C2, and so q 6= 2.

Hence we have q ≥ 5/2, i.e. there must be a singular point with a classical tangent cone of

density ≥ 5/2, and thus a singular point of density ≥ 5/2, completing the proof. �

Remark: Just like for Lemma 13, one sees that the above argument does not depend on the

base cone C, but just that no sequence of cones in LS can limit onto a cone with multiplicity

> 2 on a hyperplane. Hence we see that in fact the constant ε in Lemma 15 can be chosen to

only depend on n and δ.

Here and elsewhere in the paper, we suppress the dependence on the dimension n of any constant

which also depends on a cone C ∈ L; this is simply because n can be recovered from C from

the dimension of its spine. Thus we could write C = C(C) or C = C(C0, n) if C = C0 ×Rn−1,

and we shall opt for the former. Thus when a constant if written to depend on n, this is to

stress that it does not depend on the form of base cone C.

Remark: Much like we saw in Chapter 3.3, it is possible to prove Lemma 15 using the

Federer–Fleming compactness theory ([FF60]); this argument was suggested by N. Wickra-

masekera. If Lemma 15 were to be false for some δ > 0, then we could find a sequence of

varifolds Vk ⇀ C in B1(0), yet there is some y ∈ S(C)∩B1(0) for which Bδ(y) ⊂ {ΘVk < 5/2}
for each k. In particular, by the same dimension considerations on the singular set as in the

above proof, we see that we may write for each k, sing(Vk) ∩ Bδ(y) = C(k)
2 ∪ S(k), where

dimH(S(k)) ≤ n − 2, and about each point in C(k)
2 Vk is immersed. Thus we can give the

immersed part of each Vk Bδ(y) a current structure; we denote this by Ṽk. By the above

properties we know that ∂Ṽk = 0 for all k. Then by the Federer–Fleming compactness

theory, we can pass to a subsequence to ensure that Ṽk ⇀ Ṽ as currents, where Ṽ is a

current with ∂Ṽ = 0, spt‖Ṽ ‖ ⊂ spt‖C‖, and with Ṽ agreeing with C on any multiplicity

one half-hyperplane in C. On a multiplicity two half-hyperplane in C, either Ṽ agrees with

C, or the masses cancel and Ṽ vanishes there; i.e. the current associated with Ṽ has either

multiplicity 2 or 0 on such a half-hyperplane. It is then simple to check that no matter which

form Ṽ takes, there is no such Ṽ of this form which can have ∂Ṽ , which provides the desired

contradiction to prove the result.

2. Regularity of blow-up classes

In this section we shall prove a C1,α boundary regularity result for certain classes of (multi-

valued) functions which arise when performing a blow-up of a sequence of varifolds in S2 con-

verging to a cone in LS . Moreover, when we perform a fine blow-up procedure, whilst the

generated functions don’t quite form a class in the sense below, the techniques are still strong

enough to deduce a C1,α boundary regularity result.
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Fix C ∈ LS ∩ LI , where I ∈ {0, 1, 2}. Also fix a constant C = C(n). For each half-hyperplane

in spt‖C‖, we can find some rotation Ri of Rn+1 which fixes S(C) and maps Hi to H := {x ∈
Rn+1 : x1 = 0, x2 > 0}. Then any function vi defined on Hi which is valued in Hi can be

rotated via ṽi(x) := Riv(R−1
i x) to give a function defined over H which is valued in H⊥. In this

way, we are able to rotate all the half-hyperplanes in spt‖C‖ and treat the functions defined in

Definition 9 as defined over a single half-hyperplane.

Definition 16. We say a collection of functions B(C) is a proper (coarse) blow-up class over

C ∈ LS ∩ LI if it obeys the following properties:

(B1) Each element v ∈ B(C) takes the form v = (v1, . . . , v5−I), where vi ∈ L2(B1(0) ∩
H;Aqi(H⊥))∩W 1,2

loc (B1(0)∩H;Aqi(H⊥)), where q1, . . . , q5−2I = 1 and q5−2I+1, . . . , q5−I =

2;

(B2) (Interior regularity). If v ∈ B(C), then vi is a qi-valued harmonic function for each

i = 1, . . . , 5− I, which is smooth if qi = 1 and C1,1/2 if qi = 2;

(B3) (Boundary estimates). If v ∈ B(C) and z ∈ B1(0)∩∂H, then for each ρ ∈ (0, 3
8(1−|z|)]

we have∫
Bρ/2(z)∩H

5−I∑
i=1

|vi(x)− κi(z)|2

|x− z|n+3/2
dx ≤ Cρ−n−3/2

∫
Bρ(z)∩H

5−I∑
i=1

|vi(x)− κ(z)|2 dx

where κ : B1(0) ∩ ∂H → R2 is a smooth single-valued function which obeys

sup
B5/16(0)∩∂H

|κ|2 ≤ C
∫
B1/2(0)∩H

|v|2

and κi denotes the projection of κ onto the normal direction to Hi;

(B4) (Hardt–Simon inequality) For v ∈ B(C), z ∈ B1(0) ∩ ∂H, and ρ ∈ (0, 3
8(1 − |z|)], we

have:∫
Bρ/2(z)∩H

5−I∑
i=1

R2−n
z

(
∂

∂Rz

(
vi − via(z)

Rz

))2

≤ Cρ−n−2

∫
Bρ(z)∩H

5−I∑
i=1

|vi − `vi,z|2

where Rz(x) := |x− z| and `vi,z(x) := via(x) + (x− z) ·Dvia(z) is the first-order linear

approximation to the average part of vi at z;

(B5) (Closure properties). If v ∈ B(C), then:

(B5I) For each z ∈ B1(0) ∩ ∂H and σ ∈ (0, 3
8(1 − |z|)], if v 6≡ 0 in Bσ(z) ∩ H then

vz,σ(·) := ‖v(z + σ(·))‖−1
L2(B1(0)∩H)

v(z + σ(·)) ∈ B(C);

(B5II) ‖v − `v‖−1
L2(B1(0)∩H(v − `v) ∈ B(C) whenever v − `v 6≡ 0 in B1(0) ∩ H, where

v − `v = (v1 − `v1 , . . . , v5−I − `v5−I ) and `vi = `vi,0 (from (B4));

(B6) (Compactness property). If (vm)m ⊂ B(C), then there is a subsequence (m′) ⊂ (m)

and a function v ∈ B(C) such that vm′ → v strongly in L2
loc(B1(0) ∩H) and weakly

in W 1,2
loc (B1(0) ∩H);
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(B7) (ε-regularity property). There exist constants α = α(n) and ε = ε(C) such that

whenever v ∈ B(C) has via(0) = 0, Dvia(0) = 0 for each i = 1, . . . , 5 − I, and

‖v‖L2(B1(0)∩H) = 1, then the following is true: if v∗ = (v1
∗, . . . , v

5−I
∗ ) is such that

for each i, vi∗ : H → Aqi(H⊥), with q1, . . . , q5−2I = 1, q5−2I+1, . . . , q5−I = 2, graph(vi∗)

is a union of qi half-hyperplanes with boundaries meeting along ∂H, and has (vi∗)a ≡ 0

for each i but vi∗ 6≡ 0 for at least one i > 5− 2I, then if∫
B1(0)∩H

G(v, v∗)
2 < ε

then we have v|B1/2(0)∩H ∈ C1,α(B1/2(0) ∩H).

Here, C = C(n).

Remark: If v = (v1, . . . , v5−I) ∈ B(C), it follows from (B2) that via is a smooth harmonic

function for each i, and moreover from (B3) it follows that the boundary values of via equal

κi, which is a smooth function. As such, once we know v is C0,α up-to-the-boundary, by

standard elliptic boundary regularity theory we always have via ∈ C∞(B1(0) ∩H;H⊥), and

hence it makes sense to talk above via
∣∣
B1(0)∩∂H and Dvia

∣∣
B1(0)

, as in (B4) and (B5II).

Remark: In the case I = 0, (B7) is automatically satisfied.

The main result of this section is then:

Theorem 17. Let C ∈ LS ∩ L, where I ∈ {0, 1, 2}. Then there exists γ = γ(n) ∈ (0, 1/2)

such that if v ∈ B(C), then v ∈ C1,γ(B1/8(0) ∩ H). Moreover, vs|∂H ≡ 0, the branch set

of v (including any boundary branch points) is countably (n − 2)-rectifiable, and we have the

estimate:

ρ−n−2

∫
Bρ(z)∩H

G(v, `z)
2 ≤ Cρ2γ

∫
B1/2(0)∩H

|v|2

for every ρ ∈ (0, 1/8] and z ∈ H ∩ B1/8; here, `z = (`1z, . . . , `
5−I
z ) is `iz(x) := via(z) + (x −

z) · Dvia(z) + (x − z) · J±Dvis(z)K, and C = C(n) ∈ (0,∞). Furthermore, (B3) implies that

vi
∣∣
B1∩∂H = κi for each i.

The proof of this will follow in a similar way to that seen in Chapter 4 by classifying the

homogeneous degree one elements of B(C) and then using the Hardt–Simon inequality to deduce

the desired regularity. For this we first need an initial C0,α estimate at the boundary, which

follows from (B3).

Lemma 18 (Initial boundary regularity estimate). There exists α = α(n) for which B(C) ⊂
C0,α(B1/8(0) ∩H), and moreover for each v ∈ B(C) we have

‖v‖2
0,α;B1/8(0)∩H ≤ C

∫
B1/2(0)∩H

|v|2

where C = C(n).
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Proof. From (B3) we get that, for each z ∈ B1/8(0)∩ ∂H and any 0 < σ ≤ ρ/2 ≤ 1/32, if

we set vi(z) := qiJκi(z)K:

σ−n−3/2

∫
Bσ(z)∩H

∑
i

G(vi, vi(z))2 ≤ Cρ−n−3/2

∫
Bρ(z)∩H

∑
i

G(vi, vi(z))2.

Set Γ := B1/8(0)∩ ∂H and Γi := Bvi , the branch set of vi. Fix z ∈ B1/8(0)∩H. Then if z ∈ Γi,

since for any two-valued function w we have |w|2 = |ws|2 + 2|wa|2, and since we know va is

harmonic, we thus get for all 0 < σ ≤ ρ/2 < 1
2dist(z,Γ) that for any constant b ∈ R:

σ−n
∫
Bσ(z)∩H

G(v, va(z))
2 = σ−n

∫
Bσ(z)

|v − va(z)|2

≤ σ−n
∫
Bσ(z)

2|va − va(z)|2 + |vs|2

≤ C
(
σ

ρ

)2 ∫
Bρ(z)

Q|va − b|2 +

(
σ

ρ

)2(1+1/2) ∫
Bρ(z)

|vs|2

= C

(
σ

ρ

)2 ∫
Bρ(z)∩H

G(v, b)2.

Moreover if z ∈ B1/8(0)∩H\(Γi∪Γ), then on some open set disjoint from Γ∪Γi we can express

vi as single-valued harmonic functions, for which a similar integral bound holds. Thus we see

that we can apply Lemma 15, along with the assumed bounds on the boundary values from

(B3), to get vi ∈ C0,α(B1/8(0) ∩H,Aqi(R)) for each i, and

‖v‖2
0,α;B1/8(0)∩H ≤ C

∫
B1/2(0)∩H

|v|2

as desired. �

Remark: From Lemma 18 we see that the average-part of each vi is a C0,α(B1/8(0) ∩
H) ∩ C2,α(B1/8(0) ∩ H) harmonic function, which from (B3) has smooth boundary data.

As a consequence of classical elliptic boundary regularity results ([GT15]) we have that

via ∈ C1,α(B1/8(0) ∩H) for each i.

Lemma 19 (Classification of homogeneous degree one elements). Suppose that v ∈ B(C) is

homogeneous of degree one on B1 ∩H, i.e. ∂v
∂R = 0, where R = |x|. Then v is a linear function

on B1 ∩ H, and moreover the symmetric part via takes the form x 7→
∑q

j=1Ja
i
jx

2K for each i,

where aij ∈ Rk have the property that
∑

j a
i
j = 0.

Proof. Fix such a homogeneous degree one element v ∈ B(C). From the above remark we

know that, for each i, via ∈ C1,α(B1/8(0) ∩H) is a homogeneous degree one harmonic function,

and thus must be linear. So if v ≡ va we are done.

Suppose from now on that v 6≡ va. Applying (B5II), since we know `iv = via, we may reduce

to the setting where va ≡ 0 and ‖v‖L2(B1∩H) = 1. In particular from (B3) we must have that

vi
∣∣
B1(0)∩∂H ≡ qiJ0K. Moreover since v ∈ C0,α(B1/8 ∩ H), from Lemma 18 and the fact that

v is homogeneous of degree one, we can extend v to all of H by a homogeneous degree one
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extension, and work with the corresponding functions v ∈ C0,α(H). Now define for each i:

Ti(v) := {z ∈ H : vi(z + x) = vi(x) for all x ∈ H}

i.e. Ti(v) is the set of points in H along which vi is translation invariant. Since |vi|∂H | ≡ 0, we

must have Ti(v) ⊂ ∂H if vi 6≡ 0, which by assumption is true for some i. Since v is homogeneous

of degree one and continuous on H it is straightforward to check that Ti(v) is a subspace of

∂H, and so in particular dim(Ti(v)) ≤ n− 1.

Set di(v) := dim(Ti(v)) and d(v) := (di(v))i. For d = (d1, . . . , d5−I) write Hd for the set of all

such v generated above for which di(v) = di for each i. First note that if di(v) ≥ n − 2 for

some i, then vi is translation invariant along a subspace of dimension at least n − 2, meaning

that it is independent of at least n − 2 coordinates. Therefore in suitable coordinates we

can write vi(x1, . . . , xn) = ṽ(x1, x2), where ṽ is a qi-valued symmetric harmonic function on

H2 := {(x1, x2) ∈ R2 : x2 > 0}, which is C0,α on H2. In particular as dimH(Bvi) ≤ n − 2

this implies that Bṽ ∩ H2 = ∅, as otherwise from the homogeneity and translation invariance

we would have dimH(Bvi) ≥ n − 1, a contradiction. But now as H is simply connected we

are able to write ṽ =
∑qi

j=1JϕjK, where each ϕj : H → R is a smooth harmonic function.

Then since ϕj |∂H2 = 0 for each j, again by the boundary regularity of harmonic functions we

get ϕj ∈ C∞(H2), and so ϕj is linear for each j. The zero boundary values then imply that

ϕj(x
1, x2) = ajx

2 for some constant aj ∈ R, i.e. di(v) = n− 1. Thus if di(v) ≥ n− 2 for each i,

then v ∈ H(n−1,...,n−1) and v takes the claimed form.

Now suppose there is some d 6= (n− 1, . . . , n− 1) for which Hd 6= ∅. Without loss of generality

choose d such that
∑

i di is maximal over all such choices of d. We will derive a contradiction

from this, showing that the only Hd which is non-empty is H(n−1,...,n−1), proving the result.

For d chosen as above fix v ∈ Hd. We know by the above argument that tere is some i∗

with di∗(v) < n − 2. Let K be any compact subset of H\Ti∗(v). We claim that there exists

ε = ε(v,K,B(C)) ∈ (0, 1) such that the following holds: for each z ∈ K ∩ ∂H and ρ ∈ (0, ε],

there is a fixed constant C = C(n) for which either:

(1) v is C1,α on B3ρ/8(z) ∩H, with good integral decay estimates on B1/2(z) ∩H; or

(2) The reverse Hardt–Simon inequality holds, i.e.

∫
H∩Bρ(z)

∑
i

R2−n
z

(
∂(vi/Rz)

∂Rz

)2

≥ ερ−n−2

∫
H∩Bρ(z)

|v|2.

We prove this by contradiction in exactly the same way, using (B7), as seen in Chapter 4.3.7

up to technical changes regarding working over a half-hyperplane instead of a full plane. By

iterating this estimate in the same way, we are able to prove (using the results of Chapter 6.1

now) that in fact vi ∈ C1(H\Ti∗(v)). Then as vi∗ is translation invariant along Ti∗(v), after we

quotient out by this subspace and rotate appropriately, we see that vi∗ is determined entirely

by a qi∗-valued harmonic function f defined on HN := {(x1, . . . , xN ) ∈ RN : x1 > 0}, for

N := n− di∗(v) ≥ 3. Moreover we know f is C1 on HN\{0} and has f |∂HN = qi∗J0K.
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Now define the odd reflection F : RN → Aqi∗ (R) of f to RN by

F (x) :=

f(x1, . . . , xN ) if x1 ≥ 0;

−f(−x1, x2, . . . , xN ) if x1 < 0.

Now since f ∈ C1(H\{0}) we see that F ∈ C1(RN\{0}), and moreover F is still a C1 qi∗-valued

harmonic function, in the sense of [SW16]. But such an F must in fact be linear from [SW16,

Lemma 2.5], and thus as |F | ≡ 0 on {x1 = 0}, we see that in fact di∗(v) = n−1, which provides

the desired contradiction. �

Proof of Theorem 17. From Lemma 19, (B7), Theorem 3, and the unique continua-

tion principle for single-valued harmonic functions and C1,1/2 two-valued harmonic functions

(Lemma 4), this now follows in the same fashion as seen in Chapter 4.3.8. �

2.1. Adaptations for fine blow-up classes. We now make some remarks relevant to fine

blow-up classes, which will appear in Chapter 5.7. How such a class is generated means that

whilst the functions in the class obey many of the properties (B1) – (B7) above, they do not

behave as well under translations and rescalings as in (B5). In particular, a certain “closeness”

parameter can change under such operations, and the functions lie in a different fine blow-up

class. However, it will be the case that necessarily all such functions lie within the same class,

and as a result the argument to establish Theorem 17 still holds.

Definition 20. We say that BF (C) is a proper fine blow-up class if it obeys properties (B1),

(B2), (B3), (B4), (B6), and (B7) of a proper blow-up class as above, with constants C,α

dependent only on n, and moreover there is another class B̃F (C) obeying the same properties

(B1), (B2), (B3), (B4), (B6), and (B7), with the additional property that if v∗ is any function

in (B5) for some v ∈ BF (C), then v∗ ∈ B̃F (C).

Then in the same way as for the proof of Theorem 17, we have:

Theorem 21. There exists α = α(n) the conclusions of Theorem 17 hold for any proper fine

blow-up class BF (C).

3. The coarse blow-up class

In this section we shall construct the coarse blow-up class for our setting and show that it obeys

properties (B1)− (B6) from Section 5.2. As usual, we fix throughout a level I ∈ {0, 1, 2} and a

base cone C(0) ∈ LS∩LI , and rotate to assume without loss of generality that C(0) = C
(0)
0 ×Rn−1.

Recall that we write X = (x, y) ∈ R2 × Rn−1 for coordinates, and r = |x|, R = |X|. As

noted before, the coarse blow-up class will be constructed by suitable scaling limits of graphs

approximating a sequence of varifolds Vk ∈ Nεk(C(0)), where εk ↓ 0, relative to a sequence of

cones Ck ∈ Lεk(C(0)) ∩ LI , i.e. the cones Ck have the same level as C(0).†

†Note that we cannot perform small rotations of Vk and Ck to assume that Ck ≡ C(0) as even though Ck

and C(0) are the same level, the angles between their half-hyperplanes need not agree. This is different to the
situation where we are blowing up relative to a hyperplane and the Ck are all hyperplanes, as is the case during
the (coarse) blow-up procedures in [Wic14] and [MW21]. Note however we can always perform a small rotation

to ensure that S(Ck) = S(C(0)) for all k; indeed, this small rotation is already taken into consideration in the

definition of Lε(C
(0)).



132 Analysis of Non-Flat Singular Points in S2

3.1. Approximate graphical representation and initial estimates. First we need

to construct functions defined on spt‖Ck‖ which represent the varifold sequence Vk on a large

set. This will be possible away from a fixed τ -neighbourhood of the spine S(Ck) ≡ S(C(0))

for k sufficiently large using Allard’s regularity theorem and Theorem A. However, close to the

spine it is less clear whether an approximate representation is possible, even if the excess on a

small ball relative to some hyperplane is small, since it is a priori possible that different sheets

of the Vk (from the different half-hyperplanes) come close, and so the multiplicity of the close

hyperplane could be > 2. It is possible to deal with this problem (and indeed in a different

situation this problem is overcome in [Wic14, Section 10]), however we do not need to worry

about this: Nεk(C(0)) is contained in a multiplicity 2 class for all k sufficiently large (Lemma

13) and so in this situation the multiplicity of the nearby plane will always be at most 2. This is

one significantly simplification which is possible in the case where the base cone has half-integer

density as opposed to full-integer density. As such, one is able to follow arguments similar to

that seen in [Sim93] to prove the following:

Lemma 22. Let C(0) ∈ LS ∩ LI be as above, and fix τ ∈ (0, 1/40). Then, there exists ε0 =

ε0(C(0), τ) such that if C ∈ Lε0(C(0)) ∩ LI and V ∈ Nε0(C(0)), then there is an open subset

U ⊂ spt‖C‖ ∩B1 with the following properties:

(i) Uτ := {(x, y) ∈ spt‖C‖ ∩B3/4 : |x| > τ} ⊂ U ;

(ii) There exists a function u with domain U such that u|Uτ ∈ C
1,1/2(C Uτ ) and moreover,

for each point x ∈ U there is a ρ > 0 such that u|U∩Bρ(x) is given by either a C2 single-

valued function or a C1,1/2 two-valued function, valued in the normal direction of the

half-hyperplane of spt‖C‖ which contains U ∩Bρ(x).

Moreover, the function u obeys:

(a) V (B3/4 ∩ {|x| > τ}) = v(u) (B3/4 ∩ {|x| > τ});

(b) supU r
−1|u|+ supU |Du| ≤ β, where β = β(n) is the constant from Lemma 11;

(c) ∫
B3/4\graph(u)

r2 d‖V ‖+

∫
U∩B3/4

r2|Du|2 ≤ CE2
V,C

where C = C(n) is independent of C(0), C, V , and τ .

Remark: We lose some of the additional structure when compared with the corresponding

lemma in [Sim93], and have the more complicated condition (ii), as we do not have control

near the axis of whether the graph will be single-valued or two-valued.

Proof. Firstly, choose ε′ = ε′(n) so that Lemma 13 holds, and let ε ∈ (0, ε′); hence we

may assume Nε(C) ⊂ M2 for some multiplicity two class M2, in the sense of Lemma 13 (and

M2 only depends on n). In particular, by Lemma 11 we deduce the existence of a constant

β = β(n) such that whenever V ∈ Nε(C(0)) has ρ−n−2
∫
Bρ(x) dist2(X,P ) d‖V ‖(X) < β2 for any

ball Bρ(x) ⊂ B1 and hyperplane P , there is either a single-valued C2 function or two-valued

C1,1/2 function u with domain P ∩Bρ/2(x) which represents V and moreover obeys

ρ−1 sup |u|+ sup |Du| ≤ β.
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So now fix V ∈ Nε(C(0)). For each ρ ∈ (0, 1] and ζ ∈ Rn−1, define a toroidal-region Tρ(ζ)

centered at (0, ζ) ∈ Rn+1 by:

Tρ(ζ) := {(x, y) ∈ Rn+1 : (|x| − ρ)2 + |y − ζ|2 < (ρ/8)2}.

Now let U denote the union of all T|ξ|(ζ) ∩ H obeying the following conditions: (ξ, ζ) ∈
spt‖C‖ ∩ B1/2, H is a half-hyperplane in spt‖C(0)‖, and there is a function u|ξ|,ζ;H defined

on B|ξ|/16(T|ξ|(ζ)) ∩H which is either C2 single-valued or C1,1/2 two-valued which obeys

V (T|ξ|(ζ) ∩ B̃|ξ|,ζ;H) = v(u|ξ|,ζ;H) (T|ξ|(ζ) ∩ B̃|ξ|,ζ;H)

and

|ξ|−1 sup |u|ξ|,ζ;H |+ sup |Du|ξ|,ζ;H | ≤ β/2

where by B̃|ξ|,ζ;H we mean the open ball centred on H whose intersection with H is precisely

equal to T ||ξ|(ζ) ∩H‡ We can then define a function u on all of U by:

u|T|ξ|(ζ)∩H := u|ξ|,ζ;H
∣∣
T|ξ|(ζ)∩H

.

By unique continuation of single-valued C2 and two-valued C1,1/2 stationary graphs (Lemma

3) it follows that for ε = ε(C(0), τ) sufficiently small, properties (i), (ii), (a), and (b) from the

lemma statement hold. So all that remains to be checked is (c).

Note that if (ξ, ζ) ∈ spt‖C‖ ∩B3/4 ∩ ∂U , with |ξ| > 0, then we must necessarily have

(5)

∫
B3|ξ|/16(T|ξ|(ζ))

dist2(X, spt‖C‖) d‖V ‖ ≥ (3|ξ|/16)n+2β2

since otherwise we could apply Lemma 11 to extend the definition of u to a neighbourhood of

(ξ, ζ), which then contradicts the definition of U . Moreover, since |ξ| < τ < 1/40 and |ζ| < 3/4,

we have ∫
U∩B10|ξ|(0,ζ)

r2 dHn ≤ (10|ξ|)2 · Hn(U ∩B10|ξ|(0, ζ))

≤ (10|ξ|)n+2 ·
‖C‖(B1/4(0, ζ))

(1/4)n
≤ (10|ξ|)n+2 · 4n · 5

2
ωn

(6)

i.e.

(7)

∫
U∩B10|ξ|(0,ζ)

r2 dHn ≤ C|ξ|n+2

where C = C(n). So using the fact that on U ∩ B10|ξ|(0, ζ) we have |Du| ≤ β, combining (5)

and (7) we arrive at

(8)

∫
U∩B10|ξ|(0,ζ)

r2|Du|2 dHn ≤ Cβ2|ζ|n+2 ≤ C̃
∫
B3|ξ|/16(T|ξ|(ζ))

dist2(X, spt‖C‖) d‖V ‖

‡This is similar to [Wic14, Section 16].
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where C̃ = C̃(n); we therefore know that this holds whenever (ξ, ζ) ∈ spt‖C‖ ∩B3/4 ∩ ∂U and

|ξ| > 0. Then, as we have the trivial cover

{X = (x, y) ∈ U ∩B3/4 : dist(X,B3/4 ∩ ∂U) < |x|/2} ⊂
⋃

(x,y)∈spt‖C‖∩B3/4∩∂U

B2|x|(0, y)

and since B2|ξ1|(0, ζ1)∩B2|ξ2|(0, ζ2) = ∅ implies that B|ξ1|/4(T|ξ1|(ζ1))∩B|ξ2|/4(T|ξ2|(ζ2)) = ∅, by

the Vitali covering lemma we may extract a countably collection of balls (B2|xj |(0, yj))j where

(xj , yj) ∈ spt‖C‖ ∩ B3/4 ∩ ∂U such that these balls are pairwise disjoint and, if A := {X =

(x, y) ∈ U ∩B3/4 : dist(X,B3/4 ∩ ∂U) < |x|/2}, that

A ⊂ ∪jB10|xj |(0, yj)

which then implies by (8) that∫
A
r2|Du|2 ≤ C̃

∑
j

∫
B3|xj |/16(T|xj |(yj))

dist2(X, spt‖C‖) d‖V ‖

≤ C̃
∫
B1

dist2(X, spt‖C‖) d‖V ‖.

But also, if we set B := {X = (x, y) ∈ U ∩ B3/4 : dist(X,B3/4 ∩ ∂U) ≥ |x|/2}, then for any

X ∈ B we can apply either (i) standard L2 estimates for single-valued solutions to the minimal

surface equation, or (ii) the L2 estimates for C1,1/2 two-valued stationary graphs in Section

5.1.1.2 (namely (3) and (4)) to deduce that

(9)

∫
spt‖C‖∩Bρ/2(X)

r2|Du|2 ≤ C
∫
Bρ(X)

|u|2 for all ρ ∈ (0, |x|/8),

where C ′ = C ′(n). Thus, following a similar argument to that seen in [KW13, (5.19)], we

deduce ∫
B
r2|Du|2 ≤ C ′

∫
U∩B1

|u|2.

Using properties of the Jacobian (see 2) for the two-valued case) we know∫
U∩B1

|u|2 ≤ C1

∫
B1

dist2(X, spt‖C‖) d‖V ‖

for some C1 = C1(n), and hence combining all the above we see that (as A ∪B = U ∩B3/4)∫
U∩B3/4

r2|Du|2 ≤ CE2
V,C

for some C = C(n); this completes one half of (c). For the other half, note that if (ξ, ζ) ∈
spt‖C‖ ∩ B3/4 ∩ ∂U , then in a similar way to (6), except now using the monotonicity formula
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for V and the fact that ‖V ‖(B1) ≤
(

5
2ωn + 1

)
, we have∫

B10|ξ|(0,ζ)
r2 d‖V ‖ ≤ (10|ξ|2)‖V ‖(B10|ξ|(0, ζ))

≤ (10|ξ|n+2) ·
‖V ‖(B1/4(0, ζ))

(1/4)n
≤ (10|ζ|)n+2 · 4n ·

(
5

2
ωn + 1

)
i.e. ∫

B10|ξ|(0,ζ)
r2 d‖V ‖ ≤ C2|ξ|n+2

where C2 = C2(n). Thus combining this with (5) we get∫
B10|ξ|(0,ζ)

r2 d‖V ‖ ≤ Cβ−2

∫
B3|ξ|/16(T|ξ|(ζ))

dist2(X, spt‖C‖) d‖V ‖.

By construction, spt‖V ‖ ∩ B3/4\graph(u) ⊂ spt‖V ‖ ∩ (
⋃
B2|ξ|(0, ζ)), where the union is taken

over (ξ, ζ) ∈ spt‖C‖ ∩ B3/4 ∩ ∂U . So applying the Vitali covering lemma again, in the same

way as above we deduce that ∫
B3/4\graph(u)

r2 d‖V ‖ ≤ CE2
V,C

which completes the proof. �

Next we establish key L2 estimates for the graphical representation u from Lemma 22.

Lemma 23 (Coarse L2 Estimates). Let C(0) ∈ LS ∩ LI be as above, and fix τ ∈ (0, 1/40).

Then there exists ε0 = ε0(C(0), τ) ∈ (0, 1) such that the following is true: if ε ∈ (0, ε0), C ∈
Lε(C

(0))∩LI , V ∈ Nε(C), and U, u are as in Lemma 22, then for every Z = (ξ, η) ∈ B3/4 with

ΘV (Z) ≥ ΘC(0)(0) = 5
2 we have:

(i) dist(Z, S(C)) ≤ CEV,C;

(ii) Writing (ej)
n+1
j=1 for the standard basis vectors on Rn+1,

∫
B3/4

n+1∑
j=3

|e⊥TXVj |2 d‖V ‖(X) ≤ CE2
V,C;

(iii) ∫
B3/4

dist2(X, spt‖C‖)
|X − Z|n−1/2

d‖V ‖(X) ≤ CE2
V,C;

(iv) Writing ξ⊥(X) for the projection of (ξ, 0) onto T⊥XC (which is just ξ · nX , for nX

the unit normal in R2 to the ray in the cross-section C0 in C whose corresponding

half-hyperplane in C contains X),∫
Uτ

|u(X)− ξ⊥(X)|2

|X + u(X)− Z|n+3/2
≤ CE2

V,C;
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(v) ∫
U∩B3/4

R2−n
∣∣∣∣∂(u/R)

∂R

∣∣∣∣2 ≤ CE2
V,C.

Here, C = C(n).

Proof. We only outline the proof, pointing out how the corresponding argument in [Sim93,

Section 3] can be modified to this setting. As usual, we are always working with ε ∈ (0, ε∗),

where ε∗ = ε∗(n) is sufficiently small so that Nε∗(C) is contained with a multiplicity two class

(as in Lemma 13).

Step 1: Z = 0. Let us first consider the case where Z = 0 has ΘV (0) ≥ ΘC(0)(0) = 5
2 . Then

the monotonicity formula gives (in both distributional sense and for a.e. ρ ∈ (0, 1)):

nρn−1

∫
Bρ

|X⊥|2

|X|n+2
d‖V ‖(X) =

d

dρ

[
ρn
∫
Bρ

|X⊥|2

|X|n+2
d‖V ‖(X)

]
− ρn d

dρ

∫
Bρ

|X⊥|2

|X|n+2
d‖V ‖(X)

≤ d

dρ
(‖V ‖(Bρ)−ΘV (0) · ωnρn)

≤ d

dρ

(
‖V ‖(Bρ)− ‖C(0)‖(Bρ)

)
where in the first inequality we have used that the last term on the first line is positive, and in

the second inequality we have used that d
dρ(ΘV (0)ωnρ

n) = nρn−1ωnΘV (0) ≥ nρn−1ωnΘC(0) =
d
dρ(ΘC(0)(0) ·ωnρn), and ΘC(0)(0) ·ωnρn = ‖C(0)‖(Bρ). Now choosing ψ : R→ [0, 1] a decreasing

C1 function with ψ|(−∞,7/8) ≡ 1 and ψ|(15/16,∞) ≡ 0, we can multiply the above by ψ2(ρ) and,

noting that ψ2(ρ) d
dρ‖V ‖(Bρ) = d

dρ

∫
Bρ
ψ2(|X|) d‖V ‖ for a.e. ρ ∈ (0, 1) (and similarly for the

ψ2(ρ) d
dρ‖C

(0)‖(Bρ) term), if integrate over ρ ∈ (0, 1) we get:

n

∫ 1

0
ψ2(ρ)ρn−1

(∫
Bρ

|X⊥|2

|X|n+2
d‖V ‖(X)

)
dρ ≤

∫
B1

ψ2(|X|) d‖V ‖(X)−
∫
B1

ψ2(|X|) d‖C‖(X)

and hence, as ψ|[3/4,7/8] ≡ 1, we get

(10) n

(
3

4

)n−1

· 1

8

∫
B3/4

|X⊥|2

|X|n+2
d‖V ‖(X) ≤

∫
B1

ψ2(R) d‖V ‖(X)−
∫
B1

ψ2(R) d‖C‖(X)

where recall that we write R = |X| and r = |x|. By the same application of the first variation

formula as in [Sim93, Lemma 3.4, (3)], we also have

∫
B1

1 +
1

2

n+1∑
j=3

|e⊥j |2
ψ2(R) d‖V ‖

≤ C
∫
B1

|(x, 0)⊥|2
(
ψ2(R) + ψ′(R)2

)
d‖V ‖ − 2

∫
B1

r2R−1ψ(R)ψ′(R) d‖V ‖.

(11)
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Now, if (x, y) ∈ graph(u), then (x, y) = (x′, y) + u(x′, y) for some x′ ∈ spt‖C‖, and we have

(x, 0)⊥ = u(x′, y) + (P(x,y) − Q(x′,y))(x, 0), where P(x,y) and Q(x′,y) denote the orthogonal pro-

jections onto T⊥(x,y)V and T⊥(x′,y)C respectively; note that is true for Hn-a.e. such point, as V

has a (unique) tangent plane at every branch point, and thus everywhere except a set which

is Hn−1-null; if (x, y) is a point where V is locally expressed as a two-valued function, if (x, y)

is a branch point it does not matter which choice of value of u we take, and otherwise if

(x, y) ∈ reg(V ), we simply take the value of u which locally describes V about (x, y). But also

note that |P(x,y)−Q(x′,y)| ≤ C|Du(x′, y)|, where C = C(n), and hence using this in (11) we get

(noting ψ(R) ≡ 0 for R ≥ 15/16):

∫
B1

1 +
1

2

n+1∑
j=3

|e⊥j |2
ψ2(R) d‖V ‖ ≤ C

∫
U∩B15/16

|u|2 + r2|Du|2 + C

∫
B15/16\graph(u)

r2 d‖V ‖

− 2

∫
graph(u)∩B1

r2R−1ψ(R)ψ′(R) d‖V ‖

(12)

where as the last integral only takes place over R ∈ (7/8, 15/16), this region will be graphical

and so certainly we change the domain of integration to B1 ∩ graph(u) as opposed to B1 to

stress this; of course, over any region where u is two-valued, by |u|2 we mean |u1|2 + |u2|2, etc.

By the same simple 1-dimensional integration argument as in [Sim93, Lemma 3.4, (6)], as

spt‖C(0)‖ is comprised of half-hyperplanes we readily see that∫
B1

ψ2(R) d‖C‖ = −2

∫
B1

r2R−1ψ(R)ψ′(R) d‖C‖

(and indeed the right hand side is ≥ −2
∫
U∩B1

r2R−1ψ(R)ψ′(R) d‖C‖), and similarly for

graph(u) ∩B1 we have∫
graph(u)∩B1

r2R−1ψ(R)ψ′(R) d‖V ‖ =

∫
U∩B1

r2
uR
−1
u ψ(Ru)ψ′(Ru) · √g

where r2
u = |x|2 + |u(x, y)|2 ≡ r2 + |u(x, y)|2, R2

u = |x|2 + |u(x, y)|2 + |y|2 ≡ R2 + |u(x, y)|2, and

g is the volume element of graph(u); note that we know 1 ≤ √g ≤ 1 +C|Du|2. Of course, over

regions where u is two-valued, we need to understand these terms as a sum of two terms taking

the same form, one for each value of u. Thus combining this with (12) we get

1

2

∫
B3/4

n+1∑
j=3

|e⊥j |2 d‖V ‖+

∫
B1

ψ2(R) d‖V ‖ −
∫
B1

ψ2(R) d‖C‖

≤ C
∫
U∩B15/16

|u|2 + r2|Du|2 + C

∫
B15/16\graph(u)

r2 d‖V ‖

− 2

(∫
U∩B1

r2
uR
−1
u ψ(Ru)ψ′(Ru)

√
g −

∫
U∩B1

r2R−1ψ(R)ψ′(R) d‖C‖
)

≤ C̃
∫
U∩B15/16

|u|2 + r2|Du|2 + C

∫
B15/16\graph(u)

r2 d‖V ‖
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where C̃ = C̃(n). Applying Lemma 22 (the same argument goes through working on B15/16 as

opposed to B3/4, up to changing (dimensional) constants) and combining the above with (10)

we arrive at

(13)

∫
B3/4

|X⊥|2

|X|n+2
d‖V ‖+

∫
B3/4

n+1∑
j=3

|e⊥j |2 d‖V ‖ ≤ CE2
V,C

where C = C(n); in particular this establishes (ii) when Z = 0.

By exactly the same argument based on the first variation formula as [Sim93, Lemma 3.4], one

may derive

(14)∫
B3/4

dist2(X, spt‖C‖)
|X|n+(2−α)

d‖V ‖(X) ≤ C
∫
B1

ζ2 |X⊥|2

|X|n+(2−α)
+

dist2(X, spt‖C‖)
|X|n−α

|∇ζ|2 d‖V ‖(X)

where C = C(n, α) and ζ ∈ C∞(Rn+1) obeys ζ|B7/8(0) ≡ 1 and ζ|Rn+1\B1
≡ 0, with |∇ζ| ≤ 16.

Clearly taking α = 1/2 in the above and using (13) (again, we can change the domains of

integration to B7/8 by re-running the argument on the larger ball), we see that we arrive at (iii)

when Z = 0.

To complete Step 1 of the proof, notice that for X = (x, y) ∈ (B ∪ reg(V ))∩ graph(u) (which is

‖V ‖-a.e. point in spt‖V ‖), in exactly the same way as in the argument leading up to [Sim93,

Lemma 3.4, (11)] we have

(x, y)⊥ = −R2

(
∂

∂R

(
u(x′, y)

R

))⊥
where (x′, y) ∈ U is such that x′ is the nearest point projection of x onto the cross-section C0,

and at a branch point the choice of value of u does not matter and away from the branch set

we mean the value of u which locally expresses V about this point. Therefore, by reducing

β = β(n) if necessary to ensure that ‖P(x,y) −Q(x′,y)‖ ≤ 1/2, we get

|(x, y)⊥| ≥ 1

2
R2

∣∣∣∣ ∂∂R
(
u(x′, y)

R

)∣∣∣∣
and thus combining this with (13) we arrive at (v).

Step 2: (i) and translating Z. We first claim that there is ε′ = ε′(n) and ϑ = ϑ(n) ∈ (0, 1)

such that if C(0) ∈ LS ∩ LI , C ∈ Lε′(C
(0)) ∩ LI , V ∈ Nε′(C(0)), Z = (ξ, ζ) ∈ sing(V ) ∈ B3/4

with ΘV (Z) ≥ 5
2 , then any X = (x, y) obeying |x| ≥ ϑ−1(|ξ|+ dist(X, spt‖C‖)) has

(15) dist(X, spt‖(τZ)#C‖) = |(x, y)− (x′, y)− ξ⊥|+R

where x′ is the nearest point projection of x onto C0 (in particular |(x, y)−(x′, y)| = dist(X, spt‖C‖)),
and ξ⊥ is the projection of (ξ, 0) onto T⊥(x′,0)C, and |R| ≤ C|x|−1|ξ|2, where C = C(n) . Indeed,

if this were not true then taking ε′ = 1/k and ϑ = 1/k, we could find sequences C
(0)
k ∈ LS ∩LI ,

Ck ∈ L1/k(C
(0)
k ) ∩ LI , V ∈ N1/k(C

(0)
k ), Zk = (ξk, ζk) ∈ sing(Vk) ∩ B3/4 with ΘVk(Zk) ≥ 5

2 ,

and Xk = (xk, yk) obeying |xk| ≥ k(|ξk| + dist(Xk, spt‖Ck‖)), yet the conclusion fails. In
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particular, this tells us that, after passing to a subsequence, that C
(0)
k ⇀ C(0) ∩ LS and

xk/|xk| → a ∈ spt‖C(0)
0 ‖ ∩ S1. But |ξk|/|xk| → 0, and so as all the cones are of the same

level, it follows that the equality must be true for all k sufficiently large (just by a simple geo-

metric argument and calculation, easiest seen by rescaling by |xk|; the error term at this scale

is C(|xk|−1|ξ|)2 by Taylor’s theorem, and allows for degeneration of a level I cone to a cone of

a higher level), which provides the contradiction. Note that (15) readily implies

(16) |ξ⊥| ≤ dist(X, spt‖C‖) + dist(X, spt‖(τZ)#C‖) + |R|

We now claim that there is a constant δ = δ(n) > 0 such that the following holds: for each

ρ ∈ (0, 1/4), there is a constant ε0 = ε0(n, ρ) such that if C(0) ∈ LS ∩ LI , V ∈ Nε0(C(0)),

C ∈ Lε0(C(0)), a ∈ R2, and Z = (ξ, ζ) ∈ sing(V ) ∩ B1/2(0) is not a density 2 branch point or

density 2 classical singularity, then

(17)

‖V ‖({X ∈ Bρ(Z) ∩ {|x| > ρ/10} : |a⊥| ≥ δ|a| and |x| ≥ ϑ−1(|ξ|+ dist(X, spt‖C‖))}) ≥ δρn

where here a⊥ at X is a⊥TxC0 , the orthogonal projection of a onto T⊥x C0, and ϑ = ϑ(n) is as in

(15). Indeed, if this does not hold then for each δ > 0, there is ρ > 0 such that with εj = 1/j,

there exists C
(0)
j ∈ LS ∩ LI , Vj ∈ Nεj (C

(0)
j ), Cj ∈ Lεj (C

(0)), aj ∈ S1, and Zj ∈ sing(Vj) ∩B1/2

which is not a density 2 branch point or density 2 classical singularity such that

‖Vj‖({X ∈ Bρ(Zj) ∩ {|x| > ρ/10} : |a⊥j | ≥ δ and |x| ≥ ϑ−1(|ξj |+ dist(X, spt‖Cj‖))}) < δρn.

After passing to a subsequence, we may assume that C
(0)
j ⇀ C(0) ∈ LS ∩ LI , Cj ⇀ C(0),

Vj ⇀ C(0), Zj → Z for some Z ∈ {0} ×Bn−1
1/2 (0) (by Lemma 22), and aj → a ∈ S1 such that

(18) ‖C(0)‖({X ∈ Bρ(Z) ∩ {|x| > ρ/10} : |a⊥| ≥ δ and |x| ≥ ϑ−1dist(X, spt‖C(0)‖)}) < 2δρn.

Thus we have shown that if (17) is false, then for every δ > 0 there is a C(0) ∈ LS , ρ > 0,

Z ∈ {0} × Bn−1
1/2 (0) and a ∈ S1 such that (18) holds. By translating by Z and rescaling by ρ,

we may without loss of generality assume that Z = 0 and ρ = 1 (indeed, C(0) is translation

invariant by Z and using how the quantities scale). Thus, taking δj = 1/j, we can find a new

sequence C
(0)
j ∈ LS ∩ LI and aj ∈ S1 such that

‖C(0)
j ‖({X ∈ B1 ∩ {|x| > 1/10} : |a⊥j | ≥ 1/j and |x| ≥ ϑ−1dist(X, spt‖C(0)

j ‖)}) < 2/j

and so again passing to a subsequence to ensure that C
(0)
j ⇀ C(0) ∈ LS ∩ LI , we get

‖C(0)‖({X ∈ B1 ∩ {|x| > 1/10} : |a⊥| > 0 and |x| ≥ ϑ−1dist(X, spt‖C(0)‖)}) = 0

i.e. a⊥ = 0 for Hn-a.e. X ∈ B1 ∩ {|x| > 1/10} which obeys |x| ≥ ϑ−1dist(X, spt‖C(0)‖), which

is obviously false as a ∈ S1 is fixed and C(0) has cross-section whose unit vectors span R2.

Now for ρ ∈ (0, 1/4) (to be chosen only depending on n), let ε0 = ε0(n, ρ) be as in (17); we

know that if ε0 is sufficiently small then Lemma 22 will apply on B3/4 ∩ {|x| > ρ/10}, and so

up to dimensional constants we may pass between d‖V ‖ and d‖C(0)‖ on this region. Then, for



140 Analysis of Non-Flat Singular Points in S2

Z = (ξ, ζ) ∈ sing(V ) such that ΘV (Z) ≥ ΘC(0)(0) = 5
2 , take a = ξ in (17) to obtain, for some

set S ⊂ Bρ(Z) ∩ {X : |x| ≥ ϑ−1(|ξ|+ dist(X, spt‖C‖))} with ‖V ‖(S) ≥ δρn,

(19) δ2|ξ|2 · δρn ≤
∫
S
δ2|ξ|2 d‖V ‖ ≤

∫
S
|ξ⊥|2 d‖V ‖.

Using (16) in (19) we get

δ3ρn|ξ|2 ≤ 4

∫
Bρ(Z)

dist2(X, spt‖(τZ)#C‖) d‖V ‖(X) + 4

∫
Bρ(Z)

dist2(X, spt‖C‖) d‖V ‖

+ 4C

∫
Bρ(Z)∩{|x|>ρ/10}∩{X:|x|≥ϑ−1(|ξ|+dist(X,spt‖C‖))}

|x|−2|ξ|4 d‖V ‖
(20)

We now need to deal with these terms individually; let us start with the first. Note that by the

triangle inequality we trivially have

(21) |dist(X, spt‖(τZ)#C‖)− dist(X, spt‖C‖)| ≤ |ξ|

as (τZ)#C = (τ(ξ,0))#C, and thus as we know for each ε > 0 there is a δ = δ(ε) with δ(ε) → 0

as ε→ 0 such that if V ∈ Nε(C(0)) then |ξ| < δ(ε), it follows that

4−n−2

∫
B1/4(Z)

dist2(X, spt‖(τZ)#C‖) d‖V ‖ ≤ C
∫
B1

dist2(X, spt‖C‖) d‖V ‖+C|ξ|2 ≤ C(ε+δ(ε))

and so we can, for ε = ε(n) sufficiently small, apply the results of Step 1 (namely (14)) to

(ηZ,1/4)#V in place of V to obtain

ρ−n−3/2

∫
Bρ(Z)

dist2(X, spt‖(τZ)#C‖) d‖V ‖ ≤ C
∫
B1

dist2(X, spt‖(τZ)#C‖) d‖V ‖

≤ C
∫
B1

dist2(X, spt‖C‖) d‖V ‖+ C|ξ|2.

The second term in (20) we leave as it is. For the third term directly compute, passing to C(0),∫
Bρ(Z)∩{|x|>ρ/10}∩{X:|ξ|≤ϑ|x|}

|x|−2|ξ|4 d‖V ‖ ≤ C|ξ|4ρn−2 · (ρ−1 + |ξ|−1).

Hence combining everything in (20), we get

ρn|ξ|2 ≤ C
∫
B1

dist2(X, spt‖C‖) d‖V ‖+ Cρn|ξ|2
(
ρ3/2 + |ξ|2ρ−3 + |ξ|ρ−2

)
where C = C(n). Hence, choosing ρ = ρ(n) so that Cρ3/2 < 1/4, and then choosing τ = τ(n)

such that C(τ2ρ−3 + τρ−2) < 1/4, we get that if we choose ε < ε∗, where ε∗ = ε∗(n) is such that

if V ∈ Nε∗(C(0)), then |ξ| < τ for each Z = (ξ, ζ) ∈ sing(V ) ∩B3/4 with ΘV (Z) ≥ 5/2, then we

get for such ε = ε(C(0), n),

|ξ|2 ≤ C
∫
B1

dist2(X, spt‖C‖) d‖V ‖.
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as desired. Combining this with (21) then also gives

(22)

∫
B1

dist2(X, spt‖(τZ)#C‖) d‖V ‖(X) ≤ C
∫
B1

dist2(X, spt‖C‖) d‖V ‖(X) ≡ CE2
V,C.

Step 3: Conclude. Combining (22) with Step 1 (namely (iii), applied with (ηZ,1/4)#V in

place of V ) and using (21) and (i) (whose truth is established in Step 2) we get∫
B1/4(Z)

dist2(X, spt‖C‖)
|X − Z|n−1/2

d‖V ‖ ≤ CE2
V,C

which readily establishes (iii). Now we just need to establish (iv). Note that by (15) that, for

any P ∈ graph(u)∩ (reg(V )∪B), where if we write P = (x, y)+u(x, y) (for some choice of value

u if u is two-valued about (x, y)) then (x, y) ∈ Uτ , then

dist(P, spt‖(τZ)#C‖) = |u(x, y)− ξ⊥|+R

where now we have |x| > τ , and so |R| ≤ Cτ−1|ξ|2. Using the same application of (iii) to

(ηZ,1/4)#V , we have ∫
Uτ∩B1/4(Z)

|u(x, y)− ξ⊥|2

|X + u(X)− Z|n+3/2
≤ CE2

V,C

in the same way as [Sim93, Theorem 3.1] (up to using (2) to change the domain of integration

over regions where V is represented by a two-valued function); this uses the fact that we have

established already that |ξ|2 ≤ CÊ2
V,C, and so if we choose ε0 < τ2, then |ξ| < Cτ2. This

completes the proof. �

Combining Lemma 23 (iii) – (iv) with the Lemma 15, we can establish the following two in-

equalities which will be of critical importance:

Corollary 24. Let τ, δ ∈ (0, 1/10). Then there exists ε1 = ε1(C(0), τ) ∈ (0, 1) such that the

following is true: if ε ≤ min{ε1, δ}, C ∈ Lε(C
(0))∩LI , V ∈ Nε(C(0)), and U, u are as in Lemma

22, then:

(i) For each ρ ∈ (0, 1/4), if we allow ε1 to depend on ρ also, we get that for each Z =

(ξ, ζ) ∈ spt‖V ‖ ∩B3/8 with ΘV (Z) ≥ ΘC(0)(0) = 5
2 , we have

∫
Bρ/2(Z)

dist2(X, spt‖(τZ)#C‖)
|X − Z|n+3/2

d‖V ‖ ≤ Cρ−n−3/2

∫
Bρ(Z)

dist2(X, spt‖(τZ)#C‖) d‖V ‖;

(ii) Writing rδ := max{r, δ},∫
B1/2

dist2(X, spt‖C‖)
r

1/2
δ

d‖V ‖ ≤ CE2
V,C;

here, C = C(n).
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Proof. Given Lemma 23, the proof of (ii) is identical to that of [Sim93, Corollary 3.2]; as

such we omit the details and refer the reader to [Sim93]. To see (i), we wish to apply Lemma

23 with (ηZ,ρ)#V in place of V (and 0 in place of Z); indeed, we have∫
B1

dist2(X, spt‖C‖) d‖(ηZ,ρ)#V ‖ ≤ 2ρ−n−2

∫
Bρ(Z)

dist2(X, spt‖C‖) d‖V ‖+ Cρ−2|ξ|2

from which is follows (as we can bound the other term in QV,C similarly) from Lemma 23(i)

that if ε is sufficiently small (depending on ρ) we can apply Lemma 23 to deduce (i) holds. �

Remark: Note that Corollary 24(ii) gives us that, for any δ ∈ (0, 1), there exists ε1 =

ε1(C(0), τ) such that if ε ≤ min{ε1, δ}, then∫
{X:|x|<δ}∩B1/2

dist2(X, spt‖C‖) d‖V ‖ ≤ Cδ1/2

∫
B1

dist2(X, spt‖C‖) d‖V ‖

where C = C(n) is in particular independent of δ; this will be used to show that the height

excess does not concentrate along the spine when we take coarse blow-ups, and hence will

give strong convergence in L2 on all of spt‖C(0)‖ ∩B1/2.

3.2. Construction of the coarse blow-up class. Fix I ∈ {0, 1, 2} and C(0) ∈ LS ∩ LI .

Let (εk)k and (δk)k be arbitrary sequences obeying 0 < εk < δk → 0. Let Vk ∈ Nεk(C(0)) and

Ck ∈ Lεk(C(0)) be arbitrary sequences. Now let (τk)k be a sequence with τk ↓ 0 sufficiently

slower so that τ−1
k EVk,Ck → 0 and the conclusions of Lemma 22 hold with εk, τk, Ck, and Vk

in place of ε, τ , C, and V , respectively.

Then Lemma 22 gives the existence of functions uk ∈ C1,1/2(Ck Uk), where Uk := Uτk ∩B3/4,

with, the estimates in Lemma 23 and Corollary 24 holding for all k sufficiently large. Now, one

may work relative to the base cone C(0) to provide a common domain of definition, i.e. we may

find a function ψk ∈ C2(spt‖C(0)‖∩B1\{|x| < τk/2}; spt‖C(0)‖⊥) such that spt‖Cj‖∩B1\{|x| <
τk} ⊂ graph(ψj) and |ψk|C2 ≤ Cεk → 0; note that ψk defines a corresponding region to Uk in

spt‖Ck‖ in spt‖C(0)‖, which for simplicity we shall also denote by Uk. So let us now define the

blow-up sequence by

vk := E−1
Vk,Ck

uk(x+ ψk(x)).

For notational simplicity, we shall write Ek := EVk,Ck ; we also extend vk by 0 to all of spt‖C(0)‖∩
B1. It then follows, by Lemma 22 and standard elliptic estimates (over half-hyperplanes in

spt‖C(0)‖ where vk is represented by a single-valued function) and from the estimates in Section

5.1.1.2 and Theorem A (over half-hyperplanes in spt‖C(0)‖ where vk is represented by a two-

valued function) that for each compact subset K ⊂ B1\{|x| = 0}, for all k sufficiently large

(depending on K):

|vk|C1,1/2(C(0) K ≤ C

for some C = C(n,K) independent of k; hence vj converges in C1 on each compact subset of

spt‖C(0)‖ ∩ B1\{|x| = 0}, to a limit function v ∈ C1,1/2(C(0) B1) which obeys ∆C(0)v = 0,

by which we mean over each half-hyperplane in spt‖C(0)‖, v is either a single-valued harmonic

function or two-valued C1,1/2 harmonic function.
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Definition 25. We call v constructed in the above manner a coarse blow-up of (Vk)k relative

to (Ck)k; we write B(C(0)) for the collection of all such coarse blow-ups.

Let us remark some basic properties of coarse blow-ups from Lemma 23 and Corollary 24.

Firstly, from Corollary 24(ii) we have for any fixed δ ∈ (0, 1), for all k sufficiently large:∫
B1/2

dist2(X, spt‖Ck‖)
r

1/2
δ

d‖V ‖ ≤ CE2
Vk,Ck

which in particular gives ∫
B1/2∩Uk∩{|x|<δ}

|uk|2 ≤ Cδ1/2E2
Vk,Ck

i.e. ∫
B1/2∩Uk∩{|x|<δ}

|vk|2 ≤ Cδ1/2

which in fact tells us that we have vk → v strongly in L2(C B1/2) (indeed, for each 0 < τ < δ

we have vk → v in C2 on B1/2 ∩ {τ < |x| < δ}, and thus
∫
B1/2∩{τ<|x|<δ}

|v|2 ≤ Cδ1/2 for each

τ > 0; let τ ↓ 0 to get
∫
B1/2∩{|x|<δ}

|v|2 for each δ > 0, from which the claim follows). Next,

consider any Y ∈ S(C(0)) ∩ B1/2. By Lemma 15, we know that we may choose a sequence

Zk ≡ (ξk, ηk) ∈ spt‖Vk‖ ∩ B3/4(0) with ΘVk(Zk) ≥ ΘC(0)(0) = 5
2 with Zk → Y . Thus, for each

ρ ∈ (0, 1/8], from Corollary 24(i) (in the same way as for Lemma 23(iv)), we have for all k

sufficiently large (depending on ρ):∫
Uk∩Bρ/2(Zk)

|uk − ξ⊥k |2

|X + uk(X)− Z|n+3/2
dHn ≤ Cρ−n−3/2

∫
Uk∩Bρ(Zk)

|uk − ξ⊥k |2.

Note that by Lemma 23(i) that |ξk| ≤ CEk, and hence E−1
k (ξk, 0) converges to some limit: let

us call this limit κ(Y ) (we shall see momentarily that this is only dependent on Y , and not the

choice of sequence (Yk)k). Then, dividing the above inequality by E2
k and passing to the limit,

using the fact that vk → v strongly in L2(C B1/2), we get

∫
Bρ/2(Y )

|v − κ⊥(Y )|2

|X − Z|n+3/2
d(Hn spt‖C(0)‖) ≤ Cρ−n−3/2

∫
Bρ(Y )

|v − κ⊥(Y )|2 d(Hn spt‖C(0)‖).

Note that this shows that κ(Y ) is independent of the sequence (Zk)k, as this integral on the

left hand side needs to be finite, which uniquely determines κ(Y ) (using the fact that the unit

normals to spt‖C(0)
0 ‖ span R2). Also, note that applying Lemma 23(i) to (η0,1/2)#Vk instead of

Vk shows that supB5/16∩S(C(0)) |κ|2 ≤ C
∫
B1/2
|v|2.

Note that in terms of the properties of a proper coarse blow-up class as in Section 5.2, we have

now established that the class of functions B(C) satisfies (after rotating the functions onto the

fixed half-hyperplane H) (B1), (B2), (B3) (except for the smoothness of κ). Note that, in a

similar way to how we established (B3) above (namely through Corollary 24, which itself came

from an application of Lemma 23 with (ηZ,ρ)#V in place of V ), we can show that, for each

ρ ∈ (0, 1/8) and k sufficiently large (depending on ρ), if we apply Lemma 23(v) to (ηZk,ρ)#Vk
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and pass to the limit, we get∫
Bρ/2(Y )

R2−n
Y

(
∂

∂RY

(
v

RY

))2

d(Hn spt‖C(0)‖) ≤ Cρ−n−2

∫
Bρ(Y )

|v|2 d(Hn spt‖C(0)‖).

This is almost (B4): this will follow from the above by applying the closure properties in (B5),

noting that if ` is a homogeneous degree one function in |x|, then ∂
∂|x|(`/|x|) = 0. Thus, we are

left with establishing properties (B5), (B6) (B7), and showing that the function κ is smooth.

3.3. Further properties of the coarse blow-up class. In this section we shall prove

that the coarse blow-up class, B(C(0)), satisfies properties (B5), (B6), and that the function κ

in (B3) is smooth; the remainder of the paper will then be devoted to proving that (B7) is also

satisfied, and using this with various other intermediary regularity results to prove Theorem B.

Fix I ∈ {0, 1, 2}, C(0) ∈ LS ∩ LI , and let v ∈ B(C(0)); we shall always write (Vk)k, (Ck)k, εk,

δk, and τk for sequences as in Section 5.4.2 which give rise to v.

Let us start by showing (B5I). Let z ∈ S(C(0)) ∩ B1 and σ ∈ (0, 3
8(1 − |z|)]. Then set

Ṽk := (ηz,σ)#Vk; note that we still have Ṽk ⇀ C(0). Then, since (ηz,σ)#Ck = Ck for all k,

it is straightforward to check that the coarse blow-up of Ṽk relative to Ck is ṽ(·) = ‖v(z +

σ(·))‖−1
L2(B1)

v(z + σ(·)); thus (B5I) holds.

Now let us prove (B6). Let (v`)` ⊂ B(C(0)) and for each ` let (V `
k )k ⊂ S2 and (C`

k)k ⊂ LI be

the sequences whose coarse blow-up is v`. Now inductively choose integers k` such that:

(a) k1 < k2 < · · · ;

(b) EV `k` ,C
`
k`

< min{`−1, ε(C(0), `−1)}, where ε0 is the constant from Lemma 22;

(c) ‖E−1
V `k`

,C`k`
u`,k` − v`‖L2(B1) < `−1, where u`,k` is the function from Lemma 22 with

τ = `−1; such a function exists by the construction of the coarse blow-up v`.

Now from Lemma 22(c), we know that for each compact subset of B1 ∩ spt‖C(0)‖\S(C(0)), for

all sufficiently large ` we have
∫
K |v`|

2 + |Dv`|2 ≤ C(n,K), and so if v is the coarse blow-up of an

appropriate subsequence (V `′
k`′

)`′ of (V `
k`

)`, it is then straight forward to see that, after perhaps

passing to another subsequence, that on each compact subset K we have v`′ → v strongly in

L2(K) and weakly in W 1,2(K). Finally, as usual, from the non-concentration estimate of the

L2 norm about the spine, we see that this L2 convergence also holds on each compact subset of

spt‖C(0)‖; this proves (B6).

Let us now prove that κ is smooth. We already know (see Section 5.4.2) that for each Y ∈
B1/2 ∩ S(C(0)) we have for all ρ ∈ (0, 1/8),

(23)

∫
Bρ/2(Y )

|v − κ⊥(Y )|2

|X − Y |n+3/2
≤ Cρ−n−3/2

∫
Bρ(Y )

|v − κ⊥(Y )|2

where κ is a single-valued function. Note that this inequality by itself is enough to prove that the

average va is C0,α up-to-the-boundary by standard Campanato estimates (see [Min21a]) with

boundary values exactly determined by κ (as the integral on the left hand side is finite); more-

over, once we have that κ is smooth, the above inequality will imply that κ⊥Hi = (vi)a|B1/2∩∂Hi
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for Hi a half-hyperplane in spt‖C(0)‖ and vi ≡ v|Hi , and so standard boundary regularity the-

ory will imply that va is smooth up-to-the-boundary on each half-hyperplane; this means we

can make sense of va(0) and Dva(0), which we make use of in (B5II).

We will follow the argument seen in [Sim93, Lemma 1] (a variant of which can be found in

[Wic14, Lemma 12.2]) to show that κ is smooth. Let ζ = ζ(r, y) be a smooth function such

that ζ(r, y) ≡ 0 on Rn+1\B3/8 with ∂ζ
∂r = 0 on a neighbourhood of {|x| = 0}; more precisely,

such that there is τ∗ > 0 such that Diζ = 0 for i = 1, 2 on |x| < 2τ∗.

For i = 1, 2 and p = 1, . . . , n− 1, apply the first variation formula with test function Φ := eiζp

and V = Vk to get ∫
B1/2

∇Vkxi · ∇Vkζyp d‖Vk‖ =

∫
B1/2

ei · ∇Vkζyp d‖V ‖ = 0

where for notational simplicity we have written ζyp ≡
∂ζ
∂yp ; the second integral here vanishes

because ζ has compact support and because Deiζ ≡ 0 on a neighbourhood of 0. Set Uk :=

spt‖Ck‖∩B1\{|x| < τk} and note that on B3/4∩ spt‖Vk‖\{|x| < τk} is expressible as a function

uk as in Lemma 22. Let us write Gk := graph(uk
∣∣
Uk∩B1/2

). Now clearly we have, for any

τ > 0, for all k sufficiently large, if we write (gijk )ij for the matrix representing the orthogonal

projection Rn+1 → TXV
k (which is defined Hn-a.e. point X in spt‖Vk‖),

∫
B1/2\Gk

∣∣∇Vkxi · ∇Vkζyp∣∣ d‖Vk‖ =

∫
B1/2\Gk

∣∣∣∣∣∣
n+1∑
j=3

(δij − gij)Dyj−2ζyp

∣∣∣∣∣∣ d‖Vk‖

≤
∫
B1/2\Gk

n+1∑
j=3

|e⊥j |2
1/2

|Dζyp | d‖Vk‖

≤ sup
B1/2

|Dζyp | ·
√
‖Vk‖(B1/2\Gk) ·

∫
B1/2

n+1∑
j=3

|e⊥j |2 d‖Vk‖

1/2

≤ C sup
B1/2

|D2ζ| · τ1/2 · EVk,Ck ;

here, in the first equality we have used the fact that, if k is sufficiently large (depending on τ),

we have B1/2\Gk ⊂ B1/2 ∩ {|x| < τ} and thus Dxiζ = 0 on B1/2\Gk for i = 1, 2 (if τ < τ∗),

so these terms do not appear in the sum in the integrand; in the first inequality we have

simply used the Cauchy–Schwarz inequality for vectors in Rn−1; in the second inequality we

have used the Cauchy–Schwarz inequality on L2; for the final inequality we have used Lemma

23(ii) to bound the integral and then we have used that, for fixed τ > 0, since Vk ⇀ C(0) by

Lemma 8 we have ‖Vk‖(B1/2 ∩ {|x| < τ}) → ‖C(0)‖(B1/2 ∩ {|x| < τ}) = Cτ (as the cross-

section is one-dimensional and consists of rays of length < τ on this set) for some C = C(n),

and B1/2\Gk ⊂ B1/2 ∩ {|x| < τ} for all k sufficiently large. Therefore we conclude, for each

τ ∈ (0, 1/2) and all k sufficiently large (depending on τ):∫
B1/2\Gk

∣∣∇Vkxi · ∇Vkζyp∣∣ d‖Vk‖ ≤ C sup |D2ζ|Ek · τ1/2.
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Now write (ωjk)
5−I
j=1 for the unit vectors in the direction of the rays making up the cross-section

of Ck. Set Uk(τ) := spt‖Ck‖ ∩ B1\{|x| < τ} and write U jk(τ) for the intersection of Uk(τ)

with the half-hyperplane in Ck whose ray in the cross-section is in the direction ωjk. Also, write

Gk(τ) := graph(uk|Uk(τ)∩B1/2
) and Gjk(τ) := graph(uk|Ujk(τ)∩B1/2

) (this could be determined by

a single-valued or two-valued function).

We are left with estimating

∫
B1/2∩Gk

∇Vkxi · ∇Vkζyp d‖Vk‖ ≡
5−I∑
j=1

∫
Gjk(τ)

∇Vkxi · ∇Vkζyp d‖Vk‖.

Rotate so that ω1
k = e1 (we will see that the expression we find is invariant under rotations, and

so we can rotate back at the end). Let us begin with the case i = 1, i.e. when our deformation

is in the direction parallel to ω1
k. Then we have, for Hn-a.e. point in G1

k(τ),

∇Vkx1 · ∇Vkζyp = h11
k

∂ζyp
∂x1

+

n+1∑
j=3

h1,j
k ·

∂ζyp
∂yj−2

where (hijk )ij is the inverse of the matrix Jacobian matrix for the graph of u1
k, i.e. the component

of uk over the half-hyperplane determined by ω1
k; note that if u1

k is two-valued, then the above

expression is taken to be for the corresponding component of u1
k if the point is a non-branch

point and the (unique) value at a branch point. Thus, using the area formula as in (2) we see

that∫
G1
k(τ)
∇Vkx1 · ∇Vkζyp d‖Vk‖

=

∫ 1

τ

∫
Rn−1

∑
`

(
(h`)11

k

∂

∂x1
ζyp

(√
|x1|2 + |(u1

k)
`|2, y

))

+

n+1∑
j=3

(h`)1j
k

∂

∂yj−2
ζyp

(√
|x1|2 + |(u1

k)
`|2, y

)√h`k dydx1

where here h`k is the determinant of the corresponding (hijk )ij ; the sum in ` is over the values

of u1
k, so if u1

k is single-valued there is just one term and if it is two-valued there are two. We

may then estimate, just as in [Sim93], using in place of usual quasilinear elliptic estimates

the estimates in Section 5.1.1.2 whenever u1
k is two-valued, to get for all k sufficiently large

(depending on τ)∣∣∣∣∣
∫
G1
k(τ)
∇Vkx1 · ∇Vkζyp d‖Vk‖

∣∣∣∣∣ ≤ C (sup |Dζ|+ sup |D2ζ|
)
·
∫
U1
k (τ/2)

|u1
k|2.

Now for i = 2, i.e. deformations perpendicular to ω1
k in the cross-section, we see in a similar

fashion that (see [Sim93, Lemma 1, (26)])∫
G1
k(τ)
∇Vkx2 · ∇Vkζyp d‖Vk‖ =

∫
U1
k (τ)

∑
`

∇(u1
k)
` · ∇ζyp + βk
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where βk is a term with E−1
k βk → 0 as k → ∞. All of these expressions are invariant under

rotations, and so they hold without the assumption that ω1
k = e1, and so these hold for each

Gjk(τ). So summing these results over i = 1, 2 and over j = 1, . . . , 5− I we get

5−I∑
j=1

∫
Ujk(τ)

θj∇(ujk)a · ∇ζyp = Rk + SEk

where |S| ≤ Cτ1/2 and E−1
k Rk → 0 as k →∞; here, we have used that

∑
`∇(u1

k)
` = θk(u

j
k)a, for

θj = ΘCk(ωjk) is the multiplicity of the respective half-hyperplane in Ck (which is independent

of k), i.e. θj is 2 whenever ujk is two-valued, and is 1 otherwise. We stress here that (ujk)a is

the average part of ujk, and so the index a does not represent a derivative.

If we divide this expression by Ek, for fixed τ ∈ (0, τ∗) we may let k →∞ to obtain

(24)

∫
spt‖C(0)‖∩{|x|>τ}

ΘC(0)(z)∇va(z) · ∇ζyp(z) = S

where |S| ≤ Cτ1/2; so letting τ ↓ 0, we get∫
spt‖C(0)‖

ΘC(0)(z)∇va(z) · ∇ζyp(z) = 0;

note here we have used the fact that, by Lemma 23(ii), we have that
∫
B1/2
|Dyv

k|2 ≤ C for all

k sufficiently large, where C = C(n), and so Dyqv ∈ L2(C(0) B1/2) for all q ∈ {1, 2, . . . , n− 1}
(i.e. all the directions parallel to the spine) and that since Dxiζ ≡ 0 for i = 1, 2, when taking

the dot-product in (24), on the region {|x| < τ∗} the only derivatives of va which occur are

those parallel to the spine, and on the region {|x| ≥ τ∗} we have C1,1/2 convergence, and thus

we may pass to the limit. Thus, we have∫
B3/4

∇va · ∇ζyp d‖C(0)‖ = 0

for any ζ ∈ C∞c (B1/4) with Dxiζ ≡ 0 on a neighbourhood of {r = 0}, and for any p ∈
{1, . . . , n− 1}. We stress that we know va is always a smooth single-valued harmonic function,

away from S(C(0)). Now, if we perform a rotation on each half-hyperplane in C(0), rotating

them to the fixed hyperplane H = {(r, y) ∈ Rn : r > 0}, changing the domain of integration of

the integral to this fixed hyperplane, and then integrate by parts, using the fact that C(0) ∈ LS

is stationary and so the sum of the unit normals over half-hyperplanes in spt‖C(0)‖, counted

with multiplicity, vanishes, the above expression can be written as∫
H
ṽ · ∇ζyp = 0

where ṽ(r, y) :=
∑5−I

j=1 ΘC(0)(ωj) · va(rωj , y)ω⊥j , for (ωj)
5−I
j=1 the unit vectors in the direction of

the rays in C
(0)
0 ; we stress here that this function is vector-valued, as we have only changed

the domain of integration. Since ζ as above is arbitrary, we can now follow the argument

leading to [Sim93, Lemma 1, (28)] to see that, if v̂ denotes the even reflection of ṽ over ∂H
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to a function on all of Rn, then Dyp v̂ is a smooth harmonic function on all of Rn, with the

desired estimates on its values and derivatives at 0 (which follow from standard estimates for

harmonic functions). In particular, the function v̂|∂H , which are the boundary values of the

original function v, is smooth on all of B1/2 ∩ ∂H with the same estimates; indeed, we have for

Y ∈ B1/2 ∩ ∂H that v̂(Y ) =
∑5−I

j=1 θj(κ · ωj)⊥ω⊥j (note that, by the remark after (23), we know

that the boundary values of va agree with κ as va is continuous up-to-the-boundary), which

is a smooth function and has supremum bounded by C
∫
B1/2
|v|2. Hence, we see that, on ∂H,

the function F :=
∑5−I

j=1 θj(κ · ω⊥j )ω⊥j , where θj ∈ {1, 2}, is smooth. However, since the normal

directions of the cross-section, i.e. ω⊥j , span R2, this sum F being smooth readily implied that

κ itself must be a smooth function; hence we have shown that κ is smooth, proving (B3) in its

totality.

Finally, now that Dva(0) makes sense, let us prove (B5II). Note that from (B3) we also

know that it is a single point, κ(0) ∈ R2, which determines all the values of va(0) along each

half-hyperplane via the projections of (κ(0), 0) to each half-hyperplane. So, note that for any

y ∈ Rn+1 with v − y 6≡ 0 in B1 and each σ ∈ (0, 1) ( the introduction of the parameter

σ ∈ (0, 1) is a necessary step to ensure that we can still apply our graphical representation over

suitable balls), the function ‖v(σ(·))−y‖−1
L2(B1)

(v(σ(·))−y) is the coarse blow-up of the sequence

(ησEky, σ)#Vk relative to Ck, and so belongs to B(C(0)); note that by v − y in this setting we

mean the function which over a half-hyperplane Hi in C(0) is given by vi − y⊥Hi , for y⊥Hi the

projection onto the orthogonal complement of Hi. Then by applying (B6), with σ ↑ 1, we get

that ‖v − y‖−1
L2(B1)

(v − y) ∈ B(C(0)). If we apply this with y = (κ(0), 0), we see that this does

subtract the relevant value of via(0) from vi.

In order to remove a linear function, we need to perform two rotations: the first will rotate the

sequence Vk to remove the derivatives of the function which are parallel to the spine (note that

from (B3) we once again know that for each component of v these derivatives are determined

by the same function, appropriately projected), and then second we rotate the individual half-

hyperplanes in the Ck to remove the derivatives in the direction of the corresponding ray of

each half-hyperplane. (Note this should be compared with [BK17, Section 4.2, (B5II)].)

So consider a function of the form κ
⊥
T(·)C

(0)
+ ψ, where κ ∈ S(C(0))⊥ and ψ : spt‖C(0)‖ ∩

{|x| > 0} → spt‖C(0)‖⊥ a linear function on each half-hyperplane, i.e. ψ is of the form

ψ(X) =
∑n−1

j=1 y
jc
⊥
TXC(0)

j + |x|ϕ(x/|x|) for some collection of vectors c1, . . . , cn−1 ∈ S(C(0))⊥

and function ϕ : {ω1, . . . , ω5} → spt‖C(0)‖⊥, where ωi is the unit vector in the direction of the

ray determining the ith half-hyperplane in C(0); this is the type of function we want to subtract

off from v. By the same argument as in Section [Sim93, Section 2], there is a sequence of cones

of the form Dk := Rk#D̃k, where D̃k ∈ LI and Rk is a rotation of Rn+1 such that |Rk− id| → 0.

Now let dk be the function which represents D̃k as a graph over C(0), and then let C̃k ∈ LI be

the cone determined by the function ck + Ekdk, where here ck is the function which represents

Ck over C(0). Then, considering Ṽk := (τEkκ ◦ (Rk)−1)#Vk, we see that the coarse blow-up of

Ṽk relative to C̃k is exactly ‖v − κ
⊥
T(·)C

(0) − ψ‖−1
L2 (v − κ

⊥
T(·)C

(0) − ψ), as desired. Taking this

with the κ and ψ determined by va(0), we get (B5II).
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4. Level 0: Proof of Theorem B

Here we now prove Theorem B when the base cone is level 0, i.e. C(0) ∈ LS ∩ L0. We are able

to do this now because our coarse blow-ups consist only of single-valued harmonic functions,

and thus we do not require any additional properties other than (B3) to deduce the desired

boundary regularity.

Our technical lemma toward proving Theorem B is the following excess decay statement.

Lemma 26. Suppose C(0) = C
(0)
0 × Rn−1 ∈ LS ∩ L0, and fix θ ∈ (0, 1). Then there exists

ε = ε(C(0), θ) ∈ (0, 1) such that the following is true: if V ∈ Nε(C(0)) and C ∈ Lε(C
(0)), then

there exists C̃ and an orthogonal rotation Γ of Rn+1 such that:

(i) |Γ− id| ≤ CEV,C;

(ii) dist(spt‖C̃‖ ∩B1, spt‖C‖ ∩B1) ≤ CEV,C;

(iii)

θ−n−2

∫
Bθ

dist2(X, spt‖Γ#C̃‖) d‖V ‖(X) ≤ CθE2
V,C;

here, C = C(n).

Proof. We will prove this by contradiction; so suppose that the lemma does not hold

(for C = C(n) to be chosen): therefore, we may find sequences εk → 0, Vk ∈ Nεk(C(0)),

Ck ∈ Lεk(C(0)), such that there lemma does not hold true for this choice of θ and C(0); it

suffices to show for infinitely many k, the lemma does hold.

For i = 1, 2, . . . , n−1, set Yi := θ
2e2+i ∈ S(C(0)). Lemma 15 tells us that for each k ≥ 1 and i ∈

{1, . . . , n−1} we may find sequences Zi,k ∈ spt‖Vk‖∩B1 such that ΘVk(Zi,k) ≥ 5
2 and Zi,k → Yi

as k →∞. Since {Y1, . . . , Yn−1} span an (n−1)-dimensional subspace, it must be the case that,

for all k sufficiently large, the {Z1,k, . . . , Zn−1,k} also span an (n − 1)-dimensional subspace of

Rn+1; call this subspace Σk. We may then choose for each k sufficiently large a rotation Γk

of Rn+1 such that Γk(Σk) = S(C(0)) and such that |Γk − id| is minimal across all rotations Γ

which obey Γ(Σ) = S(C(0)). From Lemma 23(i), we know that dist(Zi,k, S(C(0))) ≤ CEk for

each i and all k sufficiently large, where C = C(n); here we have written Ek ≡ EVk,Ck in the

usual way. Thus, this shows that for all k sufficiently large,

|Γk − id| ≤ CEk

where C = C(n). Now, setting Ṽk := (Γk)#Vk, note that by the triangle inequality,

E2
Ṽk,Ck

:=

∫
B1

dist2(X, spt‖Ck‖) d‖(Γk)#Vk‖

≤ 2

∫
B1

dist2(X, spt‖(Γk)#Ck‖) d‖(Γk)#Vk‖+ (5ωn + 2) dist2(spt‖(Γk)#Ck‖ ∩B1, spt‖Ck‖ ∩B1)

≤ 2

∫
B1

dist2(X, spt‖Ck‖) d‖Vk‖+ CE2
k

= CE2
k
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for some C = C(n). Thus, if k is sufficiently large we can apply Lemma 22 and the analysis of

Section 5.3 to Ṽk. So, let ṽ ∈ B(C(0)) be the coarse blow-up of (a subsequence of) Ṽk relative

to Ck. By construction we have ṽ(Yi) = 0 for I = 1, . . . , n− 1 and also ṽ(0) = 0 (which we can

also arrange by construction, by initially translating each Vk by some Zk with ΘVk(Zk) ≥ 5
2 ;

by Lemma 23(i) we can also estimate the height excess of this translated Vk in terms of the

original Vk). Write ṽ1, . . . , ṽ5 for the 5 (single-valued) C2 functions which determine v. The

above tells us, as each vi is C2 (in fact smooth) up-to-the-boundary by Theorem 17, that for

each ` = 1, . . . , 5 and i = 1, . . . , n−1, we may find S`,i ∈ Bθ/2∩S(C(0)) such that ∂ṽ`

∂yi
(S`,i) = 0.

Given this, the C0,1/2 regularity of Dyṽ provided by Theorem 17 (in fact we can get improved

estimates in this case as ṽ is smooth) gives that

|Dyṽ
`(0)|2 ≤ Cθ

∫
B1/2

|ṽ|2.

We can now use Dv(0) to define a new sequence of cones, C̃k, for which the excess improves, as

follows. Let {H1, . . . ,H5} denote the half-hyperplanes in spt‖C(0)‖, with unit vectors ω1, . . . , ω5

in R2 parallel respective ray in the cross-section of C(0) determined by H1, . . . ,H5, respectively.

Thus, a function over Hi is expressible as (r, y) 7→ vi(rωi, y)ω⊥i . Now consider for each i =

1, . . . , 5, the half-hyperplane Pi : Hi → H⊥i determined by the graph of Pi(r, y) := rDrṽ
i(0) +

y ·Dyṽ
i(0), and the half-hyperplane with axis that of S(C(0)), namely ci : Hi → H⊥i given by

ci(r, y) := rDrṽ
i(0). The above estimates clearly give

|Pi(r, y)− ci(r, y)|2 ≤ Cθ · |y|2
∫
B1/2

|ṽ|2

and moreover from the regularity of ṽ provided by Theorem 17 we know

θ−n−2

∫
Hi∩Bθ

|vi − Pi|2 ≤ Cθ
∫
B1/2

|ṽ|2.

These two inequalities clearly give that

θ−n−2

∫
Bθ

|v − c|2 ≤ Cθ
∫
B1/2

|ṽ|2

where c : spt‖C(0)‖ → spt‖C(0)‖⊥ is the function determined by Hi by ci; notice that by

construction all the ci have the same boundary values, and so graph(c) determines another level

0 cone. Indeed, c is exactly what we use to determine the new sequence of cones; suppose Ck

has half-hyperplanes Hk
1 , . . . ,H

k
5 , with Hk

i → Hi; then, Hk
i is determined as a graph over Hi of

some function, say gki . We then set g̃ki := gki +Ekc
k
i ; the graph of g̃k determines a new sequence

of level 0 cones, which we denote by C̃k. It is clear that if we write ũk, uk for the graphs

provided by Lemma 22 of Ṽk over Ck and C̃k respectively, then

uk(X + g̃k(X)) = ũk(X + g̃k(X))− cEk + βk
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where E−1
k βk → 0 as k →∞. Thus we see

1

E2
k

· θ−n−2

∫
Bθ

dist2(X, spt‖C̃k‖) d‖Ṽk‖ → θ−n−2

∫
Bθ

|v − c|2 ≤ Cθ

which implies that the conclusions of the lemma hold for all k sufficiently large, providing the

contradiction. �

Now we use Lemma 26 to prove Theorem B when C(0) ∈ LS ∩ L0 is level 0.

Theorem 27. Theorem B is true whenever C(0) ∈ LS ∩ L0.

Proof. Fix C(0) ∈ LS ∩ L0; without loss of generality we can rotate so that C(0) =

C
(0)
0 ×Rn−1. Choose θ = θ(n) so that Cθ < 1/4, where C = C(n) is the constant from Lemma

26. Thus we know that there is a ε0 = ε0(C(0)) for which Lemma 26 holds.

So let ε ∈ (0, ε0) to be a constant eventually chosen to only depend on C(0). Suppose that

V ∈ Nε(C(0)). We claim that if ε = ε(C(0)) is small enough we can iterate Lemma 26 to prove

a sequence of rotations (Γj)j and cones Ci ∩ L0 such that for each j,

(i) |Γj − Γj−1|2 ≤ C∗4−jE2
V,C(0) ;

(ii) dist2(spt‖Cj‖ ∩B1, spt‖Cj−1‖ ∩B1) ≤ C∗4−jE2
V,C(0) ;

(iii)

(θj)−n−2

∫
B
θj

dist2(X, spt‖(Γj)#Cj‖) d‖V ‖(X) ≤ 4−jE2
V,C(0)

for suitable C∗ = C∗(n); here, Γ0 = id and C0 = C(0). We shall prove this by induction on

j. The j = 1 case follows immediately from Lemma 26, applying it with V and C(0) in place

of C. Now suppose that (i) – (iii) hold for j = 1, . . . , k; we shall construct Γk+1 and Ck+1 to

prove (i) – (iii) hold for j = k+ 1. To do this, we shall show that we can apply Lemma 26 with

Ck and V k := (η0,θk ◦ (Γk)−1)#V in place of C and V , respectively. In order to do this, we

need to choose ε is sufficiently small, independent of k, to ensure that V k+1 ∈ Nε0(C(0)) and

Ck+1 ∈ Nε0(C(0)) whenever (i) – (iii) hold for j = 1, . . . , k.

Note first that from (ii), we have from the triangle inequality and the form of C(0),

dist(spt‖Ck‖ ∩B1, spt‖C(0)‖ ∩B1) ≤ C∗EV,C(0)

k∑
i=1

2−i ≤ C∗EV,C(0)

and so if C∗ε < ε0, then EV,C(0) < ε will ensure that Ck ∈ Lε0(C(0)) for all k.

To show V k ∈ Nε0(C(0)), from (i) for j = 1, . . . , k it is clear again by the triangle inequality

that

|Γk − id| ≤ C∗QV,C(0)

k∑
i=1

2−i ≤ C∗QV,C(0) .

Moreover, (iii) gives

E2
V k,Ck ≤ 4−kE2

V,C(0)
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which then gives by the triangle inequality,∫
B1

dist2(X, spt‖C(0)‖) d‖V k‖ ≤ 2

∫
B1

dist2(X, spt‖Ck‖) d‖V k‖+ 6ωndist2(spt‖Ck‖ ∩B1, spt‖C(0)‖ ∩B1)

≤ 2E2
Vk,Ck

+ 6ωnC
2
∗E

2
V,C(0)

≤ (41−k + 6ωnC
2
∗ )E

2
V,C(0)

Thus, if ε = ε(C(0)) is suitably such that (4 + 6ωnC
2
∗ )ε < ε0, we have V k ∈ Nε0(C(0)), and thus

we may apply Lemma 26 to V k and Ck to produce a rotation Γ and a cone Ck+1 such that:

(1) |Γ− id|2 ≤ CE2
V k,Ck

;

(2) dist2(spt‖Ck+1‖ ∩B1, spt‖Ck‖ ∩B1) ≤ CE2
V k,Ck

;

(3)

θ−n−2

∫
Bθ

dist2(X, spt‖Γ#Ck+1‖) d‖V k‖ ≤ CθE2
V k,Ck ;

once again, C = C(n) is just the constant from Lemma 26. Now set Γk+1 := Γ ◦ Γk; since

E2
V k,Ck

≤ 4−kE2
V,C(0) and Cθ < 1/4, we see that as long as C∗ > 4C, we get that (i) – (iii) hold

again, with the same C∗; thus we have reset the constant at each stage, and so our choice of ε

does allow us to inductively prove (i) – (iii) hold for all j. Fix ε1 = ε1(C(0)) such that all the

above holds when V ∈ Nε1(C(0)).

Now for any Z ∈ sing(V ) ∩B1/2 with ΘV (Z) ≥ 5
2 , if VZ := (ηZ,1/2)#V note that, using Lemma

23(i) and (21), that

(1/2)−n−2

∫
B1/2

dist2(X, spt‖(τZ)#C‖) d‖V ‖ ≤ 2n+2(1 + 6Cωn)E2
V,C

where C = C(n) is from Lemma 23; thus if ε is sufficiently small, we see that VZ ∈ Nε1(C(0))

holds for each such Z, and so all the above arguments hold for VZ . Thus for such Z we can

deduce that there is a sequence of rotations ΓjZ of Rn+1 and a sequence of cones Cj
Z ∈ L0

satisfying (i) – (iii) above, and thus we can find limits ΓjZ → ΓZ , Cj
Z ⇀ CZ ∈ L0, such that

(I) |ΓZ − id| ≤ CEVZ ,C(0) ;

(II) dist(spt‖CZ‖ ∩B1, spt‖C(0)‖ ∩B1) ≤ CEVZ ,C(0) (i.e. CZ ∈ LCE
VZ,C

(0)
(C(0)));

(III) there exists α = α(n) ∈ (0, 1/2) such that for each ρ ∈ (0, θ),

ρ−n−2

∫
Bρ

dist2(X, spt‖(ΓZ)#CZ‖) d‖VZ‖ ≤ Cρ2αE2
VZ ,C(0) .

Indeed, clearly (i), (ii) prove that the sequences ΓjZ and Cj
Z are Cauchy sequences and thus

converge, and (III) follows by a standard interpolation argument based on (iii); we can even

specify α := 1
2 logθ−1(2). In particular, (II) shows that for ε sufficiently small we must have that

CZ is level 0, and (III) shows that (ΓZ)#CZ is the unique tangent cone to V at Z, and thus

we see that every singular point of density ≥ 5
2 has a unique tangent cone which is in L0 ∩ LS ,
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and so in particular must have density exactly 5
2 . Thus for ε2 = ε2(C(0)) sufficiently small,

{ΘV > 5/2} ∩B1/2 = ∅.

We now claim that for each y ∈ Bn−1
1/2 (0) there is at most one singular point of density 5

2 in

the slice (R2 × {y}) ∩ B1/2; in fact we will be able to show that if such a slice has one point

of density 5
2 , all other points must have density at most 2. We argue this by contradiction.

Suppose that we have Z1, Z2 ∈ sing(V ) ∩B1/2 ∩ (R2 × {y}) with ΘV (Z1) = 5
2 and ΘV (Z2) > 2;

set σ = |Z1 − Z2|. From Lemma 22 we may assume that |Z1|, |Z2| < θ/4; thus σ < θ/2. Hence

we may apply (III) above at Z1 to get

(2σ)−n−2

∫
B2σ

dist2(X, spt‖(ΓZ1)#CZ1‖) d‖VZ1‖ ≤ C(2σ)2αE2
VZ1

,C(0) .

Using this with (I) and (II), we then get

E(η0,2σ)#VZ1
,C(0) ≤ CEVZ1

,C(0)

where C = C(n) is independent of σ. Thus, if ε is sufficiently small, only depending on C(0),

this implies that we may apply Lemma 22 to (η0,2σ)#VZ1 , expressing it as a sum of single-valued

and two-valued stationary graphs over the region {|x| > 1/4}; but this is a contradiction, as by

assumption we know it has a singularity (determined by Z2) of density > 2 on {|x| = 1/2}∩B1.

Thus we see that whenever we have sing(V )∩ {ΘV ≥ 5
2} ∩ (R2 × {y}) 6= ∅, then in fact there is

a unique Z (depending on y) such that

(25) sing(V ) ∩ {ΘV > 2} ∩ (R2 × {y}) ∩B1/2 = {Z}.

But we know from (the proof of) Lemma 15 that in fact for ε = ε(n) sufficiently small, there is

at least one point of density ≥ 5
2 in each slice (R2×{y})∩B1/2; thus we can find, for ε = ε(C(0)),

a function w : {0}2 × Rn−1 → R2 such that

{Z ∈ B1/2 : ΘV (Z) ≥ 5/2} = graph(w).

To finish the proof, we need to show that w has the desired regularity and find the functions

describing V away from the set of points of density 5
2 . Indeed, if ΘV (Z) ≥ 5/2, if we define

ṼZ := (η0,ρ ◦ Γ−1
Z )#VZ , then (III) applied at Z gives

E2
ṼZ ,CZ

≤ Cρ2αE2
VZ ,C(0)

and hence, we may apply Lemma 23 to ṼZ when ε is sufficiently small, to see that (in particular,

from Lemma 23(i)) for any Ỹ ∈ sing(ṼZ) ∩B1/2 with ΘṼZ
(Ỹ ) ≥ 5

2 ,

dist2(Ỹ , S(CZ)) ≤ CE2
ṼZ ,CZ

.

Unpacking this, as S(CZ) = S(C(0)), it is equivalent to

ρ−1−αdist(Y,ΓZ(S(C(0)))) ≤ CEVZ ,C(0)
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for every Y ∈ sing(VZ) ∩ Bρ/2 with ΘVZ (Y ) ≥ 5
2 ; indeed, taking Y → Z (with ΘV (Y ) ≥ 5/2)

we can take ρ ↓ 0 in the above, to see that this implies that w is differentiable, and the tangent

plane at Z = w(z) in graph(w) is ΓZ(S(C(0))). So currently we have: sup |w| ≤ CEV,C(0) (from

Lemma 23(i)) and that w is differentiable everywhere, with moreover that sup |Dw| ≤ CEV,C(0)

(from (I)). So all that remains to be shown for w is that it is C1,α, with the desired bound on the

Hölder semi-norm of Dw; from the form of the tangent plane above, this amounts to showing

a C0,α bound on Z 7→ ΓZ . So fix Z1, Z2 ∈ sing(V ) ∩ {ΘV ≥ 5
2} ∩B1/2 and set σ∗ := |Z1 − Z2|.

Then, if σ∗ < θ/4, it follows from (III) that if V∗ := (η0,4σ∗ ◦ Γ−1
Z1

)#VZ1 , then

E2
V∗,CZ1

≤ Cσ2α
∗ E

2
V,C(0) .

We can then repeat the previous iteration scheme which established (I), (II), and (III), with

V∗, CZ1 , and Z∗ := (4σ∗)
−1Γ−1

Z1
(Z2 − Z1) in place of V , CZ1 , and Z (again, for ε sufficiently

small independent of Z1, Z2); hence we find some rotation Γ∗Z∗ and a cone C∗Z∗ such that

|Γ∗Z∗ − id| ≤ CEV∗,CZ1
and that (from the equivalent of (III)) that (Γ∗Z∗)#C∗Z∗ is the unique

tangent cone to V∗ at Z∗. However, we know that (ΓZ2)#CZ2 is the unique tangent cone to V at

Z2, and so unravelling the transformations which gave rise to V∗, equating the unique tangent

cones we see that one needs (Γ∗Z∗)#C∗Z∗ = (Γ−1
Z1

)#((ΓZ2)#CZ2), which implies from the form of

C(0) and (II) that Γ∗Z∗ = Γ−1
Z1
◦ ΓZ2 . Thus, from the property (I), we have

|ΓZ2 − ΓZ1 | = |ΓZ1 ◦ Γ∗Z∗ | = |Γ
∗
Z∗ − id| ≤ CEV∗,CZ1

≤ Cσα∗EV,C(0) ≡ [CEV,C(0) ] · |Z1 − Z2|α

which is the desired C0,α bound when |Z1 − Z2| < θ/4. However, if |Z1 − Z2| ≥ θ/4, we simply

need to iterate the above inequality (using the triangle inequality) at most N = N(1/θ) = N(n)

times to recover the desired inequality, and hence we see that w ∈ C1,α with the desired bounds;

in particular, we have now seen that Bn+1
1/2 ∩{ΘV > 2} ≡ Bn+1

1/2 ∩{ΘV = 5/2} forms an embedded

C1,α submanifold of Bn+1
1/2 (0), each point of which has a tangent cone CZ ∈ L0∩LS which obeys

dist(spt‖CZ‖ ∩B1, spt‖C(0)‖ ∩B1) ≤ CEV,C(0) .

Now all that is left is to prove the existence of the remaining functions defined over the hy-

perplanes determined by the half-hyperplanes in C(0); note that the functions γi are deter-

mined by projecting graph(w) into the respective hyperplanes, and so from the above it follows

that each γi is a C1,α function; indeed, if we rotate so that one half-hyperplane Hi in C(0) is

Hi = {(0, x2, y) : x2 > 0, y ∈ Rn−1}, and π denotes the orthogonal projection of Rn+1 onto the

hyperplane {x1 = 0} determined by Hi, then the function γi is given by γi(y) := (0, w2(y), y),

which is still C1,α with the same bounds. If ε is sufficiently small we know that we have

graph(γi) ⊂ {x1 = 0, |x2| < 1/16}, and so this does split B1/8 ∩ Hi into two connected com-

ponents; let Ω be the component containing B1/8 ∩ {x2 > 1/16}. But applying the estimates

from (III) for points within θ/4 from {ΘV = 5/2}, we see that we can locally represent V over

the domain by single-valued or two-valued stationary graphs (in fact here they will always be

single-valued as all half-hyperplanes in C(0) are multiplicity 1); for those points Y ∈ spt‖V ‖
with dist(Y, {ΘV = 5/2}) > θ/4, the same holds for ε sufficiently small (as V is close to a given

hyperplane on Bθ/8(Y ), as (θ/8)−n−2
∫
Bθ/8(Y ) dist2(X, spt‖C(0)‖)2 d‖V ‖ ≤ (θ/8)−n−2E2

V,C(0)).

As such, using the unique continuation of single-valued stationary graphs, we construct the
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desired functions ui over each half-hyperplane, which moreover have the boundary values deter-

mined by ui|∂Ω∩B1/8(0) (0, w2(y), y) = w1(y); using standard boundary regularity for quasilinear

elliptic equations (e.g. [Mor66]) we therefore deduce that ui is C1,α(Ω), as desired. This

completes the proof of Theorem B when C(0) ∈ LS ∩ L0. �

Note: For the last step, even if the ui are two-valued C1,α stationary graphs, the regularity

up-to-the-boundary can still be established by appealing to the Campanato regularity theory

for multi-valued functions ([Min21a]) as we still have integral decay estimates at the boundary,

provided by those of w.

Remark: In fact, in this setting V takes the form of a C1,α classical singularity, so one may

apply [Kru14] to deduce that in fact V is smooth (in fact, real-analytic as in Rn+1 with the

usual metric), with the points of density 5
2 being a smooth (real-analytic) submanifold.

5. The fine blow-up class

In this section we provide the construction of the appropriate fine blow-up class; such a proce-

dure was originally introduced in [Wic14] to study classical singularities arising in the corre-

sponding coarse blow-up class for that setting. The construction is performed when we have a

varifold (or sequence of) which is close to a level I ∈ {1, 2} cone, but in fact V is significantly

closer to a cone of level < I; one would like to say in such a situation that one can deduce some

regularity conclusion on V from that of level < I cones rather than that of the level I cone; this

degenerate situation will be of crucial importance in proving Theorem B when the base cone is

level 1 or 2, as one may have exactly this situation where cones of a lower level can converge to

one of a higher level.

We will need to work with the two-sided excess in this section, as we need to ensure that V is

close to all half-hyperplanes in the cone of lower level. We also introduce the following notation:

for V ∈ S2, we write

Q∗V := inf
C∈L1∪L2

QV,C

i.e. Q∗V is the optimal excess relative to cones of level 1 or 2; equivalently, the infimum is taken

over all C ∈ L which have support consisting of at most 4 half-hyperplanes. We will only need

Q∗V when C(0) ∈ L2 is level 2 (that is, when multiple degenerations can occur simultaneously).

Let us fix some notation now for our cones. Fix C(0) ∈ LS ∩ LI , where I ∈ {1, 2}; so C(0)

has I multiplicity two half-hyperplanes. For suitable ε = ε(C(0)), if C ∈ Lε(C
(0)), near a

multiplicity q ∈ {1, 2} half-hyperplane in C(0), C must have q half-hyperplanes nearby (counted

with multiplicity). In particular, if C ∈ LI′ , then I ′ ≤ I and r := I − I ′ of the multiplicity two

half-hyperplanes in C(0) have split into distinct (multiplicity one) half-hyperplanes in C (we

will see later that r > 0 in our setting).

Now fix Cc ∈ Lε(C
(0))∩LI and C ∈ Lε(C

(0))∩LI′ ; Cc will represent a nearby cone of the same

level as C(0) which before we took the coarse blow-up with respect to, and C will be another

nearby cone which V will have much smaller excess relative to when compared to Cc. Thus,

C(0) has p ≡ 5− 2I multiplicity one half-hyperplanes, which will be close to p half-hyperplanes

in C, r multiplicity two half-hyperplanes which are close to 2r multiplicity one half-hyperplanes

in C (these are the multiplicity two half-hyperplanes which “split” in C), and q− r multiplicity
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two half-hyperplanes in C(0), which are close to q − r multiplicity two half-hyperplane sin C.

We introduce the following notation for this:

(i) we denote by H
(0)
1 , . . . ,H

(0)
p the multiplicity one half-hyperplanes in C(0) and by

H1, . . . ,Hp the multiplicity one half-hyperplanes H1, . . . ,Hp in C;

(ii) we write G̃
(0)
1 , . . . , G̃

(0)
r for the r multiplicity two half-hyperplanes in C(0) such that

G̃
(0)
i splits into multiplicity one half-hyperplanes, H̃1

i , H̃
2
i ,, in C;

(iii) we write G
(0)
1 , . . . , G

(0)
q−r for the multiplicity two half-hyperplanes in C(0) which do

not split in C, and write G1, . . . , Gq−r for the corresponding (multiplicity two) half-

hyperplanes in C.

Thus we we have

C(0) =

p∑
i=1

|H(0)
i |+ 2

r∑
i=1

|G̃(0)
i |+ 2

q−r∑
i=1

|G(0)
i |

and

C =

p∑
i=1

|Hi|+
r∑
i=1

|H̃1
i |+ |H̃ i

2|+ 2

q−r∑
i=1

|Gi|

where Hi is achieved from H
(0)
i by a small rotation, and similarly H1

i and H2
i are achieved

by two distinct small rotations from |G̃(0)
i |, and similarly Gi from G

(0)
i ; our notation is chosen

so that “H” always represents a multiplicity one half-hyperplane, “G” a multiplicity two half-

hyperplane, with a “∼” representing a half-hyperplane which splits or arises from a split. We

also denote the corresponding half-hyperplanes in Cc by Hc
i , G̃

c
i , and Gci , i.e.

Cc =

p∑
i=1

|Hc
i |+ 2

r∑
i=1

|G̃ci |+ 2

q−r∑
i=1

|Gci |.

Next, choose unit vectors (ωi)
p
i=1, (ϑ̃)ri=1, and (ϑ)q−ri=1 ⊂ R2 such that

H
(0)
i = {(rωi, y) : r > 0}, G̃

(0)
i = {(rϑ̃i, y) : r > 0}, G

(0)
i = {(rϑi, y) : r > 0}

and similarly choose unit vectors (ωci )i, (ϑ̃ci )i, and (ϑci )i determiningHc
i , G̃

c
i , andGci , respectively.

Now for τ > 0 and ε = ε(C(0), τ) > 0 sufficiently small, we can find linear functions defined

over the half-hyperplanes in Cc whose graphs coincide with the half-hyperplanes in C on the

region {|x| > r}. That is, we can find single-valued linear functions (hi)
p
i=1, (g̃ji )i=1,...,r; j=1,2,

and (gi)
q−r
i=1 , with

hi : Hc
i → (Hc

i )
⊥, g̃ji : G̃ci → (G̃ci )

⊥, gi : Gci → (Gci )
⊥

such that graph(hi|{|x|>τ}) = Hi∩{|x| > τ}, graph(g̃ji ||x|>τ ) = H̃j
i ∩{|x| > τ}, and graph(gi|{|x|>τ}) =

Gi ∩ {|x| > τ}. We then explicitly write

hi(rωi, y) = λir(ω
c
i )
⊥Hc

i , g̃ji (rϑ̃i, y) = λ̃ji r(ϑ̃
c
i )
⊥G̃c

i , gi(rϑi, y) = µir(ϑ
c
i )
⊥Gc

i
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where for ω ∈ S1 ⊂ R2 we write ω⊥ to be (ω, 0)⊥; here λi, λ̃
j
i , µi ∈ R, and the unit normals are

chosen in an anti-clockwise manner, i.e. after rotating the unit vector ω to (1, 0) ∈ R2, the unit

normal is (0, 1).

In this section we will be working under various sets of hypotheses. The first are the following:

Hypothesis (H): For appropriately small ε, γ ∈ (0, 1) to be determined depending only on

C(0), we have

(H1) C(0) ∈ LS ∩ LI for some I ∈ {1, 2} and Cc ∈ Lε(C
(0)) ∩ LI ;

(H2) V ∈ Nε(C(0));

(H3) C ∈ Lε(C
(0));

(H4) Q2
V,C < γE2

V,Cc .

Remark 1: Note that there exists ε = ε(C(0)) such that if Hypothesis (H) hold with any

γ ∈ (0, 1), then

max
i,j
{|λi|, |λ̃ji |, |µi|} ≤ c1EV,Cc

where c1 = c1(n) ∈ (0,∞). Indeed, by Lemma 22 we know that for ε = ε(C(0)) sufficiently

small, V can be represented by a sum of single-valued and two-valued functions in the region

{|x| > 1/8} ∩B7/8 over the half-hyperplanes in Cc, for which we then get, for example,

c(n) · λ2
i ≤

∫
B3/4∩{|x|>1/4}

dist2(X, spt‖C‖) d‖Cc Hc
i ‖

≤ 4

∫
B3/4∩{|x|>1/4}

dist2(X, spt‖C‖) d‖V ‖+ 4

∫
B3/4∩{|x|>1/4}

dist2(X, spt‖Cc‖) d‖V ‖

≤ 4E2
V,C + 4E2

V,Cc ≤ 4(1 + γ)E2
V,Cc ≤ 8E2

V,Cc .

Now, for V,C(0),Cc, and C satisfying Hypothesis (H), we also assume the following for suitable

values of M = M(n) > 1:

Hypothesis (?): We have

E2
V,Cc < M inf

C̃∈LI
E2
V,C̃

.

Hypothesis (?) therefore tells us that Cc is close to the best approximating level I cone to V .

Remark 2: If Hypothesis (H) and Hypothesis (?) hold for sufficiently small ε = ε(C(0)) ∈ (0, 1)

and γ = γ(C(0)) ∈ (0, 1), then, we have C ∈ LI′ for some I ′ < I, and moreover there is an

i ∈ {1, . . . , r} such that c2EV,Cc ≤ |λ̃1
i − λ̃2

i |; here c2 = c2(n). In particular, we have

c2EV,Cc ≤ max
i,j
|λ̃ji |.

Indeed, if γ < 1/2M then from (H4) and Hypothesis (?) we have EV,C < 1
2 infC̃∈LI EV,C̃, which

implies that C 6∈ LI and thus C ∈ LI′ for some I ′ < I. To see the inequalities, create a new

level I cone, C̃ ∈ LI , from C by replacing for each i ∈ {1, . . . , r} the two multiplicity one
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half-hyperplanes H̃1
i , H̃2

i by a single multiplicity two half-hyperplane given by their average,

i.e. taking

G̃i := {(rθi, y) : r > 0}

where θi is the unit vector in R2 determined by the angle bisector of the angles determined by

ϑ̃1
i and ϑ̃2

i , then we set

C̃ :=

p∑
i=1

|Hi|+ 2

r∑
i=1

|G̃i|+ 2

q−r∑
i=1

|Gi|;

note by construction C̃ ∈ LI and as a graph over Cc on the region {|x| > 1/4}, G̃i is determined

by g̃i(rϑ̃i, y) = 1
2

(
λ̃1
i + λ̃2

i

)
r(ϑ̃ci )

⊥. Since C̃ ∈ LI , by Hypothesis (?) we have EV,Cc < MEV,C̃,

and since triangle inequality gives

dist2(X, spt‖C̃‖) ≤ 2dist2(X, spt‖C‖) + 2dist2(spt‖C‖ ∩B1, spt‖C̃‖ ∩B1)

for X ∈ B1, we see that by integrating this over X ∈ spt‖V ‖ that, for ε = ε(C(0)) sufficiently

small, E2
V,C̃
≤ 2E2

V,C + 2(6ωn)
∑r

i=1 |λ̃1
i − λ̃2

i |2, and so we see that

M−1E2
V,Cc < 2γE2

V,Cc + 12ωn

r∑
i=1

|λ̃1
i − λ̃2

i |2

which shows that, for any M = M(n), provided 2γ < (2M)−1, we get that (24Mωn)−1E2
V,Cc ≤∑r

i=1 |λ̃1
i − λ̃2

i |2. The claim follows from this.

In particular, we see that for suitably chosen ε, γ, and M , if Hypothesis (H) and Hypothesis

(?) hold, then

• If C(0) is level 1, then C is level 0;

• If C(0) is level 2, then C is level 1 or level 0.

Throughout our arguments we will have to take different values for the constant M in Hypothesis

(?). The reason for this is that we cannot guarantee that Hypothesis (?) holds, with the same

M , when we perform rescalings and translations of V . However, we will see that M will only

ever change by a fixed constant factor depending only on n. An upper bound on this constant

factor we shall name M0 = M0(n), and is given by:

M0 := max

{
3

2
,
24n+20ω2

nc
2
1

C̄1
,
23n+20ωn

C̄1

}
where c1 = c1(n) is the constant from Remark 1, and C̄1 = C̄1(n) :=

∫
Bn

1/2
\{x2>1/16} |x

2|2 dHn(x2, y).

Finally, for V , C(0), Cc, and C as in Hypothesis (H), for small β ∈ (0, 1/2) to be determined

depending only on C(0), we will also need to consider the following:

Hypothesis (†): Either:

(i) C(0) ∈ LI and C ∈ LI−1, where I ∈ {1, 2};

(ii) C(0) ∈ L2, C ∈ L0, and moreover they obey Q2
V,C < β(Q∗V )2.
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Remark 3: If V,C(0),Cc,C are as in Hypothesis (H) and satisfy Hypothesis (†)(ii), then there

is a constant c3 = c3(n) such that for all ε, γ, β sufficiently small (depending on C(0)):

|λ̃1
i − λ̃2

i | ≥ 2c3Q
∗
V

for all i = 1, . . . , r. Indeed, this follows in the same way as in Remark 2, except instead of

replacing all splitting multiplicity one half-hyperplane pairs by single multiplicity two half-

hyperplanes, we only replace a single pair at a time, a run the same argument to this new cone

formed by just collapsing a given pair to a single half-hyperplane of multiplicity two.

5.1. The fine graphical representation and initial estimates. The following lemma

regarding multiplicity two classes is the first crucial observation for the construction of the fine

blow-up class.

Lemma 28. Let M2 be a multiplicity two class and let Λ > 0. Then there exists constants

ε = ε(M2,Λ) > 0 and γ = γ(M2,Λ) > 0 such that the following is true: if (V,UV ) ∈M2, ρ > 0,

Bρ(X0) ⊂ UV , ‖V ‖(Bρ(X0)) ≤ Λ, spt‖V ‖ ∩ B3ρ/4(X0) 6= ∅, and ρ−n−2
∫
Bρ(X0) dist2(X,P1 +

P2) d‖V ‖(X) < ε for some pair of disjoint hyperplanes P1, P2, and moreover if

ρ−n−2

∫
Bρ(X0)

dist2(X,P1 + P2) d‖V ‖ < γ inf
P
ρ−n−2

∫
Bρ(X0)

dist2(X,P ) d‖V ‖(X)

where the infimum is taken over all affine hyperplanes P , then there are C2 functions ui :

Pi ∩B3ρ/4(X0)→ P⊥i such that Vj Bn+1
5ρ/8(X0) = V1 + V2, where Vi = |graph(ui) ∩Bn+1

5ρ/8(X0)|;
moreover, spt‖V1‖∩spt‖V2‖ = ∅, ‖ui‖2C2(Pi∩B3ρ/4(X0)) ≤ Cρ

−n−2
∫
Bρ(X0) dist2(X,P1 +P2) d‖V ‖,

and

ρ−n−2

∫
Bn+1

5ρ/8
(X0)

dist2(X,P1 + P2) d‖V ‖ =
2∑
i=1

ρ−n−2

∫
Bn+1

5ρ/8
(X0)

dist2(X,Pi) d‖Vi‖(X).

Proof. We argue by contradiction. If the result is not true, then we can find sequences

εk ↓ 0, γk ↓ 0, (Vk, Uk) ∈ M2, ρk > 0, Bρk(Xk) ⊂ Uk, with ‖Vk‖(Bρk(Xk)) ≤ Λ, spt‖Vk‖ ∩
B3ρk/4(Xk) 6= ∅, ρ−n−2

k

∫
Bρk (Xk) dist2(X,P 1

k + P 2
k ) d‖Vk‖(X) < εk for some pair of hyperplanes

P 1
k and P 2

k , and

(26)

(
inf
P

∫
Bρk (Xk)

dist2(X,P ) d‖Vk‖(X)

)−1 ∫
Bρk (Xk)

dist2(X,P 1
k + P 2

k ) d‖Vk‖ < γk

yet the conclusions do not hold. First let us translate and rescale, i.e. consider instead

Ṽk := (ηXk,ρk)#Vk, so that we may assume that Xk = 1 and ρk = 1 for all k. Then, if we

have infP
∫
B1(0) dist2(X,P ) d‖Vk‖(X) 6→ 0, then the result holds for all sufficiently large k

by Theorem E, so we may assume that infP
∫
B1(0) dist2(X,P ) d‖Vk‖(X) → 0. So choose a

hyperplane Pk such that∫
B1(0)

dist2(X,Pk) d‖Vk‖(X) <
3

2
inf
P

∫
B1(0)

dist2(X,P ) d‖Vk‖(X).
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By performing a rotation Γk, we may without loss of generality assume that Pk = {0} × Rn

for all k; by passing to a subsequence we may also assume that Γk → id. Note that Vk ⇀ V ,

where spt‖V ‖ = {0} × Bn
1 (0). In particular, as M2 is a multiplicity two class, we must have

V = θ|{0} × Bn
1 (0)|, where θ ∈ {1, 2}. We cannot however have θ = 1, as then by Allard’s

regularity theorem Vk would be expressible as a single smooth graph, and this would contradict

(26) for all k sufficiently large. So Vk ⇀ 2|{0} ×Bn
1 (0)|. In particular, we may apply Theorem

A and apply a blow-up procedure (relative to a fixed hyperplane now) to see that the generated

blow-up v = (v1, v2) must have, by (26), that v1 and v2 have graphs given by disjoint affine

hyperplanes; in particular, using the local C1,1/2 convergence to the blow-up, we see that there

are no points of density 2 in Vk Bn+1
7/8 (0) for all k sufficiently large, and so the two-valued

graphical representation provided by Theorem A is in fact given by two single-valued functions

over {0} ×Bn
7/8(0). The conclusions now follow. �

In particular, Lemma 28 tells us that for each τ > 0, there is an ε0 = ε0(C(0), τ) > 0 and

γ0 = γ0(C(0), τ) > 0 such that if V,C(0),Cc,C obey Hypothesis (H) and Hypothesis (†) with

these ε0 in place of ε and γ0 in place of γ, then if C(0) ∈ LI and C ∈ LI−1 (here, I ≥ 1 by

Remark 2) we are able to express V as a graph over C in the region {|x| > τ} such that over

the two multiplicity one half-hyperplanes which have split in C from a multiplicity two half-

hyperplane in C(0), V is represented by two single-valued functions, as opposed to a two-valued

function.

Our goal will now be to find suitable ε, γ, β, depending only on C(0) and τ , such that under

Hypothesis (H), Hypothesis (?), and Hypothesis (†) we can not only express V as a graph of a

function relative to C, but also that the function obeys the same integral estimates as we saw

in Section 5.3, except now with an upper bound in terms of the excess EV,C.

Theorem 29. Let τ ∈ (0, 1/40) and C(0) ∈ LS ∩ LI , with I ∈ {1, 2}. Then there exist

constants ε1 = ε1(C(0), τ) ∈ (0, 1), γ1 = γ1(C(0), τ) ∈ (0, 1), and β1 = β1(C(0), τ) ∈ (0, 1) such

that the following is true: let V , C(0), Cc, and C satisfy Hypothesis (H), Hypothesis (?), and

Hypothesis (†) with ε1, γ1, β1, and 3
2M

4
0 in place of ε, γ, β, and M , respectively, and suppose

ΘV (0) ≥ ΘC(0)(0) = 5
2 . Then we have:

(a) V B3/4 ∩ {|x| > τ} = v(u) {|x| > τ}, where u ∈ C1,1/2(C Bn+1
3/4 (0) ∩ {|x| > τ});

equivalently, we can find p+ 2r single-valued functions u1, . . . , up, ũ
1
1, ũ

2
1, . . . , ũ

1
r , ũ

2
r, and

q − r two-valued functions v1, . . . , vq−r, each with their graph being stationary and pairwise

disjoint, such that

V Bn+1
3/4 (0) ∩ {|x| > τ} =

p∑
i=1

|graph(hi + ui)|+
∑
i,j

|graph(g̃ji + ũji )|+
q−r∑
i=1

v(gi + vi)

where ui ∈ C2(Hc
i ∩B3/4 ∩ {|x| > τ}; (Hc

i )
⊥), ũji ∈ C

2(G̃ci ∩B3/4 ∩ {|x| > τ}; (G̃ci )
⊥), and

vi ∈ C1,1/2(Gci ∩B3/4 ∩ {|x| > τ};A2((Gci )
⊥));

(b)

∫
Bn+1

5/8
(0)

|X⊥|2

|X|n+2
d‖V ‖ ≤ CE2

V,C;
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(c)

∫
Bn+1

5/8
(0)

n+1∑
j=3

|e⊥j |2 d‖V ‖ ≤ CE2
V,C;

(d)

∫
Bn+1

5/8
(0)

dist2(X, spt‖C‖)
|X|n+3/2

d‖V ‖ ≤ CE2
V,C;

(e)

∫
Bn+1

5/8
(0)
R2−n

(
∂(u/R)

∂R

)2

dHn ≤ CE2
V,C;

here, C = C(n).

Remark: Theorem 29(e) will give rise to the Hardt–Simon inequality for functions in the fine

blow-up class. Such an estimate will only be needed in the setting where C(0) ∈ L2 is level 2

and C ∈ L1 is level 1, as then one of the functions in the fine blow-up class is two-valued C1,1/2

harmonic in the interior, and so to establish its boundary regularity we will need to invoke the

methods mentioned in Section 5.2.

Proof. Let us first prove (a). We already know from Lemma 28 that (a) will hold, with

appropriately chosen ε1, γ1, when Hypothesis (†)(i) holds, i.e. when C is one less level than

C(0). So let us now assume that C(0) ∈ L2 and C ∈ L0, so that Hypothesis (†) becomes

Q2
V,C < β(Q∗V )2; we shall argue (a) by contradiction, with our proof using the fact that we

already know (a) holds when C ∈ L1 and C(0) ∈ L2.

If (a) does not hold in this setting, we may then find sequences εk, γk, βk ↓ 0, (Vk)k ⊂ S2,

(Ck)k ⊂ L0, and (Cc
k)k ⊂ L2 such that (a) does not hold, yet Hypothesis (H), Hypothesis (?),

and Hypothesis (†) hold with εk, γk, βk,
3
2M

4
0 , in place of ε, γ, β,M . Now choose, for each k,

C̃k ∈ L1 ∪ L2 such that

Q2
Vk,C̃k

<
3

2
(Q∗Vk)2;

In particular, we have Q2
Vk,Ck

< βk(Q
∗
Vk

)2 ≤ βkQ
2
Vk,C̃k

, and from Remark 3, we have for all k

sufficiently large, for i = 1, 2,

|λ̃1
i;k − λ̃2

i;k| ≥ 2c3Q
∗
Vk
>

4c3

2
QVk,C̃k

where we recall that (λ̃1
i;k, λ̃

2
i;k)i=1,2 are the gradients of the multiplicity one rays in the cross-

section of Ck relative to the multiplicity two ray in Cc
k from which they have split. Thus, we

see that if C̃k ∈ L2 for infinitely many k, then by Hypothesis (?) and Lemma 28§ we have that

we can express Vk B3/4 ∩ {|x| > τ} as a (single-valued) C2 graph over Ck B3/4 ∩ {|x| > τ}
for all k sufficiently large, providing the contradiction. Thus, we may assume (after passing to

a subsequence) that C̃k ∈ L1 for all k.

Now, let ε1 = ε1(C(0), τ/2) and γ1 = γ1(C(0), τ/2) be the constants from the theorem in the

setting where Hypothesis (†)(i) holds. If for infinitely many k we have Q2
Vk,C̃k

≥ γ1E
2
Vk,C

c
k
, by

the same argument as above (but now relative to Cc
k ∈ L2 as opposed to C̃k) we achieve the

same contradiction. Thus we may assume that Q2
Vk,C̃k

< γ1E
2
Vk,Ckc

for all but finitely many

§Note that in fact one can apply essentially the same argument as seen in Lemma 28 to this non-flat setting,
replacing the blow-up argument there with a blow-up argument based on the coarse blow-up constructed in
Section 5.3.
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k. But then for all k sufficiently large, we have that the sequences (Vk)k, (Cc
k)k, (C̃k)k obey

Hypothesis (H), Hypothesis (?), and Hypothesis (†) with the constants ε1, γ1, and hence we may

apply Theorem 29(a) to these sequences, giving the existence of a function uk representing Vk in

Bn+1
7/8 (0)∩{|x| < τ/2} over C̃k; moreover, the function uk obeys |uk|2C2(B7/8∩{|x|>τ/2})

≤ CE2
Vk,C̃k

(see Lemma 28). If one then defines vk := E−1
Vk,C̃k

uk (where again, just as we did in the setting

of coarse blow-ups, we reparameterise uk over a fixed domain in C(0)), we see that vk converges

to some v ∈ C1,1/2(C B7/8 ∩ {|x| > τ/2}), where the convergence is locally in C1,1/2 on

spt‖C(0)‖∩B7/8 ∩{|x| > τ/2}. Moreover, by construction we have QVk,C̃k ≤ CEVk,C̃k for some

C = C(n), and

E−1
Vk,C̃k

QVk,Ck → 0 and E−1
Vk,C̃k

|λ̂1
k − λ̂2

k| → ĉ > 0

where (λ̂1
k, λ̂

2
k) are the gradients of the multiplicity one half-hyperplanes relative to the mul-

tiplicity two half-hyperplane in C̃k from which they split (this follows in the same way as in

Remark 2). Thus, we see that in fact v must be given by 5 multiplicity one half-hyperplanes

in the region B7/8 ∩ {|x| > τ/2}. In particular, this gives that for all k sufficiently large,

Vk B13/16 ∩ {|x| > 3τ/4} has no points of density 2; thus the conclusion follows now in the

same way as in Lemma 28.

Now let us turn out attention to the conclusions (b) – (e). This will follow in the same way as

in Lemma 23, provided that we can extend our graphical representation function u from (a) to

a larger subset U ⊂ spt‖C(0)‖ such that u and G := graph(u) obey the estimates from Lemma

22(c), i.e.

(27)

∫
B3/4\G

r2 d‖V ‖+

∫
U∩B3/4

r2|Du|2 ≤ CE2
V,C

where here the excess term is for C, not Cc. We will be able to do this here in a simpler manner,

instead of the more complicated argument seen in [Wic14, Section 10], thanks to Lemma 28,

which requires the knowledge that we are in a multiplicity two class; our argument here is

similar to that seen in [Wic04, Lemma 6.20].

So let us again introduce the toroidal regions Tρ(ζ) := {(x, y) ∈ Rn+1 : (|x| − ρ)2 + |y −
ζ|2 < (ρ/8)2} and T̃ρ(ζ) := {(x, y) ∈ Rn+1 : (|x| − ρ)2 + |y − ζ|2 < (ρ/8)2/2}, where here

(0, ζ) ∈ {0}2 × Rn−1. Take any ρ ∈ (0, 1/2), and for δ = δ(n) and γ = γ(n) sufficiently small

(to be chosen) consider the four alternatives:

(i) ρ−n−2
∫
Tρ(ζ) dist2(X, spt‖Cc‖) d‖V ‖ < γ and

∫
T̃ρ(ζ)

dist2(X, spt‖C‖) d‖V ‖ > δ

∫
Tρ(ζ)

dist2(X, spt‖Cc‖) d‖V ‖;

(ii) ρ−n−2
∫
Tρ(ζ) dist2(X, spt‖Cc‖) d‖V ‖ ≥ γ and

∫
T̃ρ(ζ)

dist2(X, spt‖C‖) d‖V ‖ > δ

∫
Tρ(ζ)

dist2(X, spt‖Cc‖) d‖V ‖;
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(iii) ρ−n−2
∫
Tρ(ζ) dist2(X, spt‖C‖) d‖V ‖ < γ and

∫
T̃ρ(ζ)

dist2(X, spt‖C‖) d‖V ‖ ≤ δ
∫
Tρ(ζ)

dist2(X, spt‖Cc‖) d‖V ‖;

(iv) ρ−n−2
∫
Tρ(ζ) dist2(X, spt‖C‖) d‖V ‖ ≥ γ and

∫
T̃ρ(ζ)

dist2(X, spt‖C‖) d‖V ‖ ≤ δ
∫
Tρ(ζ)

dist2(X, spt‖Cc‖) d‖V ‖.

i.e. (i) and (ii) are two alternatives when Hypothesis (H4) fails, and (iii) and (iv) are two

alternatives when it holds. Clearly in the case of (i), if γ = γ(n) is sufficiently small, one

may follow the argument in Lemma 22, applying Lemma 11 and using the bounds provided

in (i) to establish (27) on such regions. In alternative (iii), one may apply Lemma 28 to

deduce the same result on these such regions. When either (ii) or (iv) holds, we trivially get∫
T̃ρ(ζ) r

2 d‖V ‖ ≤ C
∫
Tρ(ζ) dist2(X, spt‖Cc‖) d‖V ‖, and so we take U such that U ∩ T̃ρ(ζ) = ∅.

Thus, if we define u over the regions determined by (i) and (iii), then as before in Lemma 22,

we can prove (27), and thus the result. �

Before stating the next corollary, recall the following basic inequality regarding cone translates,

which we saw in (21): if Z = (ξ, ζ) ∈ R2 × Rn−1 and S(C) = {0}2 × Rn−1, then

(28) |dist(X, spt‖(τZ)#C‖)− dist(X, spt‖C‖)| ≤ |ξ|.

Corollary 30. Let C(0) ∈ LS ∩ LI , where I ∈ {1, 2}. Then there exists ε0 = ε0(C(0)),

γ0 = γ0(C(0)), and β0 = β0(C(0)) such that the following holds: if V , C(0), Cc, and C satisfy Hy-

pothesis (H), Hypothesis (?), and Hypothesis (†) with ε0, γ0, β0, and 3
2M

3
0 in place of ε, γ, β, and

M respectively, then for each Z = (ξ, ζ) ∈ spt‖V ‖∩(R2×Bn−1
3/8 (0)) with ΘV (Z) ≥ ΘC(0)(0) = 5

2 ,

we have the following:

(a) |ξ| ≤ CEV,C;

(b) For any ρ ∈ (0, 1), if we allow ε0, γ0, β0 to depend on ρ also, we have∫
Bn+1

5ρ/8
(Z)

dist2(X, spt‖(τZ)#C‖)
|X − Z|n+3/2

d‖V ‖(X) ≤ Cρ−n−3/2

∫
Bn+1
ρ (Z)

dist2(X, spt‖(τZ)#C‖) d‖V ‖(X);

here, C = C(n) is in particular independent of ρ.

Remark: Unlike in [Wic14, Corollary 10.2], we do not need to bound a specific linear combi-

nation of ξ1, ξ2 as the normal directions to the rays in C
(0)
0 will always span R2, and so we can

determine a function on R2 by the projections onto these rays.



164 Analysis of Non-Flat Singular Points in S2

Proof. We first argue that for any δ ∈ (0, 1), there exists ε0(C(0), δ) and γ0 = γ0(C(0), δ)

such that if Hypothesis (H) holds for V,C(0),C,Cc with ε0, γ0 in place of ε, γ, respectively, then

(29) |ξ| ≤ δEV,Cc .

Indeed, if this does not hold, then we can find δ > 0 and sequences εk, γk ↓ 0, (Vk)k, (Ck)k,

(Cc
k)k, satisfying Hypothesis (H) with εk, γk in place of ε, γ respectively, yet there is some

Zk = (ξk, ζk) ∈ spt‖Vk‖ ∩ (R2×Bn−1
3/8 ) with ΘVk(Zk) ≥ 5

2 and |ξk| ≥ δEVk,Cck . Now, let v be the

coarse blow-up of (Vk)k relative to (Cc
k)k, as described in Section 5.3; thus we have functions

uk defined on spt‖C(0)‖∩ {|x| > τk} ≡ Uτk , for some suitable sequence τk ↓ 0, and from Section

5.3.2 we know vk := E−1
Vk,C

c
k
uk → v ∈ L2(C(0) B1) with the convergence being strong in L2(B1).

By Lemma 23 we have |ξk| ≤ CEVk,Cck and

∫
Uτk

|uk − ξ⊥k |2

|X − Zk|n+3/2
dHn ≤ CE2

Vk,C
c
k

where here C = C(n). Thus, we may pass to a subsequence to ensure that ζk → ζ ∈ Bn−1
3/8 (0),

E−1
Vk,C

c
k
ξk → ξ, where by assumption we know |ξ| ∈ [δ, C]. Thus, Zk → Z = (0, 0, ζ), and so

dividing by E2
Vk,C

c
k

in the above inequality and taking k →∞ we see

(30)

∫
spt‖C(0)‖∩B1

|v − ξ⊥|2

|X − Z|n+3/2
≤ C <∞.

Moreover, as by Hypothesis (H) we know E−1
Vk,C

c
k
QVk,Ck → 0, this tells us that v must be a linear

function over each half-hyperplane, and moreover that v must vanish along the axis {0}2×Rn−1;

in particular, v(Z) = 0. But then finiteness of the integral in (30) implies that 0 = v(Z) = ξ⊥,

i.e. the projection of the fixed vector (ξ, 0), which obeys |ξ| ∈ [δ, C], onto the normal direction

of each half-hyperplane in C(0) vanishes. But this is impossible unless ξ = 0, since we know

that the unit vectors in the directions of the rays in the cross-section C
(0)
0 span R2; thus we

have a contradiction to |ξ| ≥ δ > 0. Thus (29) holds.

We remark now that when Hypothesis (†) is more than a geometric condition, i.e. when C(0) ∈
L2 and C ∈ L0, we will require a stronger inequality than (29), namely that |ξ| ≤ δQ∗V for any

δ > 0 (with ε0, γ0 chosen depending on δ). We will be able to prove this in the same way as

above once we have established the corollary of the simpler case when C ∈ L1 and C(0) ∈ L2.

So let us first focus on the case where Hypothesis (†)(i) holds, i.e. C ∈ LI−1.

Let ε0, γ0, β0 be the constants given in Theorem 29 taken with, say, τ = 1/16. Let ρ ∈ (0, 1/4].

To prove Corollary 30, we will apply Theorem 29 with τ = 1/16 and with (ηZ,ρ)#V in place of

V (with the same C,Cc) for any Z = (ξ, ζ) ∈ spt‖V ‖∩ (R2×Bn−1
3/8 ) with ΘV (Z) ≥ 5

2 . Thus, we

need to choose ε0, γ0, β0 independently of Z. Firstly note that the fact (ηZ,ρ)#V ∈ Nε1(C(0)),

where ε1 = ε1(C(0)) is as in Theorem 29, when V ∈ Nε0(C(0)) and ε0 = ε0(ε1,C
(0)) is sufficiently

small, follows from taking Cc = C(0) in the coarse estimate |ξ| ≤ CEV,Cc from Lemma 23 (which

is strengthened in (29) above).

Write Ṽ := (ηZ,ρ)#V . To prove that Hypothesis (H) holds with Ṽ , C(0), Cc, C, in place of

V , C(0), Cc, and C respectively, we now just need to show that (H4) holds. We start by
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showing that we can compare the coarse excess of Ṽ relative to Cc to that of V relative to Cc.

Indeed, taking ε = ε(C(0), ρ) ∈ (0, 1) and γ = γ(C(0), ρ) ∈ (0, 1) sufficiently small (and, when

Hypothesis (†)(ii) holds, β = β(C(0), ρ) ∈ (0, 1) sufficiently small, the same argument will hold)

so that we may apply Theorem 29 with τ = ρ/64, we get

E2
Ṽ ,Cc

:=

∫
B1

dist2(X, spt‖Cc‖) d‖Ṽ ‖

= ρ−n−2

∫
Bρ(Z)

dist2(X − Z, spt‖Cc‖) d‖V ‖

≥ ρ−n−2

∫
Bρ(Z)∩{|x|>ρ/16}

dist2(X − Z, spt‖Cc‖) d‖V ‖

≥ ρ−n−2
∑
i

∫
Hc
i ∩Bρ(Z)∩{|x|>ρ/16}

|hi + ui − ξ⊥i |2 + (similar terms over other half-hyperplanes)

≥ ρ−n−2
∑
i

∫
Hc
i ∩Bρ(Z)∩{|x|>ρ/16}

[
1

4
|hi|2 − |ui|2

]
− Cρ−2|ξ|2 + (terms over other half-hyperplanes)

where in the last inequality we have used the fact that for any real numbers a, b, c we have

|a + b − c|2 ≥ 1
4 |a|

2 − |b|c − |c|2. Now, using the bounds from Remark 2 and (29), we see that

for any δ > 0, if ε = ε(C(0), δ) and γ = γ(C(0), δ) are sufficiently small,

E2
Ṽ ,Cc

≥ 2−n−4C̄1

∑
i

|λi|2 +
∑
i,j

|λ̃ji |
2 +

∑
i

|µi|2
− ρ−n−2E2

V,C − Cρ−2 · δE2
V,Cc

≥ 2−n−4C̄1 · c2
2E

2
V,Cc − ρ−n−2γE2

V,Cc − Cρ−2δE2
V,Cc

where C = C(n) and C̄1 = C̄1(n) ≡
∫
Bn

1/2
\{x2>1/16} |x

2|2 dHn(x2, y) is as defined previously (in

the definition of M0); here, the extra factor of 2−n−2 on the first term in the first inequality

arises from a lower bound on how the integral of the linear function scales when comparing its

integral over Bρ/2(Z) to Bρ/2(0, ζ) (note that these are essentially integrals of |x2|2). Thus we

see that, if we choose δ = δ(ρ, n) sufficiently small, and then ε = ε(C(0), δ) = ε(C(0), ρ) and

γ = γ(C(0), δ, ρ) = γ(C(0), ρ) sufficiently small, we get

(31) EṼ ,Cc ≥ CEV,Cc

for some C = C(n).

Using (31) we can now prove (H4). Firstly, note from (28) that

E2
Ṽ ,C

= ρ−n−2

∫
Bρ(Z)

dist2(X, spt‖(τZ)#C‖) d‖V ‖

≤ 2ρ−n−2

∫
Bρ(Z)

dist2(X, spt‖C‖) + |ξ|2 d‖V ‖

≤ 2ρ−n−2E2
V,C + Cρ−2|ξ|2
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where C = C(n), and provided that ε = ε(C(0), ρ) and γ = γ(C(0), ρ) are sufficiently small to

ensure that |ξ| < ρ/64,∫
B1/2\{|x|<1/16}

dist2(X, spt‖Ṽ ‖) d‖C‖ = ρ−n−2

∫
Bρ/2(Z)\{|x−ξ|<ρ/16}

dist2(X, spt‖V ‖) d‖(τZ)#C‖

≤ ρ−n−2

∫
B33/64(0,ζ)\{|x|<3ρ/64}

dist3(X, spt‖V ‖) d‖(τZ)#C‖

≤ ρ−n−2

∫
B9/16(0)\{|x|<ρ/32}

dist2(X, spt‖V ‖) d‖C‖+ Cρ−2|ξ|2

≤ Cρ−n−2Q2
V,C + Cρ−2|ξ|2.

where we have used (28) and the fact that V is graphical in {|x| > ρ/32} by Theorem 29 and

choice of ε, γ, β, in the second last inequality. Thus combining the above two inequalities, we

get

(32) Q2
Ṽ ,C
≤ Cρ−n−2Q2

V,C + Cρ−2|ξ|2

and thus using the fact that from (29) that for any δ > 0 if ε, γ are sufficiently small (depending

on δ also) we have |ξ|2 ≤ δE2
V,Cc , and as (H4) holds for V we get Q2

V,C < γE2
V,Cc , and also from

(31) we have EV,Cc ≤ CEṼ ,Cc , we therefore have

Q2
Ṽ ,C
≤ E2

Ṽ ,Cc

[
Cρ−n−2γ + Cρ−2δ

]
.

Hence for any γ̃ > 0, if we choose δ = δ(n, ρ, γ̃), ε = ε(C(0), ρ, δ) = ε(C(0), ρ, γ̃) and γ =

γ(C(0), ρ, δ) = γ(C(0), ρ, γ̃) sufficiently small, we get

Q2
Ṽ ,C

< γ̃E2
Ṽ ,Cc

i.e. (H4) holds for Ṽ .

Next we need to verify that Hypothesis (?) is satisfied with Ṽ in place of V (with the same Cc),

for suitable M . Let C̃ ∈ LI be close to Cc as varifolds, so that over each half-hyperplane in

Cc we can represent the corresponding half-hyperplane in C̃ as a single-valued (perhaps with

multiplicity 2) linear function in the normal direction; let us write λ̂i for the gradient of this

linear function over the ith half-hyperplane in Cc. Then, reasoning as what led us to (31), we

get that for sufficiently small ε, γ depending on C(0) and ρ:

E2
Ṽ ,C̃

= ρ−n−2

∫
Bρ(Z)

dist2(X − Z, spt‖C̃‖) d‖V ‖

≥ 2−n−4C̄1

∑
i

|λi − λ̂i|2 − ρ−n−2E2
V,C − Cρ−2|ξ|2

≥ 2−n−4C̄1dist2
H(spt‖C‖ ∩B1, spt‖C̃‖ ∩B1)− ρ−n−2E2

V,C − Cρ−2|ξ|2

≥ 2−n−4C̄1 · (12ωn)−1

∫
B1

dist2(X, spt‖C̃‖) d‖V ‖

−
(
ρ−n−2 + 2−n−4C̄1(12ωn)−1

)
E2
V,C − Cρ−2|ξ|2
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= 2−n−4C̄1(12ωn)−1E2
V,C̃
−
(
ρ−n−2 + 2−n−4C̄1(12ωn)−1

)
E2
V,C − Cρ−2|ξ|2

≥
[
(2n+8ωn)−1C̄1 −Mγ

(
ρ−n−2 + (2n+7ωn)−1C̄1

)]
E2
V,C̃
− Cρ−2δE2

V,Cc

(33)

≥ C̃1E
2
V,C̃

where here C = C(n) and δ > 0 can be made arbitrarily small for suitable ε, δ, β (depending

on δ); we remark that the third inequality here follows from the triangle inequality in the form

dist2(X, spt‖C̃‖) ≤ 2dist2(X, spt‖C‖)+2dist2
H(spt‖C‖∩B1, spt‖C̃‖∩B1), and that the constant

C̃1 is given by

C̃1 := (2n+8ωn)−1C̄1 −Mγ
(
ρ−n−2 + (2n+7ωn)−1C̄1

)
− Cρ−2δ ·M.

But we also have, using Remark 1, again using (28) and the triangle inequality, assuming that

ε is sufficiently small to ensure |ξ| ≤ ρ/2,

E2
Ṽ ,Cc

= ρ−n−2

∫
Bρ(Z)

dist2(X − Z, spt‖Cc‖) d‖V ‖

≤ 2ρ−n−2

∫
Bρ(Z)

dist2(X, spt‖Cc‖) d‖V ‖+ Cρ−2|ξ|2

≤ 4ρ−n−2

∫
Bρ(Z)

dist2(X, spt‖C‖) d‖V ‖

+ 4ρ−n−2

∫
Bρ(Z)

dist2
H(spt‖C‖ ∩B2ρ, spt‖Cc‖ ∩B2ρ) d‖V ‖+ Cρ−2|ξ|2

≤ 4ρ−n−2E2
V,C + 4ρ−n−2‖V ‖(B2ρ(0, ζ)) · dist2

H(spt‖C‖ ∩B2ρ, spt‖Cc‖ ∩B2ρ) + Cρ−2|ξ|2

≤ 4ρ−n−2E2
V,C + 2n+4 · (6ωn) · c2

1 · E2
V,Cc + Cρ−2δE2

V,Cc

≤ C̃2E
2
V,Cc

where C = C(n) and

C̃2 := 2n+7ωnc
2
1 + 4ρ−n−2γ + Cρ−2δ.

The above inequalities held whenever C̃ was close enough to Cc as varifolds. But note that, for

suitable C = C(M,n) = C(n), we have¶ for any such V and Cc,

(34) inf
C̃∈LI

E2
V,C̃

= inf
C̃∈LI∩LCEV,Cc (Cc)

E2
V,C̃

¶This can be seen as follows. If this did not hold for any such C, we could find sequences C
(0)
k , Cc

k, Vk, such

that Hypothesis (?) hold, yet the infimum infC̃∈LI
E2
V,C̃

is attained as some Ĉk ∈ LI for each k such that the

distance between Cc
k and Ĉk is > kEVk,C

c
k
; in particular E2

Vk,Ĉk
< E2

Vk,C
c
k
. But we know from Hypothesis (?)

that E2
Vk,C

c
k
≤ ME2

Vk,Ĉk
for all k. Hence the coarse blow-up sequences of Vk relative to Cc

k and Ĉk, say vk

and v̂k, obey ‖Ĉkv̂ − vk‖C0(B3/4∩{|x|>1/8}) → ∞ as k → ∞, where Ĉk is a constant obeying Ĉk ∈ [M−1, 1] for

all k sufficiently large. This is clearly a contradiction, as we know that both v̂k and vk converge uniformly in
B3/4 ∩ {|x| > 1/8} to C1,1/2 functions.
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and thus as Hypothesis (?) holds for V and Cc, i.e. E2
V,Cc ≤ M infC̃∩LI E

2
V,C̃

, the above

inequalities give

EṼ ,Cc ≤ C̃2E
2
V,Cc ≤ C̃2 ·M inf

C̃∈LI
E2
V,C̃
≤ C̃2ME2

V,C̃
≤ C̃2 · C̃−1

1 ·ME2
Ṽ ,C̃

.

As this was true for any C̃ sufficiently close to Cc, again using (34) we see that

(35) E2
Ṽ ,Cc

≤ C̃2C̃
−1
1 ·M inf

C̃∈LI
E2
Ṽ ,C̃

.

Thus, we see from the expressions for C̃1 and C̃2 that if we choose ε, γ sufficiently small,

depending on C(0), ρ, that C̃2C̃
−1
1 ≤ (2n+8ωnc

2
1)(2−n−9ω−1

n C̄1)−1 = 22n+17ω2
nc

2
1C̄
−1
1 , and hence

C̃2C̃
−1
1 M ≤ 3

2M
4
0 (recall that M = 3

2M
3
0 ). Hence we have, for ε, γ, β sufficiently small depending

only on C(0), ρ, that Hypothesis (?) holds for Ṽ and Cc, with M = 3
2M

4
0 . In particular, when

Hypothesis (†)(i) holds, this completes the proof that we can apply Theorem 29 with Ṽ in place

of V (fixing the cones), and thus completes the proof of (b).

Now let us continue to assume that Hypothesis (†)(i) and prove (a) in this setting; the same

argument will hold when Hypothesis (†)(ii) holds once we have shown that Hypothesis (†)(ii)
still holds for Ṽ for suitably chosen ε, γ, β. Note that from (29) and Remark 3, we see that for

each θ > 0, there is an ε = ε(C(0), θ), γ = γ(C(0), θ) such that when the hypothesis hold with

these we have for any X ∈ spt‖V ‖∩Bn+1
3/4 (0)∩{|x| > θ} ≡Wθ, that, if H is the half-hyperplane

in C closest to X,

(36) dist(X, τZ(H)) = |dist(X,H)− ξ⊥H |

simply because the bound in Remark 3 ensures that the closest half-hyperplane to X − Z and

X is the same. But now, by a similar argument seen in Lemma 23, for any ρ0 > 0, for ε, δ

sufficiently small (allowed to depend on ρ0 now also) we deduce the existence of a constant

c = c(n) and a subset S ⊂ Wρ0/4 ∩ Bρ0(Z) with Hn(S) ≥ 1
2ωnρ

n
0 such that for any X ∈ S we

have EV,Cc |ξ| ≤ c|ξ⊥| (here, ξ⊥ is the orthogonal projection onto C). Integrating this inequality

over S we then get

(37) E2
V,Cc |ξ|2 ≤ cρ−n0

∫
Wθ∩Bρ0 (Z)

|ξ⊥|2.

But also, for each half-hyperplane H in spt‖C‖, the angle between H and the corresponding

half-hyperplane Hc in Cc is bounded above by cEV,Cc (see Remark 1), and thus we have

|ξ⊥Hc − ξ⊥H | ≤ cEV,Cc |ξ|, and as such combining this with (37) we get

(38) |ξ⊥Hc |2 + E2
V,Cc |ξ|2 ≤ cρ−n0

∫
Wθ∩Bρ0 (Z)

|ξ⊥|2.

But now using (36), we get

|ξ⊥Hc |2 + E2
V,Cc |ξ|2 ≤ cρ−n0

∫
Bρ0 (Z)

dist2(X, spt‖(τZ)#C‖) + cρ−n0

∫
B1

dist2(X, spt‖C‖) d‖V ‖.
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But now using the fact that we know by the above arguments that Theorem 29(d) holds with

(ηZ,1/4)#V in place of V (provided ε, γ are sufficiently small independent of Z) we get

ρ
−n−3/2
0

∫
Bρ0 (Z)

dist2(X, spt‖(τZ)#C‖) d‖V ‖ ≤ C
∫
B1

dist2(X, spt‖(τZ)#C‖) d‖V ‖

≤ C
∫
B1

dist2(X, spt‖C‖) d‖V ‖+ C|ξ|2

where we have used (28) in the second inequality, and thus we end up with

(39) |ξ⊥Hc |2 + E2
V,Cc |ξ|2 ≤ Cρ−n0 E2

V,C + Cρ3/2|ξ|2.

This was true for any half-hyperplane Hc in spt‖Cc. However, as the rays to these half-

hyperplanes span R2, we can sum the above over the different Hc to see that

|ξ|2 ≤ Cρ−n0 E2
V,C + Cρ3/2|ξ|2.

Thus, choosing ρ0 = ρ0(n) sufficiently small, we get |ξ|2 ≤ CE2
V,C, as desired. Moreover, we

know that once we have this, one may return to (39) to obtain for each Hc,

(40) |ξ⊥Hc |2 + E2
V,Cc |ξ>Hc |2 ≤ CE2

V,C.

To prove the corollary in the setting where Hypothesis (†)(ii) holds, we will need to use the

fact that we now know that the corollary holds when Hypothesis (†)(i) holds; in particular,

we need to use the fact that |ξ| ≤ CEV,C when ε = ε(C(0)), γ = γ(C(0)) are sufficiently small

and Hypothesis (†)(i) holds,, which is of course much stronger than the bound |ξ| ≤ CEV,Cc

provided by Lemma 23.

So we first claim that for any δ > 0, there exist ε, γ, and β, only depending on C(0) and δ (and

M) such that if the hypothesis of the corollary hold with these choices of ε, γ, and β, then we

have

(41) |ξ|2 ≤ δ(Q∗V )2.

Indeed, suppose not. Then one may find sequences εk, γk, and βk ↓ 0, and sequences Vk,C
c
k,Ck,

obeying the hypothesis of the corollary with εk, γkβk in place of ε, γ, β, respectively, yet there

is some Zk = (ξk, ζk) ∈ spt‖Vk‖ ∩ (R2 ×Bn−1
3/8 ) with ΘVk(Zk) ≥ 5

2 and |ξk|2 ≥ δ(Q∗Vk)2. If there

is some t > 0 such that (Q∗Vk)2 ≥ tE2
Vk,C

c
k

for infinitely many k, then one may apply the coarse

blow-up argument described at the start of the proof to deduce the contradiction in exactly the

same manner. Otherwise, we may pass to a subsequence and find a sequence tk ↓ 0 such that

(Q∗Vk)2 < tkE
2
Vk,C

c
k

for all k. So choose for each k a cone C̃k ∈ L1 ∪ L2 such that

Q2
Vk,C̃k

<
3

2
(Q∗Vk)2.

We then know, as Q2
Vk,C̃k

< 3
2Mtk inf EVk,Ĉk , where the infimum is taken over all Ĉk ∈ L2; in

particular, for all k sufficiently large, we have C̃k ∈ L1. We are therefore in the setting where
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one can produce a fine blow-up of Vk relative to the sequences (C̃k)k ⊂ L1, (Cc
k) ⊂ L2 (along

which Hypothesis (†)(i) holds). To describe this (see a more detailed description in Section

5.5.2), take a sequence τk ↓ 0 sufficiently slowly. Then one may pass to a subsequence to apply

for each k the results of Theorem 29 to Vk, C̃k, Cc
k with τ = τk to generate a function uk

describing Vk relative to C̃k in the region Bn+1
1−τk(0) ∩ {|x| > τk}. The estimates provided by

Theorem 29 and Corollary 30 give that the sequence vk := E−1
Vk,C̃k

uk (suitably parameterised

over the fixed cone C(0)) converges, strongly in L2(B1) and locally in C1,1/2 in B1 ∩ {|x| > 0},
to a function v ∈ C1,1/2(C B1 ∩ {|x| > 0}). Moreover, since by Hypothesis (†)(ii) holds with

β = βk for Vk, Cc
k, Ck, we know that Q2

Vk,Ck
< βk(Q

∗
Vk

)2, and thus as here we have, from

Theorem 29 that Q2
Vk,C̃k

≤ CE2
Vk,C̃

for some C = C(n) fixed, we see that E−1
Vk,C̃k

QVk,Ck → 0.

In particular, this tells us that v must be supported on formed by linear functions over each of

the half-hyperplanes in C(0) which vanish along the axis {0}2 × Rn−1. But from Theorem 29

(more so Corollary 30) for the construction of the fine blow-up v, we have (in the same way as

for the construction of the coarse blow-up class) that∫
spt‖C(0)‖∩B1

|v − ξ⊥|2

|X − Z|n+3/2
≤ C <∞

where Zk → Z = (0, 0, ζ) and E−1
Vk,C̃k

ξk → ξ, where by assumption we have |ξ|2 ≥ δ(Q∗Vk)2 >
2δ
3 E

2
Vk,C̃k

, and |ξ|2 ≤ CEVk,C̃k by Corollary 30; hence |ξ| ∈ [2δ/3, C], i.e. |ξ| > 0. But the above

integral being finite implies that ξ⊥Hi = 0 for each half-hyperplane in spt‖C(0)‖, which, as the

unit vectors in the directions of the rays of the cross-section C
(0)
0 span R2, implies that |ξ| = 0,

a contradiction to the fact that |ξ| > 0. Hence we have established (41).

We know that we can prove that Ṽ obeys Hypothesis (H) and Hypothesis (?) with respect to

Cc and C in exactly the same way as above. We need (41) to show that Hypothesis (†)(ii) will

still hold, for suitably chosen ε, γ, β, depending only on C(0) and ρ. We know from Remark 3

that for ε, γ, β sufficiently small depending on C(0), if C̃ ∈ L1 ∪L2 is any level 1 or level 2 cone,

we will have

dist2
H(spt‖C̃‖ ∩B1, spt‖C‖ ∩B1) ≥ C(Q∗V )2

where C = C(n). Thus, for sufficiently small ε, γ, β so that Theorem 29 holds with τ = ρ/64,

we can estimate similarly as before to get

E2
Ṽ ,C̃

= ρ−n−2

∫
Bρ(Z)

dist2(X − Z, spt‖C̃‖) d‖V ‖

≥ ρ−n−2

∫
Bρ(Z)∩{|x|>ρ/16}

dist2(X − Z, spt‖C̃‖) d‖V ‖

≥ ρ−n−2
∑
i

∫
Hc
i ∩Bρ(Z)∩{|x|>ρ/16}

dist2(hi(X̃) + ui(X̃)− ζ⊥i , spt‖C̃‖) dHn(X̃)

+ (terms over other half-hyperplanes)

≥ ρ−n−2
∑
i

∫
Hc
i ∩Bρ(Z)∩{|x|>ρ/16}

dist2(hi(X̃), spt‖C̃‖) dHn(X̃)− Cρ−n−2E2
V,C − Cρ−2|ξ|2

+ (terms over other half-hyperplanes)

≥ Cdist2(spt‖C̃‖ ∩B1, spt‖C‖ ∩B1)− ρ−n−2E2
V,C − Cρ−2|ξ|2
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≥ C(Q∗V )2 − ρ−n−2β(Q∗V )2 − Cρ−2δ(Q∗V )2

where in the last inequality we have used Hypothesis (†)(ii) (which holds for V,C) and (41) (for

any δ > 0, provided we allow ε, γ, β to depend on δ). Hence, choosing δ = δ(n, ρ) sufficiently

small, and ε, γ, β sufficiently small accordingly (depending only on C(0), ρ) we see that

E2
Ṽ ,C̃
≥ C(Q∗V )2, and thus Q2

Ṽ ,C̃
≥ C(Q∗V )2

where C = C(n). This argument held for any C̃ ∈ L1 ∩ L2 sufficiently close to C, but arguing

as before we know that infĈ∈L1∪L2
QV,Ĉ = infĈ∈(L1∪L2)∩LCEV,C (C)QV,Ĉ, and this taking the

infimum over all such C̃, we see

(Q∗
Ṽ

)2 ≥ C(Q∗V )2.

But then we know from (32) that

Q2
Ṽ ,C
≤ Cρ−n−2Q2

V,C + Cρ−2|ξ|2

and so combining this with the above estimates we have

Q2
Ṽ ,C
≤ Cβρ−n−2(Q∗V )2 + Cρ−2δ(Q∗V )2 ≤ C(βρ−n−2 + ρ−2δ)(Q∗

Ṽ
)2

and so for any β̃, choosing δ = δ(n, ρ, β̃) sufficiently small, and then ε, γ, β sufficiently small

depending on C(0), ρ and β̃ accordingly, we have

(42) Q2
Ṽ ,C

< β̃(Q∗
Ṽ

)2.

So choosing β̃ = β̃(C(0)) as in Theorem 29, we get that Ṽ , C, satisfy Hypothesis (†)(ii), and

thus we can apply Theorem 29 to complete the proof. �

Remark 4: Notice that whilst Corollary 30 establishes |ξ| ≤ CEV,C for Z = (ξ, ζ) with

ΘV (Z) ≥ 5/2, it also establishes the finer inequality (40). Notice that if H is a half-hyperplane

in C which is generated from the half-hyperplane Hc in Cc, and moreover H is represented over

Hc by a linear function with gradient λ, then

(43) ξ⊥H = ξ⊥Hc − λξ>Hc .

Such an equality, combined with Remark 3 and (40) will be crucial for showing that any mul-

tiplicity two half-hyperplane which splits in C generates in the blow-up two separated single-

valued functions.

Armed now with Corollary 30(b), we can now prove that the fine excess, EV,C, does not accu-

mulate along the spine, giving the corresponding result to Corollary 24 in the coarse blow-up

setting; in particular, we will get strong L2 convergence to the fine blow-up.

Lemma 31. Let I ∈ {1, 2}, δ ∈ (0, 1/10) and C(0) ∈ LS ∩ LI . Then there exists ε1 =

ε1(C(0), δ) ∈ (0, 1), γ1 = γ1(C(0), δ) ∈ (0, 1), and β1 = β1(C(0)) ∈ (0, 1) such that the fol-

lowing is true: if V,C(0),Cc,C satisfy Hypothesis (H), Hypothesis (?), and Hypothesis (†) with
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ε1, γ1, β1, and 3
2M

3
0 in place of ε, γ, β, and M respectively, then for each σ ∈ [δ, 1/4),∫

B3/4∩{|x|<σ}
dist2(X, spt‖C‖) d‖V ‖ ≤ Cσ1/2E2

V,C

where C = C(n) is independent of δ.

Proof. From Corollary 30(i) we have that, for each Z = (ξ, ζ) ∈ spt‖V ‖ ∩ B3/8 with

ΘV (Z) ≥ 5
2 and any X ∈ Rn+1 that if ε, γ, β are sufficiently small depending on C(0) (recall

(28)),

|dist(X, spt‖(τZ)#C‖)− dist(X, spt‖C‖)| ≤ C|ξ| ≤ CEV,C.

Given this, we can now argue as in [Sim93, Corollary 3.2], using Lemma 15. �

5.2. Constructing the fine blow-up class. Using the results of Section 5.5.1 we now

construct the class of fine blow-ups.

Fix M1 = M1(n) ∈ (1,∞), I ∈ {1, 2}, and C(0) ∈ LS ∩ LI throughout. Let (εk)k, (γk)k, and

(βk)k be (decreasing) sequences of positive numbers converging to 0. Consider sequences of

varifolds (Vk)k ⊂ S2, (Cc
k)k ⊂ LI , and (Ck)k ⊂ L such that, for each k = 1, 2, . . . , Vk, C(0), Cc

k,

Ck obey Hypothesis (H), Hypothesis (?), and Hypothesis (†) with εk, γk, βk, and M1, in place

of ε, γ, β, and M , respectively. Thus, for each k = 1, 2, . . . , we assume:

(1k) Vk ∈ Nεk(C(0));

(2k) Ck ∈ Lεk(C(0)) and Cc
k ∈ Lεk(C(0)) ∩ LI ;

(3k) E
−2
Vk,C

c
k
Q2
Vk,Ck

< γk;

(4k) E
2
Vk,C

c
k
< M1 infC̃∈LI E

2
Vk,C̃

;

(5k) One of (i) or (ii) below holds:

(i) Ck ∈ LI−1;

(ii) I = 2, Ck ∈ L0, and (Q∗Vk)−2Q2
Vk,Ck

< βk.

Write pk, qk for the number of multiplicity one half-hyperplanes in Ck respectively, and set

rk := q(0)−qk, where q(0) := I, for the change in the level between C(0) and Ck, i.e. the number

of splitting multiplicity two half-hyperplanes; we know that rk ≥ 1 for all k sufficiently large

by Remark 2, and therefore that pk = p(0) + 2rk, where p(0) := 5− 2I; moreover, we may pass

to a subsequence to ensure that rk ∈ {1, 2} is a constant (and hence pk, qk, are constant also),

i.e. rk ≡ r for all k, and that the hyperplane(s) in C(0) which split are the same for all k. In

particular, we write C(0) =
∑p(0)

i=1 |H
(0)
i |+2

∑q(0)−r
i=1 |G(0)

i |+2
∑r

i=1 |G̃
(0)
i |, where the G̃

(0)
i are the

multiplicity two half-hyperplanes in C(0) which split in Ck, i.e. are close to two multiplicity one

half-hyperplanes in Ck. Similarly, we write Cc
k =

∑p(0)

i=1 |Hc
i,k|+ 2

∑q(0)−r
i=1 |Gci,k|+ 2

∑r
i=1 |G̃ci,k|,

and

Ck =

p(0)∑
i=1

|Hk
i |+

rk∑
i=1

(
|H̃k,1

i |+ |H̃
k,2
i |
)

+ 2

q(0)−r∑
i=1

|Gki |
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where H̃k,1
i , H̃k,2

i are the two multiplicity one half-hyperplanes in Ck close to the multiplicity

two half-hyperplane G̃
(0)
i in C(0). Moreover, for some (decreasing) sequence (τk)k converging to

zero sufficiently slowly, on {|x| > τk} we write (λki )
p(0)

i=1 , (λ̃k,ji )i=1,...,r; j=1,2, and (µki )
q(0)−r
i=1 , for the

gradients of the respective half-hyperplanes in Ck relative to the corresponding half-hyperplanes

in Cc
k; these constants therefore determine linear functions (hki )

p(0)

i=1 , (g̃k,ji )i=1,...,r; j=1,2, and

(gki )q
(0)−r
i=1 whose graphs are the respective half-hyperplanes in the region {|x| > τk}. Our

fine blow-ups will be defined relative to the Cc
k, however we will use the fixed domain spt‖C(0)‖

as a parameter space for our functions, so that they have a fixed domain of definition (just as in

Section 5.3.2); however, we shall suppress this extra notation for the sake of ease of presentation,

and interchange between functions defined on Ck
c and C(0) freely.

Now let (δk)k be a decreasing sequence of positive numbers converging to 0. Changing the

definitions of (δk)k, (τk)k if necessary to ensure that they do not go to zero too quickly, we may

then deduce from the results of Section 5.5.1 that the following assertions hold:

(Ak) For every point Y ∈ S(C(0)) ∩B1/2, we have for all k sufficiently large,

Bδk(Y ) ∩ {Z : ΘVk(Z) ≥ 5/2} 6= ∅;

(Bk) For each σ ∈ [δk, 1/4) we have∫
B3/4∩{|x|<σ}

dist2(X, spt‖Ck‖) d‖Vk‖ ≤ Cσ1/2E2
Vk,Ck

;

(Ck) There are p(0) + 2r single-valued functions, (uki )
p(0)

i=1 , (ũk,ji )i=1,...,r; j=1,2, and q(0) − r

two-valued functions, (vki )q
(0)−r
i=1 , where uki ∈ C2(Hc

i,k ∩ B3/4 ∩ {|x| > τk}; (Hc
i,k)
⊥),

ũk,ji ∈ C2(G̃ci ∩ B3/4 ∩ {|x| > τk}; (G̃ci,k)
⊥), and vki ∈ C1,1/2(Gci,k ∩ B3/4 ∩ {|x| >

τk};A2((Gci,k)
⊥)), each with stationary graph, such that

Vk (B3/4 ∩ {|x| > τk}) =

p(0)∑
i=1

|graph(hki + uki )|+
∑
i,j

|graph(g̃k,ji + ũk,ji )|+
q(0)−r∑
i=1

v(gki + vki );

(Dk) For each point Z = (ξ, ζ) ∈ spt‖Vk‖ ∩B3/8 with ΘVk(Z) ≥ 5/2 we have

|ξ| ≤ CEVk,Ck ;

(Ek) We have

c2EVk,Cck ≤ max
i,j
{|λki |, |λ̃

k,j
i |, |µ

k
i |} ≤ c1EVk,Cck

and moreover for some i ∈ {1, . . . , r} we have

|λ̃k,1i − λ̃
k,2
i | ≥ 2c3EVk,Cck ;
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(Fk) For each ρ ∈ (0, 1/4], we can find K = K(ρ) ∈ Z≥1 such that for all k ≥ K the

following holds: for each Z = (ξ, ζ) ∈ spt‖Vk‖ ∩B3/8 with ΘVk(Z) ≥ 5/2,

p(0)∑
i=1

∫
H

(0)
i ∩Bρ/2(Z)∩{|x|>τk}

|uki − ξ
⊥
Hk
i |2

|(hki (rωi, y) + uki (rωi, y), rωi, y)− Z|n+3/2

+
∑
i,j

∫
G̃

(0)
i ∩Bρ/2(Z)∩{|x|>τk}

|ũk,ji − ξ
⊥
H̃
k,j
i |2

|(h̃k,ji (rω̃i, y) + ũk,ji (rω̃i, y), rω̃i, y)− Z|n+3/2

+

q(0)−r∑
i=1

∫
G

(0)
i ∩Bρ/2(Z)∩{|x|>τk}

|vki − ξ
⊥
Gk
i |2

|(gki (rϑi, y) + vki (rϑi, y), rϑi, y)− Z|n+3/2

≤ Cρ−n−3/2

∫
Bρ(Z)

dist2(X, spt‖(τZ)#Ck‖) d‖Vk‖;

(Gk) For each ρ ∈ (0, 1/4], we can find K = K(ρ) ∈ Z≥1 such that for all k ≥ K the

following holds: for each Z = (ξ, ζ) ∈ spt‖Vk‖ ∩B3/8 with ΘVk(Z) ≥ 5/2,

p(0)∑
i=1

∫
H

(0)
i ∩Bρ/2(Z)∩{|x|>τk}

R2−n
Z

(
∂(uki /RZ)

∂RZ

)2

+
∑
i,j

∫
G̃

(0)
i ∩Bρ/2(Z)∩{|x|>τk}

R2−n
Z

(
∂(ũk,ji /RZ)

∂RZ

)2

+

q(0)−r∑
i=1

∫
G

(0)
i ∩Bρ/2(Z)∩{|x|>τk}

R2−n
Z

(
∂(vki /RZ)

∂RZ

)2

≤ C
∫
Bρ(Z)

dist2(X, spt‖(τZ)#Ck‖) d‖Vk‖

where RZ(X) := |X − Z|

In all the above, C = C(n) is a fixed dimensional constant. To see why the above inequalities

hold, note that (Ak) follows from Lemma 15, (Bk) follows from Lemma 31, (Ck) follows from

Theorem 29(a), (Dk) follows from Corollary 30, (Ek) follows from Remark 1, Remark 2, and

Remark 3 (with the modified form of Remark 3 following from (Bk)), (Fk) follows from Corollary

30 (in the same was as the corresponding inequality for the coarse blow-up classes did there, from

Corollary 24), and (Fk) follows from Theorem 29(e), applied to (ηZ,ρ)#Vk, which is possible for

all sufficiently large k by the argument in the proof of Corollary 30. Note that the constant M1

will only change by a factor of M0 in the proofs of these statements, and so for all k sufficiently

large we are still able to apply Theorem 29 to (ηZ,ρ)#Vk. We extend uki , ũ
k,j
i , and vkj to all of

H
(0)
i ∩B3/4, G̃

(0)
j ∩B3/4, and G

(0)
i ∩B3/4, respectively, by defining them to be zero outside their

domain of definition.

By (Ek), we can find numbers (`i)
p(0)

i=1 , (
˜̀j
i )i=1,...,r; j=1,2, and (mi)

q(0)−r
i=1 , obeying

c2 ≤ max
i,j
{|`i|, |˜̀ji |, |mi|} ≤ c1 and min

i
|˜̀1
i − ˜̀2

i | ≥ 2c3
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such that, after passing to an appropriate subsequence, we have E−1
Vk,C

c
k
λki → `i, E

−1
Vk,C

c
k
λ̃k,ji → ˜̀j

i ,

and E−1
Vk,C

c
k
µi → mi. By (Ck) and elliptic estimates for single-valued and two-valued stationary

graphs (those seen in Section 5.1.1.2 or Theorem A), we know that there exist p(0) + 2r single-

valued C2 harmonic functions, (ϕi)
p(0)

i=1 , (ϕ̃ji )i=1,...,r; j=1,2, and q(0)−r two-valued C1,1/2 harmonic

functions, (ψi)
q(0)−r
i=1 , which patched together form a function on C(0) Bn+1

3/4 (0) ∩ {|x| > 0},
such that, after perhaps passing to another subsequence,

E−1
Vk,Ck

uki → ϕ, E−1
Vk,Ck

ũk,ji → ϕ̃ji , and E−1
Vk,Ck

vki → ψi

where the convergence is in C1,1/2(K) for each compact subset K ⊂ spt‖C(0)‖∩Bn+1
3/4 (0)∩{|x| >

0}. From (Bk) it follows that, in the same way as in Section 5.3.2 for the construction of the

coarse blow-up class, that for each σ ∈ (0, 1/4)∫
Bn+1

3/4
(0)
|ϕ|2 + |ϕ̃|2 + |ψ|2 ≤ Cσ1/2

and moreover that the convergence to ϕi, ϕ̃
j
i , and ψi, is in fact strongly in L2 on Bn+1

3/4 (0); here

we have written ϕ = (ϕ1, . . . , ϕp(0)), ϕ̃ = (ϕ̃1
1, ϕ̃

2
1, . . . , ϕ̃

1
r , ϕ̃

2
r), and ψ = (ψ1, . . . , ψq(0)−r).

Definition 32. Fix C(0) ∈ LS∩LI , where I ∈ {1, 2}, and M > 1. Fix q < I, and set p := 5−2I

and r := I − q. Then any triple of functions (ϕ, ϕ̃, ψ) ≡ ((ϕ)pi=1, (ϕ̃
j
i )i=1,...,r; j=1,2, (ψi)

q
i=1)

constructed as above with M1 = M for sequences of varifolds (Vk)k, (Cc
k)k, (Ck)k obeying

Ck ∈ Lq for all k is called a fine blow-up of (Vk)k off C(0) relative to the sequences (Cc
k)k and

(Ck)k. We write BF
p,q;M (C(0)) for the collection of all such fine blow-ups with Ck ∈ Lq for all

k.

Remark: The crucial point to note here is that, since q < I, the number of two-valued

functions used to describe functions in the fine blow-up class BF
p,q;M (C(0)) is strictly fewer than

the number used to describe functions in the coarse blow-up class B(C(0)).

5.3. Initial properties of the fine blow-up class. In this section we shall prove initial

properties satisfied by the fine blow-up classes BF
p,q;M (C(0)). We will be able to show that they

satisfy properties (B1), (B2), (B3), (B4), and (B6) from Section 5.2, as well as a modified

version of (B5). To be more precise regarding this latter point, we will be able to show that

the functions described in (B5) do not belong to BF
p,q;M (C(0)), but instead to BF

p,q;M0M
(C(0)),

where M0 = M0(n) is the constant defined at the start of Section 5.5. As explained in the

discussion preceding Theorem 21, provided all the other properties in Section 5.2 hold for the

classes (BF
p,q;M̃

(C(0)))M̃>1, this is enough to deduce the boundary regularity of functions in

each BF
p,q;M (C(0)). It should be noted that of course when (p, q) = (5, 0), the situation is much

simpler and the regularity conclusions follow from (B3), as the functions in the blow-up class

BF
5,0;M (C(0)) consist of single-valued harmonic functions, for which the boundary regularity will

follow from standard elliptic theory once the regularity of the boundary values and continuity

at the boundary is established, and so the only reason for this additional care is that when

(p, q) = (3, 1), the functions in the blow-up class BF
3,1;M (C(0)) contain a two-valued function for

which the boundary regularity theory is more involved.
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Thus, let us now fix C(0) ∈ LS ∩ LI , where I ∈ {1, 2}, as well as non-negative integers p, q

obeying q < I and p + 2q = 5. For (ϕ, ϕ̃, ψ) ∈ BF
p,q;M (C(0)), let us write (Vk)k, (Cc

k), (Ck)k,

(εk)k, (γk)k, (βk)k, (τk)k, and (δk)k for the sequences generating (ϕ, ϕ̃, ψ) as described in Section

5.5.2.

Note that (B1) and (B2) hold simply from the discussion in Section 5.5.2; moreover, note (B6)

follows by essentially the same diagonal argument used in Section 5.3.3 to prove that (B6) held

for the coarse blow-up class, and so we do not repeat it here. Also, again (B4) will follow from

passing in the limit in (Gk) and applying (B5II) (once we know its validity), as the inequality

from the (Gk) for the function in (B5II), which will lie in BF
p,q;M0M

(C(0)), is exactly what we

want for v ∈ BF
p,q;M0M

(C(0)); so, once again we are left with establishing (B3) and (B5).

Let us know look at establishing the variant of (B5I). So fixing v ∈ BF
p,q;M (C(0)), Z ∈ S(C(0))∩

B3/8 (one can work in S(C(0))∩B1 simply by scaling), and σ ∈ (0, 1/2), it suffices (by the same

argument as in Section 5.3.3 for the coarse blow-up class) to show that we may take a fine blow-

up of the sequence Ṽk := (ηZ,σ)#Vk relative to the same generating sequences (Cc
k)k and (Ck)k

(changes to the sequences εk, γk, βk are irrelevant). The argument for this is identical to that

seen in Corollary 30 (in fact simpler, as here every cone Cc
k,Ck, is invariant under translations

by Z). As such, we see that Ṽk ∈ Nε̃k(C(0)) for some ε̃k ↓ 0, from (34) that Q2
Ṽk,Ck

≤ γ̃kE2
Ṽk,Ck

for some γ̃k ↓ 0, from (35) that E2
Ṽk,C

c
k

≤M0M · infC̃∈LI E
2
Ṽk,C̃

, and (42) that (when Hypothesis

(†)(ii) holds for all k) Q2
Ṽk,Ck

< β̃k(Q
∗
Ṽk

)2, for some β̃k ↓ 0; as such we may perform a fine

blow-up of (Ṽk)k relative to (Cc
k)k and (Ck)k to see that vZ,σ ∈ BF

p,q;M0M
(C(0)), as desired.

For (B3), note that for each Y ∈ S(C)∩B3/8, one may apply Lemma 15 to deduce the existence

of Zk = (ξk, ζk) ∈ spt‖Vk‖ ∩ B3/8 obeying ΘVk(Zk) ≥ 5/2 and Zk → Y . In particular, (Dk)

tells us that |ξk| ≤ CEVk,Ck , and hence we deduce, after passing to a subsequence, the existence

of a limit E−1
Vk,Ck

ξk → κ(Y ); we will see momentarily that this limit is independent of the

approximation sequence (Zk)k and so only depends on Y . The only caveat now in this setting

when compared to that for the coarse blow-up is that in (Dk) the projections of ξ are projections

of ξ onto the half-hyperplanes in the (Ck)k sequence, and not onto those in (Cc
k)k (or C(0)),

and thus writing κ⊥ in the integral over spt‖C(0)‖ is now misleading, as the value of κ⊥ can

(and indeed will) differ between ϕ̃1 and ϕ̃2 on each half-hyperplane which splits. Indeed, recall

from Remark 4 and (40) that we have

ξ
⊥
H̃
k,j
i = ξ

⊥G̃c
i,k − λ̃k,ji ξ

>G̃c
i,k

and ∣∣∣∣ξ⊥G̃ci,k ∣∣∣∣2 + E2
Vk,C

c
k

∣∣∣∣ξ>G̃ci,k ∣∣∣∣2 ≤ CE2
Vk,Ck

and thus we see that we may pass to a subsequence so that for each i, j we have E−1
Vk,Ck

ξ
⊥G̃c

i,k →

κji (Y ) and E−1
Vk,Ck

EVk,Cckξ
>G̃c

i,k → κ̃ji (Y ), and thus

E−1
Vk,Ck

ξ
⊥
H̃
k,j
i → κji (Y )− ˜̀j

i κ̃
j
i (Y ) =: Λji (Y ).
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In particular, note that by Remark 3,

|Λ1
i (Y )− Λ2

i (Y )| = |κ̃ji (Y )| · |˜̀1
i − ˜̀2

i | ≥ 2c3|κ̃ij(Y )|

and thus these will differ whenever κ̃ij(Y )| 6= 0. Thus, if we denote the boundary values by a

function Λ, by applying (Fk) with Z = Zk, we deduce, in the same way as we did in Section

5.3.2, that∫
Bρ/2(Y )∩spt‖C(0)‖

|Φ− Λ(Y )|2

|X − Z|n+3/2
dHn ≤ Cρ−n−3/2

∫
Bρ(Y )∩spt‖C(0)‖

|Φ− κ⊥(Y )|2

where Φ is the function on spt‖C(0)‖ determined by (ϕ, ϕ̃, ψ) and the value of Λ depends on

which function Φ takes; in particular, finiteness of the above integral and the fact that the

unit vectors in the directions of the rays in spt‖C(0)
0 ‖ span all of R2 is what provides that

Λ(Y ) only depends on Y and not the approximating sequence (Zk)k. We also get, as before,

that supB5/16∩S(C(0)) |Λ|2 ≤ C
∫
B1/2
|Φ|2, where C = C(n); this is the first half of (B3). All

that remains is to show smoothness of Λ. As explained in Section 5.3.3, the above integral

inequality is enough to deduce a (potentially multi-valued) C0,α Campanato estimate for suitable

α ∈ (0, 1), and thus proves that Φ is in fact C0,α up-to-the-boundary.

To prove that Λ is smooth, we can follow a similar argument as to that seen in Section 5.3.3,

except now making use of Theorem 29(a), (c) instead of the coarse estimates in Lemma 23. The

only slight difference is that one now needs to include the gradient functions hki , g̃
k,j
i , and gki in

the argument when passing from integrals with respect to d‖Vk‖ to over the half-hyperplanes

in Cc
k. This is dealt with in an analogous (and in fact simpler, as we do not need to consider

different variations as the rays of the cross-section still span C(0)) way to the calculations seen

in [Wic14, (12.17) – (12.22)], and so we do not include the argument here. Thus we have

established (B3).

The final property left is (B5II). This however follows in an identical fashion to that seen in

the coarse blow-up setting: one modifies the sequence of cones Ck based on the function ψ

(notation as in Section 5.3.3), now by a factor of EVk,Ck and takes a fine blow-up relative to the

sequence of modified cones. Once again, we must check that suitable forms of (1k) – (5k) hold

for these new sequences, but these can be checked in the same manner as we have seen already,

so we omit the details.

Hence we see that BF
p,q;M (C(0)) always obeys (B1) − (B6) (with (B5) suitably modified as

discussed). In particular, when (p, q) = (5, 0), we are able to immediately deduce the boundary

regularity of the functions in BF
5,0;M (C(0)), and so we deduce:

Proposition 33. The conclusions of Theorem 21 hold for BF
5,0;M (C(0)) whenever C(0) ∈ LS ∩

(L1 ∪ L2).

6. The fine ε-regularity theorem

The aim of this section is to prove two ε-regularity results, one at the varifold level and the

other at the coarse blow-up level. The key result is the one at the varifold level, which will be

referred to as a fine ε-regularity theorem. The fine ε-regularity theorem will serve two purposes
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for us. The first purpose will be to deduce the second ε-regularity result of this section, namely

to prove that (B7) holds for any coarse blow-up class B(C(0)) when C(0) ∈ LS ∩L1 is a level 1

cone; in particular, we can then deduce that Theorem 17 holds for B(C(0)), and so we have the

desired boundary regularity of the coarse blow-ups relative to level 1 cones. Armed now with

this, the second purpose will be to prove (which will be done in Section 5.7) that Theorem B

holds whenever C(0) ∈ LS ∩ L1 is a level one cone; exactly how this works will be discussed in

Section 5.7.

We start by proving an excess decay result in the setting of the fine blow-up class. We note

that this lemma is also true in the setting when C(0) ∈ L2 and Hypothesis (†)(ii) holds (this

will be used later to prove Theorem B when C(0) ∈ LS ∩ L2).

Lemma 34 (Fine Excess Decay: Level 0). Let C(0) ∈ LS ∩ LI , where I ∈ {1, 2}. Fix θ ∈
(0, 1/4). Then, there exist numbers ε2 = ε2(C(0), θ) ∈ (0, 1/2), γ2 = γ2(C(0), θ) ∈ (0, 1/2), and

β2 = β2(C(0), θ) ∈ (0, 1/2) such that the following is true: if V ∈ S2, Cc ∈ LI , and C ∈ L0

satisfy Hypothesis (H), Hypothesis (?), and Hypothesis (†)‖ with ε2, γ2, β2, and 3
2M0, in place

of ε, γ, β, and M , respectively, then there exists an orthogonal rotation Γ of Rn+1 and a cone

C′ ∈ L0 such that the following hold:

(a) |Γ− id| ≤ κEV,C;

(b) dist2
H(spt‖C‖ ∩B1, spt‖C′‖ ∩B1) ≤ κE2

V,C;

(c)

θ−n−2

∫
Bθ

dist2(X, spt‖Γ#C′‖) d‖V ‖+θ−n−2

∫
Γ(Bθ/2\{|x|<θ/16})

dist2(X, spt‖V ‖) d‖Γ#C′‖ ≤ κθ2E2
V,C;

(d) For any C̃ ∈ LI with C̃ ∈ L1/10(Cc), we have:

(
θ−n−2

∫
Bθ

dist2(X, spt‖C̃‖) d‖Γ−1
# V ‖

)1/2

≥
√

2−n−4C̄1distH(spt‖C‖∩B1, spt‖C̃‖∩B1)−κEV,C;

here, κ = κ(n), and C̄1 = C̄1(n) :=
∫
Bn

1/2
∩{x2>1/16} |x

2|2 dHn(x2, y) is as before.

Remark: The only unfamiliar property here from what we have seen before is (d). This will

be used to verify Hypothesis (?) still holds in the proof of the fine ε-regularity theorem later.

Proof. The proof will be similar to the excess decay lemma from Section 5.4, namely

Lemma 26, except now we need to take more care in verifying that the conditions required to

perform a fine blow-up are still satisfied when we take appropriate rotations of our varifolds.

We again argue by contradiction; so suppose that the lemma does not hold (for κ = κ(n) to

be chosen): therefore we may find sequences εk, γk, βk ↓ 0, Vk, Cc
k, and Ck ∈ L0 satisfying

Hypothesis (H), Hypothesis (?), and Hypothesis (†) with εk, γk, βk, and 3
2M0, in place of ε, γ, β,

and M , respectively (i.e. (1k) – (5k) from Section 5.5.2), such that the lemma does not hold for

‖As we are assuming C ∈ L0 here, when I = 2 we are implicitly assuming that Hypothesis (†)(ii) holds.
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this choice of θ and C(0). We need to show that all conclusions of the lemma are satisfied for

infinitely many k.

For i = 1, . . . , n − 1, let Yi := 1
2θe2+i ∈ S(C(0)). Lemma 15 tells us that for each k ≥ 1

and i ∈ {1, . . . , n − 1} we may find sequences Zi,k = (ξi,k, ζi,k) ∈ spt‖Vk‖ ∩ B1 such that

ΘVk(Zi,k) ≥ 5/2 and Zi,k → Yi. As in Lemma 26, we may assume without loss of generality that

{Z1,k, . . . , Zn−1,k} span an (n−1)-dimensional subspace of Rn+1, which we call Σk. We may then

choose rotations Γ′k of Rn+1 such that Γ′k(Σk) = S(C(0)) ≡ {0}2 × Rn−1 and Γ′k(Ẑi,k) → e2+i,

where Ẑi,k := Zi,k/Zi,k, for each i = 1, . . . , n−1. So far, this puts little restriction on how rotates

the cross-section R2×{0}n−1, and so to ensure |Γ− id| is small we need to reset any significant

change in this subspace. Thus, if π12 : Rn+1 → R2×{0}n−1 is the orthogonal projection, choose

a rotation Γ + k′′ of Rn+1 such that Γ′′k|{0}2×Rn−1) = id and Γ′′k(π12Γ′k(e1)/|π12Γ′k(e1)|) = e1.

Now, if we set Γk := Γ′′k ◦ Γ′k, we have

(44) Γk(Σk) = {0}2 × Rn−1 and Γk(Ẑi,k)→ e2+i for i ∈ {1, . . . , n− 1}.

Moreover, as |ξi,k| ≤ CEVk,Ck by Corollary 30, we have

(45) |Γk − id| ≤ CEVk,Ck .

Now set Ṽk := (η0,7/8 ◦ Γk)#Vk. It readily follows that for any C ∈ L that

(46) distH(spt‖(Γ−1
k )#C‖ ∩B1, spt‖C‖ ∩B1) ≤ CEVk,Ck

from which it immediately follows, from the triangle inequality in the form dist2(X, spt‖(Γ−1
k )#C‖) ≤

2dist2(X, spt‖C‖) + 2dist2
H(spt‖(Γ−1

k )#C‖ ∩B1, spt‖C‖ ∩B1) for suitable choices of C, that

(47) E2
Ṽk,Ck

≤ CE2
Vk,Ck

and E2
Ṽk,C

c
k
≤ CE2

Vk,C
c
k
.

where for the second inequality we have used the fact that E2
Vk,Ck

≤ Q2
Vk,Ck

≤ γkE
2
Vk,C

c
k
; here,

C = C(n). We claim further that, for some C̃ = C̃(n),

(48) C̃E2
Vk,C

c
k
≤ E2

Ṽk,C
c
k
.

To see this, note that the coarse blow-up, v, of (Vk)k relative to (Cc
k)k is homogeneous of

degree one (indeed, its graph is in fact a union of half-hyperplanes meeting along {0}2×Rn−1);

this is simply because E−2
Vk,C

c
k
Q2
Vk,Ck

< γk → 0. Moreover, by Remark 2, there is a definitive

constant c = c(n) for which
∫
B1
|v|2 ≥ c; thus as v is homogeneous of degree one, we have

σ−n−2
∫
Bσ
|v|2 =

∫
B1
|v|2 ≥ c for each σ ∈ (0, 1). Thus we have for all k sufficiently large, using

Corollary 24 (recall τk ↓ 0 is suitably chosen)∫
Bσ

dist2(X, spt‖Cc
k‖) d‖Vk‖ ≥

∫
Bσ\{|x|<τk}

dist2(X, spt‖Cc
k‖) d‖Vk‖

≥
∫
Bσ∩{|x|>τk}

|uk|2
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≥
∫
Bσ

|uk|2 − Cτ
1/2
k E2

Vk,Ck

≥ 1

2
σn+2cE2

Vk,Ck
− Cτ1/2

k E2
Vk,Ck

which tells us, for sufficiently large k (depending on σ), we have
∫
Bσ

dist2(X, spt‖Ck‖) d‖Vk‖ ≥
c
4σ

n+2E2
Vk,Ck

. In particular, using (46), the triangle inequality, and Hypothesis (H4), we deduce

for a suitable choice of σ = σ(n) ∈ (0, 1) that (48) holds for suitable C̃ = C̃(n).

We now claim that, after passing to a subsequence, that Hypothesis (1k) – (5k) of Section 5.5.2

are satisfied with Ṽk in place of Vk (and keeping the same Cc
k, Ck), for suitable sequences

ε̃k, γ̃k, and β̃k → 0 in place of εk, γk, and βk, respectively and with 3
2M

2
0 in place of M1. Of

course (2k) still holds as we have not changed the cone sequences, and (1k) follows from the

second inequality in (47). For (3k), note that by the first inequality in (47) and (48) we have

E2
Ṽk,Ck

≤ C ′γkE
2
Ṽk,C

c
k

, which is one half of (3k); the other half is dealt with similarly to what

we have seen, using (45) and Theorem 29.

Let us now look at (4k). First note that, just as argued before in (34), for some C = C(n) we

have

inf
C̃
E2
Ṽk,C̃

= inf
C̃∈LI∩LCE

Ṽk,C
c
k

(Cck)
E2
Ṽk,C̃

and thus for C̃ ∈ LI as in the infimum on the right hand side, for all sufficiently large k we

have:

E2
Ṽk,C̃

≥ (7/8)−n−2

∫
B1/2

dist2(X, spt‖(Γ−1
k )#spt‖C̃‖) d‖Vk‖

≥ 1

2
(7/8)−n−2

∫
B1/2

dist2(X, spt‖C̃‖) d‖Vk‖

− (7/8)−n−2 · 3ωn · dist2
H(spt‖(Γ−1

k )#C̃‖ ∩B1, spt‖C̃‖ ∩B1)

≥ 1

2
(7/8)−n−2 · 2−n−9ω−1

n C̄1E
2
Vk,C̃

− CE2
Vk,Ck

≥ 1

2
(7/8)−n−2 · 2−n−9ω−1

n C̄1M
−1E2

Vk,C
c
k
− CγkE2

Vk,C
c
k

≥ 2−n−11ω−1
n C̄1M

−1E2
Vk,C

c
k

where for third inequality, we have used (33) (with ρ = 1/2 and Z = 0) to lower bound the first

term and then used (46) to lower bound the second term. Then we also have

E2
Ṽk,C

c
k

= (7/8)−n−2

∫
B7/8

dist2(X, spt‖(Γ−1
k )#Cc

k‖) d‖Vk‖

≤ 2(7/8)−n−2

∫
B1

dist2(X, spt‖Cc
k‖) d‖Vk‖

+ 2(7/8)−n−2 · 3ωn · dist2
H(spt‖(Γ−1

k )#Cc
k‖ ∩B1, spt‖Cc

k‖ ∩B1)

≤ 2n+3E2
Vk,C

c
k

+ CE2
Vk,Ck

≤ 2n+4E2
Vk,C

c
k



The fine ε-regularity theorem 181

for all k sufficiently large, again using (45) and Hypothesis (H4). Thus combining the above

two inequalities, we see that, for all k sufficiently large,

E2
Ṽk,C

c
k
≤ 22n+14ωnC̄

−1
1 ·M · E2

Ṽk,C̃
.

As this constant factor is always at most M0, by definition of M0, this verifies that (4k) holds

for Ṽk (and Cc
k) for all k sufficiently large, with M1 = 3

2M
2
0 (as M = 3

2M0 by assumption).

Finally, if I = 1 then (5k) is automatically satisfied. Otherwise, I = 2 and Ck ∈ L0 and so we

need to show for all k sufficiently large that Q2
Ṽk,Ck

≤ β̃k(Q
∗
Ṽk

)2 for some β̃k ↓ 0. To see this,

it suffices to show that for some C = C(n) we have Q2
Ṽk,Ck

≤ CQ2
Vk,Ck

and (Q∗Vk)2 ≤ C(Q∗
Ṽk

)2,

as then we would have Q2
Ṽk,Ck

≤ C2βk(Q
∗
Ṽk

)2. Indeed, for the first of these two inequalities, we

already have by the first inequality in (47) that E2
Ṽk,Ck

≤ CQ2
Vk,Ck

; the other term in Q2
Ṽk,Ck

can be dealt with in a similar way to what we have currently seen by using (46) and Theorem

29. For the second of these inequalities, this follows in a similar manner to (48), namely by (45)

and showing that there is a c̃ = c̃(n) such that for any C̃ ∈ L1 ∪ L2,∫
B7/8

dist2(X, spt‖C̃‖) d‖Vk‖+

∫
B7/16\{|x|<(7/8)/16}

dist2(X, spt‖Vk‖) d‖C̃‖ ≥ c̃(Q∗Vk)2

which follows by taking cones C̃k ∈ L1 ∪ L2 with Q2
Vk,C̃k

< 3
2(Q∗Vk)2 and taking a blow-up

(coarse blow-up if C̃k ∈ L2 for infinitely many k, otherwise if C̃k ∈ L1 for infinitely many k,

we decide first whether E−1
Vk,C

c
k
QVk,C̃k < γ̃ for infinitely many k or not, where γ̃ = γ̃(C(0)) is

the constant from Theorem 29 with τ = 7/162 and on the slightly larger ball B15/16 rather

than B3/4: if it does, we can take a fine blow-up relative to (Cc
k)k and (C̃k)k, in the region

B15/16 ∩ {|x| > 7/162}, using (7k) to deduce that the limit Φ must be homogeneous of degree

one and from Remark 3 must obey
∫
B1
|Φ|2 ≥ c for some c = c(n); otherwise, we have a fixed

lower bound E−1
Vk,C

c
k
QVk,C̃k ≥ γ̃, only depending on C(0), and so one may take a coarse blow-up

of Vk relative to Ck
c , and argue in the same way to prove the result.

Thus, we may generate a fine blow-up Φ = (ϕ, ϕ̃) from taking the fine blow-up of (Ṽk)k relative

to (Cc
k)k and (Ck)k; since Φ ∈ BF

5,0; 3
2
M2

0
(C(0)), Φ has no two-valued component ψ. It follows by

(44) and (Fk) (applied with Ṽk in place of V and 8
7Γk(Zi,k) in place of Z) that ϕ(Yi) = ϕ̃(Yi) = 0

for each i = 1, . . . , n − 1 (simply because after rotating by Γk the points of density ≥ 5/2

converging to each Yi, i.e. Γk(Zi,k), have no component in the R2×{0}n−1 variables); moreover,

by translating to assume without loss of generality ΘVk(0) ≥ 5/2 for all k (which can be arranged

using Corollary 30), we also have ϕ(0) = ϕ̃(0) = 0. Since Yi = θ
2e2+i, from the regularity

conclusion along the boundary established in Proposition 33, this tells us that there exists

points Si,j , S̃
1
i,j , S̃

2
i,j ∈ Bθ/2 ∩ ({0}2 × Rn−1) such that for each i = 1, . . . , n− 1 and j,

∂ϕj
∂yi

(Sj,i) = 0,
∂ϕ̃1

j

∂yi
(S̃1
j,i) = 0,

∂ϕ̃2
j

∂yi
(S̃2
j,i) = 0.
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The estimate provided by Proposition 33 therefore gives that

|DyΦ(0)|2 ≤ Cθ2

∫
B1/2

|Φ|2

where C = C(n) (note that we can get a factor of θ2 here, as our functions in Φ are single-

valued harmonic functions up-to-the-boundary here). Now we define new linear functions just

as in the proof of Lemma 26 as follows: if a half-hyperplane in spt‖C(0)‖ were H = {(x2, y) ∈
R × Rn−1 : x2 > 0}, and the fine blow-up over this half-hyperplane (or a component of, if

there are two) is represented by a function ϕ, then we write Lϕ(x2, y) := Dϕ(0) · (x2, y), and

Pϕ(x2, y) := ∂ϕ
∂x2 (0)x2; since Lϕ − Pϕ = Dyϕ, the above bounds would then tell us

|Lϕ(x2, y)− Pϕ(x2, y)|2 ≤ C|y|2θ2

∫
B1/2

|Φ|2

and consequently, from Proposition 33, that

(49) θ−n−2

∫
B2θ∩H

|ϕ− Pϕ|2 ≤ Cθ2.

Thus, if this ϕ component of the cross blow-up was generated by blowing up a function defined

over a half-hyperplane Hϕ in Ck which had gradient λϕ relative to the corresponding half-

hyperplane Hc
ϕ in Cc

k, we would define a new half-hyperplane, H̃k
ϕ, which instead has gradient

over Hc
ϕ given by

(50) λ̃ϕ := λϕ + EṼk,Ck ·
∂ϕ

∂x2
(0).

Of course, all the above discussion was done under the assumption thatH = {(x2, y) ∈ Rn : x2 >

0} was the half-hyperplane in spt‖C(0)‖ in question, but the whole discussion follows through

for each half-hyperplane by working in coordinates relative to the given half-hyperplane. Thus,

we generate a new sequence of cones, C′k, which from the above definition we see will still be

level 0 cones (by Remark 2 and Remark 3 and the bound on the derivatives of the blow-up

provided by Proposition 33), for which the discussion above readily gives (from (49) and the

strong L2 convergence to the fine blow-up)

(51) θ−n−2

∫
Bθ

dist2(X, spt‖C′k‖) d‖(Γk)#Vk‖ ≤
(

7

8

)n+2

Cθ2E2
Ṽk,Ck

.

Applying now the first inequality in (47) shows that the first term in (c) has the correct bound

for infinitely many k. Furthermore, by the first inequality in (47), (50), as well as the supremum

bound on the derivatives at the boundary of the fine blow-up provided by Proposition 33, we

clearly have

(52) distH(spt‖C′k‖ ∩B1, spt‖Ck‖ ∩B1) ≤ CEVk,Ck

which shows (b) holds for all k sufficiently large. To see the bound on the second term in (c),

this follows readily from the graphical representation provided by (Ck) in Section 5.5.2, as it
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enables us to bound it by the first term in (c), i.e. we have

θ−n−2

∫
Γ−1
k (Bθ/2\{|x|<θ/16}

dist2(X, spt‖Vk‖) d‖(Γ−1
k )#C′k‖ ≤ Cθ−n−2

∫
Bθ

dist2(X, spt‖(Γ−1
k )#C′k‖) d‖Vk‖

where C = C(n); this shows that (c) holds for infinitely many k.

Thus all that is left to show is that (d) holds for infinitely many k to arrive at a contradiction

and complete the proof. Indeed, by (Ck) again (with Ṽk in place of Vk), as well as the first

inequality in (47) as well as (51) and (52), if we set θ̃ = 8θ/7) and fix any C̃ ∈ L1/10(Cc
k),

writing (hi)
5−2I
i=1 and (h̃ji )i=1,...,I; j=1,2 for the linear functions over Cc

k determining C̃, we have:

θ̃−n−2

∫
Bθ̃

dist2(X, spt‖C̃‖) d‖Ṽk‖

≥ 1

2
θ̃−n−2

∑
i

∫
Bθ̃∩H

c
i,k∩{|x|>θ̃/16}

|hki + uki − hi|2

+
1

2
θ̃−n−2

∑
i,j

∫
Bθ̃/2∩G̃

c
i,k∩{|x|>θ̃/16}

|g̃k,ji + ũk,ji − h̃
j
i |

2

≥ 1

4
θ̃−n−2

∑
i

∫
Bθ̃/2∩H

c
i,k∩{|x|>θ̃/16}

|hki − hi|2 +
1

4
θ̃−n−2

∑
i,j

∫
Bθ̃/2∩G̃

c
i,k∩{|x|>θ̃/16}

|g̃k,ji − h̃
j
i |

2

− 1

2
θ̃−n−2

∑
i

∫
Bθ̃/2∩H

c
i,k∩{|x|>θ̃/16}

|uki |2 −
1

2
θ̃−n−2

∑
i,j

∫
Bθ̃/2∩G̃

c
i,k∩{|x|>θ̃/16}

|ũk,ji |
2

≥ 2−n−4C̄1dist2
H(spt‖Ck‖ ∩B1, spt‖C̃‖ ∩B1)− 1

2
θ̃−n−2

∫
Bθ̃

dist2(X, spt‖Ck‖) d‖Ṽk‖

≥ 2−n−4C̄1dist2
H(spt‖Ck‖ ∩B1, spt‖C̃‖ ∩B1)− θ̃−n−2

∫
Bθ̃

dist2(X, spt‖C′k‖) d‖Ṽk‖ − CE2
Ṽk,Ck

≥ 2−n−4C̄1dist2
H(spt‖Ck‖ ∩B1, spt‖C̃‖ ∩B1)− Cθ2E2

Ṽk,Ck
− CE2

Ṽk,Ck

≥ 2−n−4C̄1dist2
H(spt‖Ck‖ ∩B1, spt‖C̃‖ ∩B1)− CE2

Vk,Ck

where here C = C(n) and C̄1 =
∫
B1/2∩{x2>1/16} |x

2|2 dHn(x2, y) is the usual constant; of course,

we have abused our notation and have written uki , ũ
k,j
i for the functions representing Ṽk in the

application of (Ck). This readily gives the validity of (d) for all k sufficiently large, and thus

the proof is completed. �

Armed now with Lemma 34, we will now be able to prove the first ε-regularity result of this

section, namely the fine ε-regularity theorem for level 1 cones (note that currently we are not

able to say anything for level 2 cones, as we currently do not understand the boundary regularity

of functions in BF
3,1;M (C(0))).

Theorem 35 (Varifold Fine ε-Regularity Theorem: Level 1 Setting). Let C(0) ∈ LS ∩ L1 and

α ∈ (0, 1). Then, there exist constants ε1 = ε1(C(0), α) ∈ (0, 1) and γ1 = γ1(C(0), α) ∈ (0, 1)

such that the following holds: if V ∈ S2, Cc ∈ L1, and C ∈ L0 are such that ΘV (0) ≥ 5/2,

V ∈ Nε1(C(0)), Cc,C ∈ Lε1(C(0)), E2
V,Cc <

3
2 infC̃∈L1

E2
V,C̃

, and Q2
V,C < γ1E

2
V,Cc, then there is
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a cone C′ ∈ LS ∩ L0 with

distH(spt‖C′‖ ∩B1, spt‖C‖ ∩B1) ≤ CQV,C

and an orthogonal rotation Γ : Rn+1 → Rn+1 with |Γ− id| ≤ CQV,C, such that C′ is the unique

tangent cone to Γ−1
# V at 0, and

σ−n−2

∫
Bσ

dist2(X, spt‖C′‖) d‖Γ−1
# V ‖ ≤ Cσ2αQ2

V,C for all σ ∈ (0, 1/2)

and furthermore, V has the structure of a C1,α classical singularity of vertex density 5/2; more

precisely, there is a C1,α function u defined over spt‖Cc‖, in the manner described in Theorem

B, obeying V B1/2 = v(u) and over the multiplicity two half-hyperplane in Cc, u is expressible

as two (disjoint) C1,α single-valued functions; thus, V B1/2 has no (density 2) branch points,

and sing(V )∩B1/2 = {ΘV = 5/2}∩B1/2 is the set of points determined by the boundary values

of u. Here, C = C(n).

Proof. Let κ = κ(n) be the constant from Lemma 34. Then, choose θ = θ(n) ∈ (0, 1/4)

such that κθ2(1−α) < 1. Now let ε2 = ε2(C(0), θ) = ε2(C(0), α) and γ2 = γ2(C(0), θ) = γ2(C(0), α)

be the constants from Lemma 34 with this choice of θ (note that we have no constant β2 in

this situation as C(0)) ∈ L1 and so Hypothesis (†)(i) is satisfied). Now fix ε1 ∈ (0, ε2) and

γ1 ∈ (0, γ2); these will eventually be chosen depending only on C(0).

Suppose that the hypotheses of the theorem hold with ε1 and γ1. For the sake of brevity in our

notation, let us write

QV,C(Γ, ρ)2 := ρ−n−2

∫
Bρ

dist2(X, spt‖Γ#C‖) d‖V ‖+ρ−n−2

∫
Γ(Bρ/2\{|x|<ρ/16})

dist2(X, spt‖V ‖) d‖Γ#C‖

i.e. QV,C(Γ, ρ)2 ≡ Q2
(η0,ρ◦Γ−1)#V,C

. We first claim that we can apply Lemma 34 iteratively to

obtain sequences of orthogonal rotations Γk : Rn+1 → Rn+1 and cones Ck ∈ L0 with Γ0 = id,

C0 = C, and Ck ∈ L0, such that

(53) |Γk − Γk−1|2 ≤ Cθ2kαQ2
V,C;

(54) dist2
H(spt‖Ck‖ ∩B1, spt‖Ck−1‖ ∩B1) ≤ Cθ2kαQ2

V,C;

(55) Q2
V,Ck

(Γk, θ
k) ≤ 4−1θ2αQ2

V,Ck−1
(Γk−1, θ

k−1) ≤ · · · ≤ θ2kαQ2
V,C;

and such that for all C̃ ∈ L1 ∩ L1/10(Cc) we have

(
(θk)−n−2

∫
B
θk

dist2(X, spt‖C̃‖) d‖(Γ−1
k )#V ‖

)1/2

≥
√

2−n−4C̄1distH(spt‖Ck−1‖ ∩B1, spt‖C̃‖ ∩B1)− κ̃QV,Ck−1
(Γk−1, θ

k−1);

(56)
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here, κ̃ = κ̃(n) ∈ 0,∞) and C = C(n). The verification of these will be similar to that seen in

the proof of Theorem B for level 0 cones from the (coarse) excess decay lemma (Lemma 26) we

saw in Section 5.4. Note that for this choice of ε1 and γ1, we may apply directly Lemma 34 to

V , Cc, and C to see that properties (53) – (56) hold for k = 1 (also note that, by properties

of multiplicity two classes we still have (ωnθ
n)−1‖V ‖(Bθ) < 5/2 + 1/8). So now let us suppose

that k ≥ 2 and that (53) – (56) hold for 1, 2, . . . , k − 1. We wish to apply Lemma 34 with

Vk−1 := (η0,θk−1 ◦ Γ−1
k−1)#V and Ck−1 in place of V and C, respectively (with the same Cc), as

this would then establish the validity of (53) – (56) for k. Let us write θk := θk.

To begin, firstly note that simply by the triangle inequality, and the fact that (ωnθ
n
k )−1‖V ‖(Bθk) <

5/2 + 1/8, we have

E2
Vk−1,Cc

= θ−n−2
k−1

∫
Bθk−1

dist2(X, spt‖Cc‖) d‖(Γ−1
k−1)#V ‖

≤ 2θ−n−2
k−1

∫
Bθk−1

dist2(X, spt‖Ck−1‖) d‖(Γ−1
k−1)#V ‖

+ 6ωndist2
H(spt‖Ck−1‖ ∩B1, spt‖Cc‖ ∩B1).

(57)

Now, if one applies the validity of (54) with 1, 2, . . . , k−1 in place of k and the triangle inequality,

we get (noting that
∑k−1

i=1 (θα)i = (θα − (θα)k)/(1− θα) ≤ 4−α(1− 4−α)−1)

distH(spt‖Ck−1‖ ∩B1, spt‖Cc‖ ∩B1)

≤ distH(spt‖C0‖ ∩B1, spt‖Cc‖ ∩B1) +
k−1∑
i=1

distH(spt‖Ci‖ ∩B1, spt‖Ci−1‖ ∩B1)

≤ distH(spt‖C0‖ ∩B1, spt‖Cc‖ ∩B1) + CQV,C

k−1∑
i=1

(θα)i

≤ distH(spt‖C0‖ ∩B1, spt‖Cc‖ ∩B1) + CαQV,C,

where Cα = Cα(n, α) is independent of k. Applying this with (55) and substituting into (57,

we get

E2
Vk−1,Cc

≤ 6ωndist2
H(spt‖C‖ ∩B1, spt‖Cc‖ ∩B1) + CQ2

V,C

and thus from Remark 1 of Section 5.5 and Hypothesis (H4), this gives, for γ1 smaller than a

constant depending only on n and α (which is crucially independent of k)

(58) E2
Vk−1,Cc

≤ 12ωnc
2
1E

2
V,Cc .

But also, again from (54) and the triangle inequality one has

distH(spt‖Ck−2‖ ∩B1, spt‖Cc‖ ∩B1)

≥ distH(spt‖C0‖ ∩B1, spt‖Cc‖ ∩B1)−
k−2∑
i=1

distH(spt‖Ci−1‖ ∩B1, spt‖Ci‖ ∩B1)

≥ distH(spt‖C0‖ ∩B1, spt‖Cc‖ ∩B1)− CQV,C
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where the constant C = C(n, α) is once again essentially unchanged from that in (55), and thus

using this with (55) and (56), with k − 1 in place of k, we get

EVk−1,Cc ≥
√

2−n−4C̄1distH(spt‖C‖ ∩B1, spt‖Cc‖ ∩B1)− CQV,C

and thus by Remark 2 of Section 5.5 and Hypothesis (H4), we have

(59) EVk−1,Cc ≥ (C1 − C̃γ1)EV,Cc

where C1, C̃ are fixed constants, independent of k, such that C1 is dependent only on n and

C̃ depends on n and α. Thus, if γ1 is such that 2C̃γ1 < C1, then combining the assumed

Hypothesis (H4) for V,Cc,C (with γ1) with (55) (with k − 1 in place of k) and (59), we get

(60) Q2
Vk−1,Ck−1

≤ 4−k+1Q2
V,C ≤ 4−k+1γ1E

2
V,Cc ≤ 4−k+1γ1 · (C1/2)−2 · E2

Vk−1,Cc
.

Of course, we already have from (58) we already know that E2
Vk−1,Cc

≤ Cε1, and thus if Cε1 < ε2

and γ1(C1/2)−2 < γ2, we have that Vk−1,C
c,Ck−1 satisfy the Hypothesis (H) assumption of

Lemma 34 with the correct parameters. So now let us turn to establishing Hypothesis (?) holds

with M = 3
2M0. Again, using (49) with k − 1 in place of k as well as (47) with 1, 2, . . . , k − 1

in place of k, we have:(∫
B1

dist2(X, spt‖C̃‖) d‖Vk−1‖
)1/2

≥
√

2−n−4C̄1distH(spt‖C‖ ∩B1, spt‖C̃‖)− CQV,C

and so we have∫
B1

dist2(X, spt‖C̃‖) d‖Vk−1‖ ≥
1

2
· 2−n−4C̄1dist2

H(spt‖C‖ ∩B1, spt‖C̃‖ ∩B1)− CQ2
V,C

≥ 2−n−5C̄1 · (6ωn)−1

∫
B1

dist2(X, spt‖C̃‖) d‖V ‖ − ĈQ2
V,C

≥ 2−n−8C̄1ω
−1
n (3/2)−1E2

V,Cc − ĈQ2
V,C

≥ 2−n−9C̄1ω
−1
n · (12ωnc

2
1)−1E2

Vk−1,Cc
− ĈQ2

V,C

≥ (2−n−13C̄1ω
−2
n c−2

1 − C
′γ1)E2

Vk−1,Cc

where here in the third inequality we used our assumption that Hypothesis (?) holds for V,Cc

with M = 3
2 , in the fourth inequality we have used (58), and in the last inequality we have used

our assumption of Hypothesis (H4) on V,Cc,C with γ = γ1, followed by (59) (thus C ′ = C ′(n, α)

is independent of k). Hence, if we choose γ1 = γ1(C(0)) sufficiently small, we will ensure that

(as the above was true for any such C̃ ∈ L1 ∩ L1/10(Cc)

E2
Vk−1,Cc

≤ (2n+14C̄−1
1 ω2

nc
2
1) · inf

C̃∈L1

EVk−1,C̃

and as this constant is < 3
2M0, we see that Hypothesis (?) holds with Vk−1 and Cc with

M = 3
2M0. Hence, we see that as long as ε1 = ε1(C(0), α) and γ1 = γ1(C(0), α) are sufficiently

small (independent of k, as the constants are reset in each application of Lemma 34) we can

apply Lemma 34 to Vk−1,C
c, and Ck−1 to obtain a orthogonal rotation Γ : Rn+1 → Rn+1 and
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cone Ck ∈ L0 such that, with Γk := Γk−1 ◦ Γ, (46) – (49) hold; this completes the inductive

proof that (46) – (49) hold for all k ∈ {1, 2, . . . }.

Now write λk1, . . . , λ
k
3, λ̃k,11 , λ̃k,21 for the gradients of the half-hyperplanes in Ck relative to the

corresponding half-hyperplanes in Cc
k in the usual way. Then from Remark 2 from Section 5.5

(applied with Vk and Ck in place of V and C, respectively) we get, using (60) and (59), that

(61) |λ̃k,11 − λ̃
k,2
1 | ≥ CEV,Cc

where C = C(n, α); we stress that this is a fixed lower bound independent of k.

Now, (54) tells us that (spt‖Ck‖ ∩ B1)k is a Cauchy sequence (with respect to Hausdorff dis-

tance), and moreover as each Ck ∈ L0 is level 0, so formed of multiplicity one half-hyperplanes,

and moreover since we have fixed lower bounds on the Hausdorff distance between any pair of

half-hyperplanes in Ck (see 61 and Hypothesis (H3)) we can find C∗ ∈ L0 such that Ck ⇀ C∗;

moreover, by the triangle inequality and (54), we have for each k ∈ {1, 2, . . . },

(62) dist2
H(spt‖C∗‖ ∩B1, spt‖Ck‖ ∩B1) ≤ Cθ2α

k Q2
V,C

where C = C(n, α). But then from (55) and (62), and our mass upper bounds on Vk in B1

(from the multiplicity two class) we get for each k ∈ {1, 2, . . . },

(63)

∫
B1

dist2(X, spt‖C∗‖) d‖Vk‖ ≤ Cθ2α
k Q2

V,C

and

(64)

∫
B1/2\{|x|<1/16}

dist2(X, spt‖Vk‖) d‖Ck‖ ≤ Cθ2α
k Q2

V,C.

Since all the (Vk)k belong to a multiplicity two class (Lemma 13) we then have that Vk ⇀ C∗;

indeed, every subsequence of (Vk)k has a further subsequence (by the compactness property of

multiplicity two classes) which converges in Bn+1
1 (0) to some varifold V∗ ∈ S2; (63) then tells us

that spt‖V∗‖ ∩ B1 ⊂ spt‖C∗‖ ∩ B1, and (63) along with the weak convergence Ck ⇀ C∗ gives

that spt‖C∗‖∩(B1/2\{|x| < 1/16}) ⊂ spt‖V ‖∩(B1/2\{|x| < 1/16}), which along with the mass

upper bound ‖Vk‖(B1) ≤ (5/2 + 1/4)ωn gives that V∗ = C∗; as this limit was independent of

the subsequences taken, this tells us that Vk ⇀ C∗ without needing to pass to any subsequence.

Let us now pass this information back to V . We know from (53) that (Γk)k form a Cauchy

sequence of rotations, and thus Γk → Γ, where again for every k ≥ 0, |Γ − Γk| ≤ CθkαQV,C

for some C = C(n, α). Using this, the triangle inequality, and (62) we therefore have for each

k ≥ 1,

θ−n−2
k

∫
Bθk

dist2(X, spt‖C∗‖) d‖(Γ−1)#V ‖ ≤ Cθ2α
k Q2

V,C

from which a standard scale-interpolation argument gives that, for each σ ∈ (0, 1/2),

(65) σ−n−2

∫
Bσ

dist2(X, spt‖C∗‖) d‖(Γ−1)#V ‖ ≤ C̃σ2αQ2
V,C
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where C̃ = Cθ−n−2−2α (C the constant from (62)); in particular, C̃ = C̃(n, α). Note that (65)

tells us two pieces of information, namely (i) C∗ is the unique tangent cone to (Γ−1)#V at 0

(so in particular C∗ ∈ LS ∩ L0), and (ii) there is a σ ∈ (0, 1/2) such that V Bn+1
σ (0) has the

structure of classical singularity of vertex density 5/2; this latter fact follows from Theorem B

in the case I = 0, as C∗ ∈ LS ∩L0. The issue however is that this σ will depend on C∗, V , and

the point considered (which in this case is 0) and so is not uniform in any manner from which

one could deduce Theorem 35 at this moment. To get around this, we need to apply the above

argument but with different base points Z obeying ΘV (Z) ≥ 5/2. Let us summarise everything

we have proved as a consequence of our arguments so far:

Summary 1: Given any M1 ∈ [1,∞), we have seen that (by simple modifications to our

arguments) there are constants ε̃1 = ε̃1(C(0),M1, α) ∈ (0, 1) and γ̃1 = γ̃1(C(0),M1, α) ∈ (0, 1)

such that if V ∈ S2, Cc ∈ L1, and C ∈ L0 are such that ΘV (0) ≥ 5/2, V ∈ Nε̃1(C(0)),

Cc ∈ Lε̃1(C(0)), EV,Cc <
3
2M1 infC̃∈L1

E2
V,C̃

, and Q2
V,C < γ̃1E

2
V,Cc , then we may find θ =

θ(n,M1, α) ∈ (0, 1/4) and orthogonal rotations Γ,Γk : Rn+1 → Rn+1 with Γ0 = id obeying

(from (53))

(66) |Γ− Γk| ≤ CσαkQV,C;

and a cone C0 ∈ L0 such that (from (62) and (65))

(67) distH(spt‖C0‖ ∩B1, spt‖C‖ ∩B1) ≤ CQV,C;

(68) σ−n−2

∫
Bσ

dist2(X, spt‖C0‖) d‖(Γ−1)#V ‖ ≤ Cσ2αQ2
V,C for all σ ∈ (0, 1/2);

and for k = 1, 2, . . . (from (63) and (64))

(69) θ−n−2
k

∫
Bθk

dist2(X, spt‖C0‖) d‖(Γ−1
k )#V ‖ ≤ Cθ2α

k Q2
V,C;

(70) θ−n−2
k

∫
Bθk/2\{|x|<θk/16}

dist2(X, spt‖(Γ−1
k )#V ‖) d‖C0‖ ≤ Cθ2α

k Q2
V,C;

and moreover from (58) and (59)

(71) C−1EV,Cc ≤ E(η
0,θk
◦Γk)#V, Cc ≤ CEV,Cc ;

here, we have C = C(n,M1, α).

Summary 2: From the proof of Corollary 30, we know that for any fixed ε̃, γ̃ ∈ (0, 1/2),

then there exist ε̃2 = ε̃2(ε̃, γ̃,C(0),M1, α) ∈ (0, 1/2) and γ̃2 = γ̃2(ε̃, γ̃,C(0),M1, α) such that if

the above hypotheses hold with ε̃2, γ̃2 in place of ε̃1 and γ̃1 (with the same M1), then for any

Z ∈ spt‖V ‖ ∩B9/16 with ΘV (Z) ≥ 5/2, if we set VZ := (ηZ,1/8)#V , then the above hypotheses

hold for VZ (with the same Cc and C) with ε̃, γ̃, and M1M0 in place of M1; moreover, we have
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(see (31))

(72) EVZ ,Cc ≥ CEV,Cc

and combining (34) with Corollary 30(a),

(73) QVZ ,C ≤ CQV,C;

again, here C = C(n,M1, α) can depend on the value of M1; we emphasis that in this situation

there is no need to introduce Hypothesis (†) (as Hypothesis (†)(i) is always satisfied).

Now let us fix M1 ∈ [1,∞). Let ε̃1 = ε̃1(C(0),M0M1, α) and γ̃1 = γ̃1(C(0),M0M1, α) be as

in Summary 1 above. Now set ε̃2 = ε̃2(ε̃1, γ̃1,C
(0),M1, α) and γ̃2 = γ̃2(ε̃1, γ̃1,C

(0),M1, α) be

as in Summary 2. Now fix ε3 ∈ (0, ε̃2] and γ3 ∈ (0, γ̃2], and suppose the hypothesis above

(as in Summary 1) hold with ε3, γ3, and M1. Hence, in view of Summary 1 and Summary 2,

we see that the conclusions of Summary 1 hold for each base point Z ∈ spt‖V ‖ ∩ B9/16 with

ΘV (Z) ≥ 5/2, i.e. there is a θ = θ(n,M1, α) such that for each such Z we can find orthogonal

rotations ΓZ ,Γ
k
Z : Rn+1 → Rn+1 with ΓZ0 = id such that

(74) |ΓZ − ΓkZ | ≤ CθαkQVZ ,C;

a cone CZ ∈ L0 such that

(75) distH(spt‖CZ‖ ∩B1, spt‖C‖ ∩B1) ≤ CQVZ ,C;

(76) σ−n−2

∫
Bσ

dist2(X, spt‖CZ‖) d‖(Γ−1
Z )#V ‖ ≤ Cσ2αQ2

VZ ,C
;

and for each k = 1, 2, . . . ,

(77) θ−n−2
k

∫
Bθk

dist2(X, spt‖CZ‖) d‖(ΓkZ)−1
# V ‖ ≤ Cθ2α

k Q2
VZ ,C

;

(78) θ−n−2
k

∫
Bθk

dist2(X, spt‖(ΓkZ)−1
# V ‖) d‖CZ‖ ≤ Cθ2α

k Q2
VZ ,C

;

which also obey

(79) C−1EVZ ,Cc ≤ E(η
0,θk
◦(ΓkZ)

−1
)#VZ , Cc

≤ CEVZ ,Cc ;

and also

(80) EVZ ,Cc ≥ CEV,Cc ;

(81) QVZ ,C ≤ CQV,C;
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here, C = C(n,M1, α). Thus, we can conclude that every Z ∈ spt‖V ‖∩B9/16 with ΘV (Z) ≥ 5/2

has a unique tangent cone (ΓZ)#CZ ∈ L0; in particular, by Theorem B in the level 0 case, each

such Z is a classical singularity of V and moreover V B9/16 has no points of density > 5/2.

Now let us take ε̃3 ∈ (0, ε̃2(ε3, γ3,C
(0),M1M0, α)] and γ̃3 ∈ (0, γ̃2(ε3, γ3,C

(0),M1M0, α)]. We

first want to follow the proof of (25) in Theorem 27, now based on (74) and (76), to show that

every slice R2×{y}, for y ∈ {0}2×Bn−1
9/16(0), has exactly one point of density 5/2, and moreover

that the points of density 5/2 form a C1,α submanifold. So suppose Z1, Z2 ∈ spt‖V ‖∩B9/16 obey

ΘV (Z1) = 5/2 and ΘV (Z2) = 5/2; set σ := |Z1 − Z2|, and choose k such that θk+1 < 16σ ≤ θk

(of course, by Lemma 22 we can without loss of generality assume |Z1|, |Z2| < θ/32, and so

|Z1−Z2| < θ/16). Then if we set Ṽ := (η0,θk◦(ΓkZ2
)−1)#VZ2 and Z̃ := (η0,θk/8◦(ΓkZ2

)−1)(Z1−Z2),

then clearly ṼZ̃ := (ηZ̃,1/8)#Ṽ = (η0,θk ◦ (ΓkZ2
)−1)#VZ1 , and ΘṼ (Z̃) = ΘV (Z1) = 5/2. We wish

to verifying our hypotheses hold for Ṽ for suitable parameters. Indeed, by (79) and Summary

2 (with M1 = 1) we have

E2
Ṽ ,Cc

≤ CE2
VZ2

,Cc ≤
3

2
CM0 inf

C̃∈L1

E2
VZ2

,C̃

where C = C(n, α). Also, by (77), (78), (81), (80), (79),

(82) QṼ ,CZ2
≤ CθαkQVZ2

,C ≤ CθαkQV,C ≤ Cθαk γ̃3EV,Cc ≤ Cθαk γ̃3EVZ2
,Cc ≤ C ′γ̃3EṼ ,Cc .

Moreover, we clearly have from (79) that EṼ ,Cc ≤ CEVZ2
,Cc ≤ Cε̃3. Thus, we have our

hypotheses are satisfied with Ṽ in place of V , Cε̃3 in place of ε, C ′γ̃3 in place of γ, and

M1 = CM0 (with CZ2 in place of C, with the same Cc); hence we may apply our deductions

proceeding Summary 1 and Summary 2 to Ṽ to find a cone C̃Z̃ ∈ L0 and a rotation Γ̃Z̃ such

that

(83) distH(spt‖C̃Z̃‖ ∩B1, spt‖CZ2‖ ∩B1) ≤ CQṼZ̃ ,CZ2
;

(84) |Γ̃Z̃ − id| ≤ CQṼZ̃ ,CZ2
;

moreover, (Γ̃Z̃)#C̃Z̃ is the unique tangent cone to Ṽ at Z̃, but unravelling the transformations

reveals

(85) (Γ̃Z̃)#C̃Z̃ =
[
(ΓkZ2

)−1 ◦ ΓZ1

]
#

CZ1 .

But then (83), (84), and (74) gives:

distH(spt‖(ΓZ1)#CZ1‖ ∩B1, spt‖(ΓZ2)#CZ2‖ ∩B1) ≤ CQṼ ,CZ2
+ CθαkQVZ2

,C

which by (82) and (73) gives

(86) distH(spt‖(ΓZ1)#CZ1‖ ∩B1, spt‖(ΓZ2)#CZ2‖ ∩B1) ≤ C|Z1 − Z2|αQV,C.
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Moreover, we can show that there is at most one point of density 5/2 in each slice R2 × {y}
with y ∈ {0}2×Bn−1

1/2 ; moreover, we can show that if we take distinct points Z1, Z2 ∈ spt‖V ‖ ∩
(R2 × {y}) and ΘV (Z1) = 5/2, then in fact ΘV (Z2) = 1; in particular, Z2 ∈ reg(V ). Indeed,

to see this choose k such that θk+1 < |Z1 − Z2| ≤ θk and use (77) – (81) with Z = Z1 to

see that the assumptions of the theorem hold for V∗ := (ηZ1,θk ◦ (ΓkZ1
)−1)#V for suitable ε, γ,

and with M1 = CM0, and thus in particular by Lemma 29 taken with τ = θ2/2, we see that

if Z∗ := (ΓkZ1
)−1(Z2 − Z1)/θ that |Z∗| ∈ {|x| > θ2}, and so we must have ΘV∗(Z∗) = 1; as

ΘV∗(Z∗) = ΘV (Z2), this produces the desired conclusion. But from Lemma 15 (or in fact we

could now use Theorem B in the level 0 case) we see that in fact every such slice R2×{y} must

contain a point of density 5/2. Thus, if we define ϕ : {0}2 × Bn−1
1/2 (0) → R2 to be ϕ(y) = Zy,

for Zy the unique point in spt‖V ‖ ∩ (R2 × {y}) with ΘV (Zy) = 5/2, we see from Theorem

B that graph(ϕ) = {ΘV = 5/2} ∩ B1/2 is a C1,α submanifold, and moreover that the unique

tangent plane at a y mapped to Zy is the spine of (ΓZy)#CZy , which is ΓZy({0}2 × Rn−1); in

particular, we get from (86) that [Dϕ]0,α ≤ CQV,C. Moreover, the corresponding bounds on

sup |Dϕ| follow from (74) with k = 0, and the bounds on sup |ϕ| follow from Corollary 30(a).

The last thing we must justify is the graph structure away from the points of density 5/2.

However, given our estimates this follows in essentially the same way as in the last stages of

[Wic14, Proof of Theorem 16.1], and so we do not repeat the details here. This therefore

completes the proof of the theorem, for suitable choices of ε, γ. �

As a consequence of Theorem 35, we are now able to prove that property (B7) holds for the

coarse blow-up class B(C(0)) when C(0) ∈ LS ∩ L1 is a level 1 cone.

Corollary 36. Let C(0) ∈ LS ∩ L1. Then, the coarse blow-up class B(C(0)) as defined in

Section 5.3 obeys property (B7) of Section 5.2; in particular, B(C(0)) is a proper blow-up class

in the sense of Definition 16, and so satisfies the conclusions of Theorem 17.

Proof. Suppose the for contradiction that (B7) does not hold. Thus, for each k ∈
{1, 2, . . . }, we could find vk ∈ B(C(0)) obeying vka(0) = 0, Dvka(0) = 0, ‖vk‖L2 = 1, and vk∗ such

that vk∗ is comprised of linear functions with common boundary and zero average (over each

half-hyperplane), which moreover satisfy that over the (unique) multiplicity two half-hyperplane

in C(0) is represented by two linear functions `k1, `
k
2 obeying `k1 = −`k2 6≡ 0 (so graph(v∗k) is a

level 0 cone), and moreover ∫
B1

G(vk, vk∗ )
2 <

1

k
.

It suffices to show that in fact infinitely many of the vk are C1,α up-to-the-boundary in B1/2,

for some α = α(n) independent of the choice of sequences vk, vk∗ .

We may pass to a subsequence to assume that vk∗ → v∗ (e.g. in C1); by hypothesis, v∗ will

be zero over each multiplicity one half-hyperplane in spt‖C(0)‖, and over the multiplicity two

half-hyperplane will be given by two distinct linear functions with zero average: moreover, as

‖vk∗‖L2 > 1 − 1/k, we have ‖v∗‖L2 = 1 (which is what tells us that over the multiplicity two

half-hyperplane, the linear functions cannot agree); in particular, graph(v∗) is a level 0 cone

still). Moreover, we have ∫
B1

G(vk, v∗)
2 → 0.
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Now for each k ∈ {1, 2, . . . } let (V k
j )j ⊂ S2 and (Ck

j )j ⊂ L1 be sequences such that the coarse

blow-up sequence vkj := E−1
V kj ,C

k
j

ukj of V k
j relative to Ck

j gives rise to vk (as j →∞); without loss

of generality, we may translate to assume that ΘV kj
(0) = 5/2 (using Lemma 15). We therefore

know that, for any σ ∈ (0, 1), given any δ > 0, for each k we can find jk such that, for all j ≥ jk,∫
Bσ(0)

G(vkjk , v
k)2 < δ2.

Thus, setting Vk := V k
jk

, Ck := Ck
jk

, and ṽk := vkjk ≡ E
−1
Vk,Ck

ũk, we have∫
Bσ

G(ṽk, v∗)
2 → 0.

In particular, we may assume that v∗ ∈ B(C(0)) is the coarse blow-up of Vk relative to Ck. We

now claim that we must have, for all k sufficiently large,

(87)

∫
B1

dist2(X, spt‖Ck‖) d‖Vk‖ <
3

2
inf

C̃∈L1

∫
B1

dist2(X, spt‖C̃‖) d‖Vk‖.

We argue this again by construction. If this were false, then we could find a subsequence (which

we pass to) such that the reverse inequality holds; thus, choosing C̃k ∈ L1 such that

inf
C̃∈L1

∫
B1

dist2(X, spt‖C̃‖) d‖Vk‖ >
4

5

∫
B1

dist2(X, spt‖C̃k‖ d‖Vk‖

we have

(88)

∫
B1

dist2(X, spt‖C̃k‖) d‖Vk‖ <
5

6

∫
B1

dist2(X, spt‖Ck‖) d‖Vk‖.

Let us now denote by (λik)i the gradients of the half-hyperplanes in C̃k relative to the cor-

responding half-hyperplanes in Ck. In particular, for each σ ∈ (1/2, 1) and sufficiently large

k,

(89)
∑
i

(1 + (λik)
2)−1

∫
H

(0)
i ∩Bσ\{|x|<1−σ}

|ũik − λikx⊥i |2 <
5

6
E2
Vk,Ck

where H
(0)
i are the half-hyperplanes of spt‖C(0)‖ and ⊥i the orthogonal projection onto (H

(0)
i )⊥;

we stress here that for k sufficiently large and σ ∈ (0, 1/2) fixed, the two-valued piece of ũk will

necessarily be two single-valued functions, due to the fact that ṽk → v∗, and thus by the above

sum we are including the half-hyperplanes in spt‖C(0)‖ with their respective multiplicities. In

particular, (89) gives that,
∑

i(1 + (λik)
2)−1(λik)

2
∫
B1/2\{|x|<1/4} |x

2|2 ≤ 5
3E

2
Vk,Ck

+ 2E2
Vk,Ck

=
11
3 E

2
Vk,Ck

, and hence |λik| ≤ CE2
Vk,Ck

for all k sufficiently large, where C = C(n). Thus, we may

assume that E−1
Vk,Ck

→ `i for some `i ∈ R. We then get from (89), dividing by E2
Vk,Ck

, taking

k →∞, and then σ ↑ 1, that ∑
i,j

∫
B1

|(v∗)ji − `
i|2 ≤ 5

6
;
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here, the sum over i is over each distinct half-hyperplane in spt‖C(0)‖ and the sum over j is

over the number of values of (v∗)i over a given half-hyperplane. Expanding this, noting that∑
j(v∗)

j
i = 0 (as each component of v∗ is average-free) we get∫

B1

|v∗|2 +
∑
i

∫
B1

|`i|2 ≤ 5

6

which obviously contradicts ‖v∗‖L2 = 1. Thus, (87) holds for all k sufficiently large.

Now define a new sequence of cones, Ĉk, via v∗ in the usual way: by modifying the gradients of

the half-hyperplanes in Ck relative to C(0)) by EVk,Ck ·(v∗)
j
i (depending on the number of values

of v∗ over the respective half-hyperplane); thus, Ĉk is a level 0 cone. Then, for any σ ∈ (0, 1),

the estimates from Corollary 24 give:

(90)

∫
Bσ

dist2(X, spt‖Ĉk‖) d‖Vk‖ ≤ 2

∫
Bσ

G(uk, EVk,Ckv∗)
2 + Cσ1/2E2

Vk,Ck
.

Moreover, as v∗ is homogeneous of degree one and obeys ‖v∗‖L2(B1) = 1, we know that for all

τ, σ ∈ (0, 1) with τ < σ we have
∫
Bσ\{|x|<τ} |v∗|

2 = σn+2 − τ3/σ3, and thus for any θ ∈ (0, 1/8),

for all k sufficiently large we have
∫
Bσ\{|x|<τ} |uk|

2 ≥ (1 − θ)(σn+2 − τ/σ)E2
Vk,Ck

. Moreover,

again by Corollary 24, we know∫
Bσ

dist2(X, spt‖Ck‖) d‖Vk‖ ≥
∫
Bσ\{|x|<τ}

|uk|2 − Cτ1/2E2
Vk,Ck

and thus from this we see, for all sufficiently large k,

(91)

∫
B1\Bσ

dist2(X, spt‖Ck‖) d‖Vk‖ ≤
(

1− (1− θ)(σn+2 − τ/σ) + Cτ1/2
)
E2
Vk,Ck

.

But then, from the triangle inequality and the definition of Ĉk we have∫
B1\Bσ

dist2(X, spt‖Ĉk‖) d‖Vk‖ ≤ 2

∫
B1\Bσ

dist2(X, spt‖Ck‖) d‖Vk‖+ CHn(B1\Bσ)E2
Vk,Ck

;

combining this with (91) and (90), and using the fact that E−1
Vk,Ck

uk → v∗ in (90), we see that

for any δ ∈ (0, 1), we may choose σ = σ(n, δ) sufficiently close to 1, θ = θ(n, δ) and τ = τ(n, δ, θ)

sufficiently close to 0 to get that, for all k sufficiently large,∫
B1

dist2(X, spt‖Ĉk‖) d‖Vk‖ ≤ δE2
Vk,Ck

.

For any α ∈ (0, 1), if we choose δ = γ1/4, where γ1 = γ1(C(0), α) is the constant from Theorem

35, then we see that for all k sufficiently large,

(92)

∫
B1

dist2(X, spt‖Ĉk‖) d‖Vk‖ ≤
γ1

4
E2
Vk,Ck

.
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This bounds on half of QVk,Ĉk . Similarly to how we have seen before, we can bound the other

half of QVk,Ĉk using the graphical representation provided by Lemma 23, achieving

(93)

∫
B1/2\{|x|<1/16}

dist2(X, spt‖Vk‖) d‖Ĉk‖ ≤ ηkE2
Vk,Ck

where ηk ↓ 0. Thus, combining (92) and (93) we have for all k sufficiently large,

(94) Q2
Vk,Ĉk

<
γ1

2
E2
Vk,Ck

.

Hence we can now apply Theorem 35 to see that each Vk is represented by functions which

are C1,α up-to-the-boundary, with estimates. In particular, as Vk := V k
jk

, we can take ukjk to

simply be the function which is C1,α up-to-the-boundary whose function agrees with V k
jk

. But

we could also re-run this argument for V k
j , where j ≥ jk is arbitrary, to see that vkj is C1,α

up-to-the-boundary, with estimates, for all j ≥ jk; hence vk is C1,α up-to-the-boundary with

estimates, for all k sufficiently large; but this is a contradiction to our original assumption, and

hence the proof is completed. �

7. Level 1: Proof of Theorem B

We have now proved, in Corollary 36, that for C(0) ∈ LS ∩L1 a level 1 cone, the coarse blow-up

class B(C(0)) obeys the regularity conclusions of Theorem 17. We have also seen in Theorem

35 the fine ε-regularity theorem for level 1 cones. In this section, we will combine these two

results to prove Theorem B in the setting where C(0) ∈ LS ∩ L1 is level 1.

Theorem 37. Theorem B is true whenever C(0) ∈ LS ∩ L1.

Proof. Fix C(0) ∈ LS ∩ L1. We first claim the following: there exists ε = ε(C(0)) ∈ (0, 1)

and θ = θ(n) ∈ (0, 1) such that the following dichotomy holds: if Cc ∈ L1 obeys distH(spt‖Cc‖∩
B1, spt‖C(0)‖ ∩ B1) < ε, and if V ∈ S2 is such that ΘV (0) ≥ 5/2, (2nωn)−1‖V ‖(B2(0)) ∈
(2 + 1/16, 3− 1/16), and E2

V,Cc < ε, then either:

(i) there is a cone C′ ∈ L1 with distH(spt‖C′‖∩B1, spt‖Cc‖∩B1) ≤ CEV,Cc and moreover

θ−n−2
∫
Bθ

dist2(X, spt‖C′‖) d‖V ‖ ≤ 1
2E

2
V,Cc ; or,

(ii) there is a cone C ∈ L0 and a rotation Γ with |Γ − id| ≤ CEV,Cc , distH(spt‖C‖ ∩
B1, spt‖Cc‖ ∩ B1) ≤ CEV,Cc , and ρ−n−2

∫
Bρ

dist2(X, spt‖C‖) d‖Γ#V ‖ ≤ Cρ2µE2
V,Cc

for all ρ ∈ (0, θ/8];

here C = C(n) and µ = µ(n). To prove this, we argue by contradiction. Suppose we have a

sequence of varifolds (Vk)k ⊂ S2 and a sequence of level 1 cones (Cc
k)k ⊂ L1 with distH(spt‖Cc

k‖∩
B1, spt‖C(0)‖ ∩B1) < εk such that ΘVk(0) ≥ 5/2, (2nωn)−1‖Vk‖(B2(0)) ∈ (2 + 1/16, 3− 1/16),

and EVk,Cck < εk, where εk ↓ 0. If necessary, we can replace Cc
k with a sequence of level 1

cones C̃c
k obeying C̃c

k ∈ Lεk(C(0)); so let us assume this without loss of generality for our cones

Cc
k. Let v ∈ B(C(0)) be the coarse blow-up of the sequence (Vk)k relative to (Cc

k)k; since

ΘVk(0) ≥ 5/2 for all k, this implies that va(0) = 0. So, by Theorem 17, we know that there is
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some ϕ ∈ C1(C(0)) with v(ϕ) ∈ L0 ∪ L1 such that for every σ ∈ (0, 1/8]

(95) σ−n−2

∫
Bσ

G(v, ϕ)2 ≤ C1σ
2µ

∫
B1/2

|v|2

where here C1 = C1(n) and µ = µ(n). Since
∫
B1
|v|2 ≤ 1, this with the homogeneity of ϕ implies

that

(96)

∫
B1

|ϕ|2 ≤ C2

where C2 = C2(n); we know that ϕa(0) = Dva(0) ·x (understood as equality on each respective

half-hyperplane). Let us now choose θ = θ(C(0)) such that

max{C1(2θ)µ, (2θ)µ} < min{1/8, ε1}

where here ε1 = ε1(C(0)) is the constant from (B7) for the class B(C(0)), and µ = µ(n) is from

(95).

We then have two cases. Firstly, if (2θ)−n−2
∫
B2θ
G(v, ϕa)

2 < (2θ)µ. In this case, define C̃k ∈ L1

in the usual fashion, but modifying the gradients of the half-hyperplanes in Cc
k relative to the

corresponding half-hyperplanes Hi in C(0) by EVk,Cck · DHiϕa (for the corresponding value of

DHiϕa, where by DHi we mean the derivative in the direction of the ray in the cross-section of

Hi giving rise to Hi; see also the proof of Theorem 27). It is then standard to check that (i)

holds for infinitely many case in this situation, with C = C(n).

The second case is when the first case fails, i.e. when we have

(97) (2θ)−n−2

∫
B2θ

G(v, ϕa)
2 ≥ (2θ)µ;

in this case, we must have v(ϕ) ∈ L0, since otherwise v(ϕ) ∈ L1, implying that over the two

linear functions in ϕ over the multiplicity two half-hyperplane in C(0)) agree, from which (95)

(with σ = 2θ) would imply, using (96), that (97) does not hold. One may then find rotations

Γ̃k of Rn+1 which rotate the spine of v(EVk,Cck ·ϕ) to {0}2×Rn−1 and obey ‖Γ̃k− id‖ → 0, and

such that

ṽ(x) := ‖v(2θ(·))− ϕa(2θ(·))‖−1
L2(B1)

(v(2θ(·))− ϕa(2θ(·)))

is the coarse blow-up of (a subsequence of) Wk := (η0,2θ ◦ Γ̃k)#Vk (relative to Cc
k); but then if

ϕ̃(x) := ‖v(2θ(·))− ϕa(2θ(·))‖−1
L2(B1)

(ϕ(2θ(·))− ϕa(2θ(·))), from (95) we have

∫
B1

G(ṽ, ϕ̃)2 ≤ C1(2θ)µ < ε1.

Since ‖ṽ‖L2(B1) = 1 and ϕ̃a ≡ 0 yet ϕ̃ 6≡ 0, the assumptions of (B7) are satisfied; thus, by the

proof of Corollary 36, we know that for all k sufficiently large the hypotheses of Theorem 35

are satisfied with Wk in place of V , and thus we see that in fact (ii) must hold in this case.

We can now apply the established dichotomy iteratively, to deduce that (taking Cc
0 = C(0)) one

of the following must hold (set Vk := (η0,θk)#V ):
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(i)’ there is a sequence of level 1 cones (Cc
k)k with distH(spt‖Cc

k+1‖∩B1, spt‖Cc
k‖∩B1) ≤

CEVk,Ck and E2
Vk+1,Ck+1

≤ 1
2E

2
Vk,Ck

for all k ≥ 0; or,

(ii)’ there is an integer I ≥ 0 and a finite sequence of level 1 cones Cc
0 = C(0),Cc

1, . . . ,C
c
I ,

such that (i)’ holds for k = 0, 1, . . . , I − 1 (if I ≥ 1), and there is a level 0 cone

C ∈ LS ∩L0 with distH(spt‖C‖ ∩B1, spt‖Cc
I‖ ∩B1) ≤ CEVI ,CI and a rotation Γ with

|Γ− id| ≤ CEVI ,CcI such that (ρθI)−n−2
∫
B
ρθI

dist2(X, spt‖C‖) d‖Γ#V ‖ ≤ Cρ2µE2
VI ,C

c
I

for all ρ ∈ (0, θ/8].

From these, we readily deduce that there are constants C = C(n) ∈ (0,∞) and β = β(C(0)) ∈
(0, 1) such that we have either:

(A) there is a (unique) level 1 cone C1 ∈ LS∩L1 with distH(spt‖C1‖∩B1, spt‖C(0)‖∩B1) ≤
CEV,C(0) and E2

(η0,ρ)#V,C1
≤ Cρ2βE2

V,C(0) for all ρ ∈ (0, θ/8]; or,

(B) there is a (unique) level 0 cone C0 ∈ LS ∩ L0 and rotation Γ : Rn+1 → Rn+1

with distH(spt‖C0‖ ∩ B1, spt‖C(0)‖ ∩ B1) ≤ CEV,C(0) , |Γ − id| ≤ CEV,C(0) , and

E2
(η0,ρ◦Γ)#V,C0

≤ Cρ2βE2
V,C(0) for all ρ ∈ (0, θ/8].

Indeed, (A) holds when (i)’ holds and (B) holds when (ii)’ holds. In particular, ΘV (0) = 5/2

and V has a unique tangent cone at 0 which is either a level 0 or level 1 stationary cone.

Finally, to complete the proof note that the hypotheses of Theorem B will still hold if one

replaces V with (ηZ,1/4)#V for any Z ∈ spt‖V ‖ ∩ B3/8 obeying ΘV (Z) ≥ 5/2, provided ε =

ε(C(0)) is sufficiently small (this follows from Lemma 23(i)); thus (A) or (B) above hold at each

Z ∈ spt‖V ‖∩B3/8 obeying ΘV (Z) ≥ 5/2. At this point, the proof can be completed in a similar

manner to that seen in Theorem 27; thus we have completed the proof. �

Remark: Currently, the final power β in the above proof could depend on the base cone

C(0). However, once we have established Theorem B in the level 2 case with a power which is

independent of the level 2 base cone (the independence of which is immediate in the level 2 case

as there is only one level 2 base cone up to rotations) we will be able to deduce that the power

can be chosen in the level 1 case to only depend on the dimension n and not on the specific

choice of level 1 cone.

8. The ultra fine blow-up class

In this section we will begin the proof that for each level 2 base cone C(0) ∈ LS ∩ L2, the

fine blow-up class BF
3,1;M (C(0)) obeys property (B7) of Section 5.2, as thus enjoys the C1,α

boundary regularity as seen in Section 5.2. Currently, if we were to try and replicate the proof

of Corollary 36 in this setting, we would arrive at a situation where the excess relative to a

sequence of level 0 cones is significantly smaller than the excess relative to a sequence of level 1

cones which we were taking a fine blow-up sequence of. However, we are unable to transfer this

to a situation where Hypothesis (†)(ii) holds relative to this sequence of level 0 cones (as thus

in a different fine blow-up situation where a suitable variant of the fine ε-regularity theorem,

Theorem 35, might apply) as we do not know if the sequence of level 1 cones the fine blow-up

was taken relative to were close to Q∗V , i.e. close to the infimum of the excess over all level 1
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(and level 2) cones.∗∗ This leads us naturally to consider this as a separate situation, which we

refer to as an ultra fine blow-up.

8.1. Construction of ultra fine blow-ups. Fix C(0) ∈ LS∩L2 a level 2 cone throughout;

as usual, this will be our base cone. Let us first outline the hypotheses under which an ultra fine

blow-up is constructed; this will be similar to those seen in Section 5.5, and thus at numerous

places we will refer back to the arguments there. Let V ∈ S2 and Cc,C1,C0 ∈ L.

Remark: Up to rotation, there is only one level 2 cone C(0) ∈ LS ∩ L2 in Rn+1; hence all of

our constants in this section will in fact only be dependent on the dimension n.

Hypothesis (G): For appropriately small ε, γ0, γ1 ∈ (0, 1), to be determined depending only

on n, we have:

(G1) Cc ∈ Lε(C
(0)) ∩ L2;

(G2) V ∈ Nε(C(0)) and ΘV (0) ≥ 5/2;

(G3) C1 ∈ Lε(C
(0)) ∩ L1 with Q2

V,C1
< γ1E

2
V,Cc ;

(G4) C0 ∈ Lε(C
(0)) with Q2

V,C0
< γ0E

2
V,C1

.

Moreover, for M = M(n) > 1 a dimensional constant, we will also assume:

Hypothesis (�): We have both:

(a) E2
V,Cc < M infC̃∈L2

E2
V,C̃

;

(b) E2
V,C1

< M infC̃∈L1
E2
V,C̃

.

Hypothesis (G) and Hypothesis (�) should of course be compared to Hypothesis (H) and Hy-

pothesis (†) seen in Section 5.5. These properties imply, for ε = ε(n) and γ0 = γ0(n) sufficiently

small, that C0 ∈ L0 is a level 0 cone. It should also be noted that Hypothesis (G4) and

Hypothesis (�) give E2
V,C0

< γ0M
2 infC̃∈L1

E2
V,C̃
≤ γ0M(Q∗V )2, and thus these two properties

give that C0 obeys a form of Hypothesis (†)(ii) from Section 5.5. This already provides some

intuition for our methods here: both two-valued functions represented V over the multiplicity

two half-hyperplanes in Cc should split into two pairs of single-valued functions. We want to

represent V as single-valued functions over the half-hyperplanes in C0. Note that all the results

in Section 5.5 hold for V,C(0),Cc,C1 under Hypothesis (G) and Hypothesis (�).

Now, for ε, γ1, γ0 sufficiently small depending only on n, we know that we can write the half-

hyperplanes in C0 as linear functions over the half-hyperplanes in C1, where over the (unique)

multiplicity two half-hyperplanes in C1 we have two distinct linear functions representing the

∗∗It is then natural to wonder that if we were to modify our definition of the fine blow-up class BF
3,1(C(0)), namely

by only considering fine blow-ups relative to sequences of level 1 cones Ck ∈ L1 which obey Q2
Vk,Ck

< 3
2
M ′(Q∗Vk

)2

for some M ′ ≥ 1, if this would suffice to prove the desired (B7) property. Whilst such a class may obey the desired
(B7), the resulting class would not obey a suitable form of (B5) to apply the results of [Min21a] to establish the
boundary regularity, even given (B7). Indeed, without any additional assumptions, when performing rescalings
by ρ as in (B5I), the constant M ′ would necessary change to some M ′(ρ), which would obey M ′(ρ) → ∞ as
ρ ↓ 0. Hence we would see that the ε in (B7) would depend on M ′, and hence on ρ for the functions in (B5I),

leading to no uniform choice of ε for the arguments in [Min21a]. In order to achieve a uniform M̃ > M ′ which
all the functions described in (B5) obey, we would need additional hypotheses, which ultimately leads one to the
ultra fine blow-up constructed in this section.
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two nearby half-hyperplanes in C0. Let us write λ1, λ2, λ3 for the gradients of these linear func-

tions over the multiplicity one half-hyperplanes in C1, and µ1, µ2 for the gradients of the two

linear functions over the multiplicity two half-hyperplane in C1. By essentially the same argu-

ments as in Remark 1 and Remark 2 of Section 5.5, we then have that there exist dimensional

constants c1 = c1(n) and c2 = c2(n) such that

(98) c2EV,C1 ≤ max
i,j
{|λi|, |µj |} ≤ c1EV,C1

and there is a dimensional constant c3 = c3(n) such that

(99) c3EV,C1 ≤ |µ1 − µ2|;

these are also essentially analogous estimates to those in Remark 3 of Section 5.5, i.e. when

Hypothesis (†)(ii) held. We note that here we do not need any equivalent hypothesis to Hy-

pothesis (†) of Section 5.5, as we are in a “smallest” possible setting where no more splitting

can occur and all degeneration is removed.

Let us first prove the analogue of Theorem 29 in this setting.

Theorem 38 (Ultra Fine Representation). Let τ ∈ (0, 1/40) and C(0) ∈ LS ∩ L2. Then, there

exist constants ε∗ = ε∗(n, τ) ∈ (0, 1), γ∗1 = γ1
∗(n, τ) ∈ (0, 1), and γ∗0 = γ∗0(n, τ) ∈ (0, 1) such

that the following is true: let V,C(0),Cc,C1,C0 satisfy Hypothesis (G) and Hypothesis (�) with

ε∗, γ∗1 , γ
∗
2 , and 3

2M
4
0 in place of ε, γ1, γ0, and M , respectively. Then we have:

(a) V B3/4 ∩ {|x| > τ} = v(u) {|x| > τ}, where u ∈ C2(C0 B3/4(0) ∩ {|x| > τ});

equivalently, we can express V B3/4 ∩ {|x| > τ} as a sum of 5 single-valued functions

over C1 or Cc, in the same way as in Theorem 29(a), namely using u and the corres–

ponding linear function defining the half-hyperplane in C0 from the given half-hyperplane

in the cone C1 or Cc;

(b)

∫
B5/8(0)

|X⊥|2

|X|n+2
d‖V ‖ ≤ CE2

V,C0
;

(c)

∫
B5/8(0)

n+1∑
j=3

|e⊥j |2 d‖V ‖ ≤ CE2
V,C0

;

(d)

∫
B5/8(0)

dist2(X, spt‖C0‖)
|X|n+3/2

d‖V ‖ ≤ CE2
V,C0

;

here, C = C(n) is a constant which is in particular independent of τ .

Remark: We will not need the Hardt–Simon inequality in our proof this time, as our ultra fine

blow-ups will be comprised of single-valued harmonic functions and thus we can use classical

results from elliptic PDE theory to establish their boundary regularity.

Proof. Let us first prove (a); this essentially follows by an appropriate modification of

Lemma 28, phrased in terms of cones in L as opposed to hyperplanes and under hypotheses
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similar to those seen in Hypothesis (G). Indeed, if (a) we note true, then we could find se-

quences εk, γ
k
1 , γ

k
0 ↓ 0 and sequences of varifolds Vk,C

c
k,C

k
1,C

k
0 such that under the hypotheses

of the lemma with εk, γ
1
k , γ

k
0 , in place of ε, γ1, γ0, (a) does not hold. In particular, we have

E−1
Vk,C

k
1
QVk,Ck0

→ 0. Thus, if Φ denotes the fine blow-up of (Vk)k relative to (Cc
k)k and (Ck

1)k,

we see that Φ consists of 5 linear functions, which have disjoint graphs in the region {|x| > 0}.
But this would imply that, from the local uniform convergence of the fine blow-up sequence to

Φ on {|x| > 0}, then V has no multiplicity two singular points on the region B3/4 ∩ {|x| > τ},
and so the any two-valued function is in fact simply two single-valued functions; this then gives

(a).

To prove (b) – (d), just as in the proof of Theorem 29, we need to extend the definition of u

from B3/4 ∩ {|x| > τ} to a domain U ⊂ spt‖C(0)‖ such that, if G := graph(u|U ), then

(100)

∫
B3/4\G

r2 d‖V ‖+

∫
U∩B3/4

r2|Du|2 ≤ CE2
V,C0

.

This can be done in much the same way as seen in Theorem 29, except now we have 8 different

possibilities: for C1 = C1(n), C2 = C2(n), and C3 = C3(n) sufficiently small to be chosen,

first ask whether (i) E2
V,C0

(T̃ρ(ζ)) < C1E
2
V,C1

(Tρ(ζ)), then ask whether (ii) E2
V,C1

(T̃ρ(ζ)) <

C2E
2
V,Cc(Tρ(ζ)), and finally ask (iii) if the answer to (i) was “yes”, then ask if E2

V,C0
(Tρ(ζ)) <

C3, otherwise if the answer to (i) was “no” and the answer to (ii) was “yes”, ask whether

E2
V,C1

(Tρ(ζ)) < C3, otherwise if the answer to (i) was “no” and the answer to (ii) was “no” ask

whether E2
V,Cc < C3; note here we have written E2

V,C(Tρ(ζ)) := ρ−n−2
∫
Tρ(ζ) dist2(X, spt‖C‖) d‖V ‖

for the excess over the region Tρ(ζ), and similarly defined for E2
V,C(T̃ρ(ζ)). In any of the 8 pos-

sibilities, if the answer to (iii) is “yes”, then we include it in the definition of U ; otherwise, we

do not. Then one can check that this definition of U gives rise to (100), and thus the proof can

be completed in the same manner as in Lemma 23. �

Proof. We only discuss (a), as the rest follows similarly to previous arguments. To

prove (a), note that if it were not true, we could find sequences εk, γk1 , γ
k
0 → 0 and sequences

Vk,C
c
k,C

k
1,C

k
0 such that it were not true. In particular we have

E−1
Vk,C

k
1
EVk,Ck0

→ 0

and so if we take the fine blow-up Φ of (Vk)k relative to (Cc
k)k, (Ck

1)k, we would see that

necessarily we have that Φ consists of 5 linear pieces (this is again due to (98) and (99)). But

this would imply that, from the local uniform convergence of the fine blow-ups away from the

spine, that on {|x| > τ} V has no multiplicity two pieces, and so the two-valued graph over

the multiplicity two half-hyperplane in Ck
1 splits into two single-valued stationary graphs. This

then gives the result. �

We then have the corresponding corollary to Corollary 30 in this setting:

Corollary 39. Let C(0) ∈ LS ∩ L2. Then there exist constants ε∗ = ε∗(n), γ∗1 = γ∗1(n), and

γ∗0 = γ∗0(n) ∈ (0, 1) such that the following holds: if V,C(0),Cc,C1,C0 satisfy Hypothesis (G)
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and Hypothesis (�) with ε∗, γ∗1 , γ
∗
0 , and M = 3

2M
3
0 in place of ε, γ1, γ0, and M , respectively, then

for each Z = (ξ, ζ) ∈ spt‖V ‖ ∩ (R2 ×Bn−1
3/8 (0)) with ΘV (Z) ≥ 5/2, we have the following:

(a) |ξ| ≤ CEV,C0;

(b) For any ρ ∈ (0, 1), if we allow ε∗, γ∗1 , γ
∗
0 to depend on ρ also, we have∫

B5ρ/8(Z)

dist2(X, spt‖(τZ)#C0‖)
|X − Z|n+3/2

d‖V ‖(X) ≤ Cρ−n−3/2

∫
Bρ(Z)

dist2(X, spt‖(τZ)#C0‖) d‖V ‖(X);

here, C = C(n) is independent of ρ.

Proof. The proof follows in much the same way as in Corollary 30. Indeed, we first argue

that for any δ ∈ (0, 1), there exists ε∗ = ε∗(n, δ), γ1 = γ1(n, δ), and γ0 = γ0(n, δ) sufficiently

small such that if Hypothesis (G) and Hypothesis (�) hold for V,C(0),Cc,C1,C0 with ε∗, γ
∗
1 , γ
∗
0

in place of ε, γ1, γ0, respectively (and M = 3
2M

3
0 ), then

(101) |ξ| ≤ δEV,C1 .

Indeed, from Corollary 30(a) we already know under the present assumptions that there is some

C = C(n) for which |ξ| ≤ CEV,C1 , so this is an improved estimate. Indeed, to show this one may

argue by contradiction in the same way as in proving (29), except now taking a fine blow-up as

described in Section 5.5 and using (Fk) from Section 5.5.2. Given Theorem 38, the proof now

essentially follows in an identical fashion to that seen in the arguments from (29) – (40). �

Given Corollary 39, we know can estimate the following non-concentration of excess result in

the usual fashion:

Lemma 40. Let δ ∈ (0, 1/10) and C(0) ∈ LS ∩ L2. Then, there exist constants ε∗ = ε∗(n, δ) ∈
(0, 1), γ∗1 = γ∗1(n, δ) ∈ (0, 1), and γ∗0 = γ∗0(n, δ) such that the following is true: if V,C(0),Cc,C1,C0

satisfy Hypothesis (G) and Hypothesis (�) with ε∗, γ∗1 , γ
∗
0 , and 3

2M
3
0 in place of ε, γ1, γ0, and M ,

respectively, then: ∫
B3/4∩{|x|<σ}

dist2(X, spt‖C0‖) d‖V ‖ ≤ Cσ1/2E2
V,C0

for each σ ∈ [δ, 1/4), where C = C(n) is independent of σ.

Proof. Given Corollary 39 this is now identical to the proof in Lemma 31. �

8.2. Constructing the ultra fine blow-up class. Using the results of Section 5.8.1 we

now construct the class of ultra fine blow-ups, in a similar fashion to that seen in Section 5.5.2

for the fine blow-up classes.

Fix M1 = M1(n) ∈ (1,∞) and C(0) ∈ LS ∩L2. Let (εk)k, (γk1 )k, (γk0 )k be (decreasing) sequences

of positive numbers converging to 0. Consider sequences of varifolds (Vk)k ⊂ S2, (Cc
k)k ⊂ L2,

(Ck
1)k ⊂ L1, and (Ck

0)k ⊂ L0 such that for each k ≥ 1, Vk,C
(0),Cc,Ck

1,C
k
0 obey Hypothesis
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(G) and Hypothesis (�) with εk, γ
1
k , γ

k
0 , and M1 in place of ε, γ1, γ0, and M , respectively. Thus,

for each k = 1, 2, . . . , we suppose the following:

(1k) Vk ∈ Nεk(C(0));

(2k) Ck ∈ Lεk(C(0)) ∩ L2, Ck
1 ∈ Lεk(C(0)) ∩ L1, and Ck

0 ∈ Lεk(C(0));

(3k) E
−2
Vk,C

c
k
Q2
Vk,C

1
k
< γk1 ;

(4k) E
−2
Vk,C

k
1
E2
Vk,C

k
0
< γk0 ;

(5k) E
2
Vk,C

c
k
< M1 infC̃∈L2

E2
Vk,C̃

;

(6k) E
2
Vk,C

k
1
< M1 infC̃∈L1

E2
Vk,C̃

;

Now let (δk)k and (τk)k be decreasing sequences of positive numbers converging to 0. Let us

write Hk
1 , . . . ,H

k
4 for the distinct half-hyperplanes in spt‖Ck

1‖, so that

Ck
1 = 2|Hk

4 |+
3∑
i=1

|Hk
i |.

We then write hk1, . . . , h
k
5 for the linear functions over the half-hyperplanes in Ck

1 whose graphs

coincide, in the region {|x| > τk}, with the half-hyperplanes in Ck
0; here, hk4 and hk5 are defined

on H4
k ; for the sake of notational simplicity, we introduce Hk

5 := Hk
4 . Note that we may also

pass to a subsequence to ensure that it is the same multiplicity two half-hyperplane in Cc
k

which splits in C1
k. For i = 1, 2, . . . , 5, write λki for the gradient of the linear function hki .

Write also ωi for the unit vector in R2 which determines the ray in the cross-section of Hk
i . We

also write Ck
0 =

∑5
i=1 |Hk

0,i|, where Hk
0,i are the half-hyperplanes determining Ck

0. As before in

Section 5.5.2 and Section 5.3.2, we will be using the fixed domain C(0) as a parameter space for

our functions, and we do not make a distinction in our notation between functions defined on

half-hyperplanes in Ck
1 and those defined over half-hyperplanes in C(0).

By passing to an appropriate subsequence (and modifying the sequences (δk)k and (τk)k is

needed), we may then deduce from the results in Section 5.8.1 that the following assertions

hold:

(Ak) For every point Y ∈ S(C(0)) ∩B1/2, we have for all k sufficiently large,

Bδk(Y ) ∩ {Z : ΘV (Z) ≥ 5/2} 6= ∅;

(Bk) For each σ ∈ [δk, 1/4) we have:∫
B3/4∩{|x|<σ}

dist2(X, spt‖C0
k‖) d‖Vk‖ ≤ Cσ1/2E2

Vk,C
k
0
;
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(Ck) There are 5 single-valued C2 functions uk1, . . . , u
k
5, where uki ∈ C2(Hk

i ∩ B3/4 ∩ {|x| >
τk}; (Hk

i )⊥), each with stationary graph, such that

Vk (B3/4 ∩ {|x| > τk}) =

5∑
i=1

|graph(hki + uki )|;

(Dk) For each point Z = (ξ, ζ) ∈ spt‖Vk‖ ∩B3/8 with ΘVk(Z) ≥ 5/2, we have

|ξ| ≤ CEVk,Ck0 ;

(Ek) We have:

c2EVk,Ck1
≤ max

i
|λki | ≤ c1EVk,Ck1

and

|λk4 − λk5| ≥ c3EVk,Ck1
;

(Fk) For each ρ ∈ (0, 1/4], we can find K = K(ρ) ∈ Z≥1 such that for all k ≥ K the

following holds: for each Z = (ξ, ζ) ∈ spt‖Vk‖ ∩B3/8 with ΘVk(Z) ≥ 5/2,

5∑
i=1

∫
Hk
i ∩Bρ/2(Z)∩{|x|>τk}

|uki − ξ
⊥
Hk

0,i |2

|(hki (rωi, y) + uki (rωi, y), rωi, y)− Z|n+3/2

≤ Cρ−n−3/2

∫
Bρ(Z)

dist2(X, spt‖(τZ)#Ck
0‖) d‖Vk‖;

moreover, we have

ξ
⊥
Hk

0,i = ξ
⊥
Hk
i − λki ξ

>
Hk
i .

here C = C(n). Once again, (Ak) holds from Lemma 15, (Bk) holds by Lemma 40, (Ck) holds

by Theorem 38, (Dk) holds by Corollary 39, (Ek) holds from (98) and (99), and (Fk) holds from

Corollary 39. We may extend ukI to all of H
(0)
i ∩ B3/4 by extending them by 0 outside their

domains of definition.

From (Ek) it follows that we can numbers (`i)
5
i=1 obeying

c2 ≤ max
i
|`i| ≤ c1 and |`4 − `5| ≥ 2c3

such that, after passing to an appropriate subsequence, we have E−1
Vk,C

k
1
λki → `i. Moreover,

by (Ck) and elliptic estimates for single-valued stationary graphs, we know that there exist

5 single-valued harmonic functions, f = (f1, . . . , f5) which patched together give a form on

C(0) Bn+1
3/4 ∩ {|x| > 0} (with the number of functions defined over a given half-hyperplane in

C(0) equal to the multiplicity of the respective half-hyperplane in C(0)) such that, after passing

to another subsequence,

E−1
Vk,C

k
0
uki → fi
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where the convergence is in C2(K) for each compact subset K ⊂ spt‖C(0)‖ ∩B3/4 ∩ {|x| > 0}.
From (Bk) it follows that, in the same way as in Section 5.3.2 that, for each σ ∈ (0, 1/4),∫

B3/4

|f |2 ≤ Cσ1/2

and moreover that the convergence E−1
Vk,C

0
k
uki → fi is strongly in L2(B3/4).

Definition 41. Fix C(0) ∈ LS ∩ L2 and M > 1. Then we say that any quintuple of functions

f = (f1, . . . , f5) constructed as above with M1 = M for sequences of varifolds (Vk)k, (Cc
k)k,

(Ck
1)k, (Ck

0)k, is called an ultra fine blow-up of (Vk)k off C(0) relative to the sequences of cones

(Cc
k)k, (Ck

1)k, and (Ck
0)k, We write BF

M (C(0)) for the collection of all possible ultra fine blow-ups

when we take M1 = M in (5k) and (6k).

8.3. Boundary regularity of ultra fine blow-ups. In Section 5.8.2, we constructed the

ultra fine blow-up class BF
M (C(0)). We now need to understand the boundary regularity theory

of functions in this class, so that we may in turn prove a suitable ε-regularity theorem at the

varifold level which in turn can be used to establish property (B7) of Section 5.2 holds for the

fine blow-up class BF
3,1;M (C(0)).

The boundary regularity theory of the ultra fine class is the simplest situation, as the f ∈
BF
M (C(0)) is comprised of 5 single-valued harmonic functions defined, each defined on a half-

hyperplane; thus, if one can prove that each harmonic function is continuous up-to-the-boundary

of the half-hyperplane and that its boundary values are C2,α, one may invoke standard C2,α

boundary regularity theory of harmonic functions to deduce that f is C2,α up-to-the-boundary.

Note that properties (Ak), (Dk), (Ek) and (Fk) of Section 5.8.2 give the following: for each

Y ∈ B3/8 ∩ S(C(0)), we can find a sequence Zk → Y , where Zk = (ξk, ζk) ∈ spt‖Vk‖ ∩ B1/2

obeys ΘVk(Zk) ≥ 5/2, and moreover that ξ
⊥
Hk

0,i

k = ξ
⊥
Hk
i

k − λki ξ
>
Hk
i

k and∣∣∣∣ξ⊥Hkik

∣∣∣∣2 + E2
Vk,C

k
1

∣∣∣∣ξ⊥Hkik

∣∣∣∣2 ≤ CE2
Vk,C

0
k

and thus, up to passing to a subsequence, we have E−1
Vk,C

k
0
ξ
⊥
Hk
i

k → κ⊥i (Y ) and E−1
Vk,C

k
0
EVk,Ck1

ξ
>
Hk
i

k →
κ>i (Y ) (where in the usual fashion we shall see momentarily that κ⊥i (Y ), κ>i (Y ) are only depen-

dent on Y and not on the approximating sequences (Zk)k), and so

E−1
Vk,C

k
0
ξ⊥

k
0,i → κ⊥i (Y )− `iκ>i (Y )

and thus, for each ρ ∈ (0, 1/4], we have

5∑
i=1

∫
H

(0)
i ∩Bρ/2(Y )

|fi − (κ⊥i (Y )− `iκ>i (Y ))|2

|X − Y |n+3/2
≤ Cρ−n−3/2

∫
Bρ(Z)

|fi − (κ⊥i (Y )− `iκ>i (Y ))|2;

here, H
(0)
i are the half-hyperplanes in C(0), counted with multiplicity. Such an inequality

gives us, by Campanato style arguments for single-valued functions as discussed before, that
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fi ∈ C0,α(H
(0)
i ∩B1/8; (H

(0)
i )⊥), with boundary values given by κi := κ⊥i − `iκ>i (we stress here

that ⊥ and > in κ are purely notational, and do not represent projections of some fixed κ).

Thus, all that remains to show is that κi is a C2,α function along S(C(0))∩B1/8 (with estimates

on its C2,α norm in terms of
∫
B1/2
|κ|2). This can be done in much the same way as seen in the

corresponding results for coarse and fine blow-ups seen in Section 5.3.3 and Section 5.5.3, using

now results from Section 5.8.1; as such, we shall not duplicate the calculations here.

Thus we have now seen:

Proposition 42. For each α ∈ (0, 1), elements of the ultra fine blow-up BF
M (C(0)) are harmonic

functions which are C1,α up-to-the-boundary.

8.4. The ultra fine ε-regularity theorem. Equipped now with the boundary regularity

of the fine blow-up class, our next step is to prove an ε-regularity theorem for varifolds under

the assumptions seen in Section 5.8.1. We will prove such a result in much the same way as

seen in Section 5.6, by first proving a suitable excess improvement lemma.

Lemma 43 (Ultra Fine Excess Improvement). Let C(0) ∈ LS ∩ L2 and θ ∈ (0, 1/4). Then,

there exist numbers ε̄ = ε̄(n, θ) ∈ (0, 1/2), γ̄1 = γ̄1(n, θ) ∈ (0, 1/2), and γ̄0 = γ̄0(n, θ) ∈ (0, 1/2)

such that the following is true: if V ∈ S2, Cc ∈ L2, C1 ∈ L1, and C0 ∈ L0 satisfy Hypothesis

(G) and Hypothesis (�) with M = 3
2M0, then there exists an orthogonal rotation Γ of Rn+1 and

a cone C′ ∈ L0 such that the following hold:

(a) |Γ− id| ≤ κEV,C0;

(b) dist2
H(spt‖C0‖ ∩B1, spt‖C′‖ ∩B1) ≤ κE2

V,C0
;

(c)

θ−n−2

∫
Bθ

dist2(X, spt‖Γ#C′‖) d‖V ‖+θ−n−2

∫
Γ(Bθ/2\{|x|<θ/16})

dist2(X, spt‖V ‖) d‖Γ#C′‖ ≤ κθ2E2
V,C0

;

(d) For any C̃ ∈ L1 with C̃ ∈ L1/10(C1) we have

(
θ−n−2

∫
Bθ

dist2(X, spt‖C̃‖) d‖Γ−1
# V ‖

)1/2

≥
√

2−n−4C̄1distH(spt‖C0‖∩B1, spt‖C̃‖∩B1)−κEV,C0 ;

here, κ = κ(n) and C̄1 = C̄1(n) ≡
∫
Bn

1/2
∩{x2>1/16} |x

2|2 dHn(x2, y) is as before.

Proof. The proof follows by the same arguments as seen in Lemma 34; indeed, the verifi-

cation of Hypothesis (G1) – (G3) and Hypothesis (�)(a) is identical to as before (and indeed we

can simply take the Cc
k and Ck

1 sequences to be fixed), and the verification of Hypothesis (G4)

and Hypothesis (�)(b) is also the same, except now whenever in the corresponding argument

of Lemma 34 a coarse blow-up was used (e.g. to prove C̃E2
Vk,C

k
1
≤ E2

Ṽk,C
k
1

, for some C̃ = C̃(n),

which is the corresponding inequality to (48)), we instead use a fine blow-up relative to (Cc
k)k

and (Ck
1)k (which obey Hypothesis (†) of Section 5.5) and results from Theorem 38, Corollary

39, and Lemma 40. Thus, in the end we take an ultra fine blow-up and use the boundary
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regularity from Proposition 42 to generate the new sequence of (level 0) cones along which (a)

– (d) above hold. �

Now we are able to prove the ultra fine ε-regularity theorem for varifolds, which will then be

used to verify property (B7) holds for the fine blow-up class BF
3,1(C(0)).

Theorem 44 (Varifold Ultra Fine ε-Regularity Theorem). Let C(0) ∈ LS ∩ L2 and α ∈ (0, 1).

Then there exist constants ε∗ = ε∗(n, α) ∈ (0, 1), γ∗1 = γ∗1(n, α) ∈ (0, 1), and γ∗0 = γ∗0(n, α) ∈
(0, 1) such that the following holds: if V ∈ S2, Cc ∈ L2, C1 ∈ L1, and C ∈ L0 are such

that ΘV (0) ≥ 5/2, V ∈ Nε∗(C(0)), Cc,C1,C0 ∈ Lε∗(C
(0)), E2

V,Cc < M infC̃∈L2
E2
V,C̃

, E2
V,C1

<
3
2 infC̃∈L1

E2
V,C̃

, Q2
V,C1

< γ∗1E
2
V,Cc, and E2

V,C0
< γ∗0E

2
V,C1

, then there is a cone C′ ∈ LS ∩L0 with

distH(spt‖C′‖ ∩B1, spt‖C‖ ∩B1) ≤ CQV,C0

and an orthogonal rotation Γ : Rn+1 → Rn+1 with |Γ− id| ≤ CQV,C such that C′ is the unique

tangent cone to Γ#V
−1 at 0, and

σ−n−2

∫
Bσ

dist2(X, spt‖C′‖) d‖Γ−1
# V ‖ ≤ Cσ2αQ2

V,C for all σ ∈ (0, 1/2);

furthermore, V has the structure of a C1,α classical singularity of vertex density 5/2; more

precisely, there is a C1,α function u defined over spt‖Cc‖, in the manner described in Theorem

B, obeying V B1/2 = |graph(u)|, and over any multiplicity two half-hyperplane in Cc, u is given

by two (disjoint) C1,α single-valued functions, which meet only at the boundary; thus V B1/2

has no (density 2) branch points, and sing(V ) ∩B1/2 = {ΘV = 5/2} ∩B1/2 is the set of points

determined by the boundary values of u.

Proof. Given Lemma 43, the proof is now similar to the proof of Theorem 35 and thus we

do not repeat the arguments; indeed, one may take Cc, C1 fixed, and just show that Hypothesis

(G4) and Hypothesis (�)(b) will hold inductively along applications of Lemma 43 (which give

rise to sequences of cones Ck
0 and rotations Γk as in the proof of Theorem 35). We note

that here we have changed our assumptions slightly, namely in Hypothesis (�) we have taken

different constants in (a) and (b) for our assumption here, but this does not impact the previous

arguments and so this assumption is still valid for the validity of Lemma 43. �

8.5. Property (B7) for the fine blow-up class BF
1,3;M (C(0)). We can now use the

ultra fine ε-regularity theorem for varifolds, Theorem 44, to prove that the fine blow-up class

BF
3,1;M (C(0)) obeys property (B7) from Section 5.2, for any M > 1.

Corollary 45. Let C(0) ∈ LS ∩L2. Then for each M > 1, the fine blow-up class BF
3,1;M (C(0)),

as defined in Section 5.5, satisfied property (B7) of Section 5.2 (with ε depending on M); in

particular, it obeys the conclusions of Theorem 21.

Proof. The proof follows the same strategy as seen in the proof of Corollary 36, although

let us sketch the proof to note some differences. Suppose for contradiction that (B7) does not

hold for some fixed M > 1. Then we can find vk ∈ BF (C(0)) obeying vka(0) = 0, Dvka(0) = 0,
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‖vk‖L2 = 1, and vk∗ such that vk∗ is comprised of linear functions with common boundary and

zero average which obey ∫
B1

G(vk, vk∗ )
2 <

1

k
;

here, we stress that the average of any single-valued function is simply the function itself, whilst

the average of any two-valued function is the usual average; thus, “average” here does not refer

to “average” over functions defined on a given half-hyperplane, but instead of the individual

functions themselves. Thus, over the multiplicity two half-hyperplane in C(0) for which vk is

given by two single-valued functions, the two (single-valued) linear functions in vk∗ over the

same (multiplicity two) half-hyperplane are both zero; of course, over the multiplicity one half-

hyperplane, vk∗ is zero also. On the final remaining half-hyperplane, we are assuming that vk∗ is

given by two linear functions, `1, `2, which obey `1 ≡ −`2 6≡ 0. In particular, it is not the case

here that graph(vk∗ ) is a level 0 cone; but when we pass to the cone level, vk∗ will modify the

sequence of level 1 cones giving rise to the fine blow-up, so will still give rise to a level 0 cone

as it will split the multiplicity two piece into two.

As in the proof of Corollary 36, we may pass to a subsequence to ensure that vk∗ → v∗ (e.g. in

C1); v∗ then obeys ‖v∗‖L2 = 1 and
∫
B1
G(vk, v∗)

2 → 0. Now let (Vk,j)j ⊂ S2, (Cc
k,j)j ⊂ L2, and

(Ck,j)j ⊂ L1 be such that the fine blow-up sequence vk,j := E−1
Vk,j ,Ck,j

uk,j of Vk,j relative to Cc
k,j

and Ck,j gives rise to vk. Again, for any σ ∈ (0, 1), we may find for each k an index jk such

that if Vk := Vk,jk , Cc
k := Cc

k,jk
, Ck := Ck,jk , and vk := vk,jk , then∫

Bσ

G(vk, v∗)
2 → 0.

Note that we know, by definition of the fine blow-up, that for all k sufficiently large (for jk

chosen appropriately, depending on k, n, and α) we have Q2
Vk,Ck

< γ∗1EVk,Cck and E2
Vk,C

c
k
<

M infC̃∈L2
E2
Vk,C̃

, where γ∗1 = γ∗1(n, α) is the constant from Theorem 44 (for α ∈ (0, 1) fixed).

Thus, we only need to verify the assumptions of Theorem 44 which correspond to Hypothesis

(G4) and Hypothesis (�)(b).

To begin with, we claim that for all sufficiently large k,

E2
Vk,C

k
1
<

3

2
inf

C̃∈L1

E2
Vk,C̃

i.e. Hypothesis (�)(b) holds with M = 3/2. This follows in essentially the same manner as (87),

and so we do not repeat the argument here.

We now generate the sequence of level 0 cones, Ck
0 ∈ L0, in the usual fashion: we modify

the gradient of the half-hyperplanes in Ck
1 relative to Cc

k by EVk,Ck1
· v∗, for the corresponding

value of v∗; in particular, note that it is only the multiplicity two half-hyperplane in Ck
1 which

is modified, splitting into two distinct (multiplicity one) half-hyperplanes, by construction;

thus Ck
0 is level 0. We can then follow (90) – (94) to show that for all k sufficiently large

we have Q2
Vk,C

k
0
<

γ∗0
2 E

2
Vk,C

k
1
, where γ∗0 = γ∗(n, α) is the constant from Theorem 44. Thus,

the assumptions of Theorem 44 are satisfied for all k sufficiently large for Vk,C
c
k,C

k
1,C

k
0 (and

in a uniform manner, by which we mean they are also satisfied for all Vk,j , Cc
k,j , Ck,j

1 , and
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correspondingly created Ck,j
0 , for all j ≥ jk, as we just need the parameters εk, γk, in the

construction of the fine blow-up to be sufficiently small for this), and thus we can conclude

using Theorem 44 in the same manner as in Corollary 36. �

9. Boundary regularity of level 2 coarse blow-ups and completion of Theorem B

The aim of this section is to complete the proof of Theorem B in the case where the base cone

C(0) is level 2. To do this, we first need to prove that the coarse blow-up class B(C(0)) satisfies

property (B7) of Section 5.2, and prove the version of the fine ε-regularity theorem for varifolds,

Theorem 35, in the level 2 setting. The first step towards both of these results is the boundary

regularity for the fine blow-up class BF
3,1;M (C(0)) established in Corollary 45, which, coupled

with Lemma 34, will be used to prove a fine excess decay lemma when the base cone is level 2.

9.1. Fine excess decay for level 2 cones. Using Corollary 45 and Lemma 34, we can

now prove a fine excess decay lemma when the base cone is level 2.

Lemma 46. Let C(0) ∈ LS ∩ L2 and fix θ ∈ (0, 1/4). Then, Lemma 34 holds, for some decay

rate α = α(n), without the assumption C ∈ L0, i.e., there exist numbers ε̄ = ε̄(n, θ) ∈ (0, 1/2),

γ̄ = γ̄(n, θ) ∈ (0, 1/2), and β̄ = β̄(n, θ) ∈ (0, 1/2) such that the following holds: if V ∈ S2,

Cc ∈ L2, and C ∈ L0∪L1 satisfy Hypothesis (H), Hypothesis (?), and Hypothesis (†) of Section

5.5 with ε̄, γ̄, β̄, and 3
2M0 in place of ε, γ, β, and M , respectively, then there exists an orthogonal

rotation Γ of Rn+1 and a cone C′ ∈ L0 ∪ L1 such that the following hold:

(a) |Γ− id| ≤ κEV,C;

(b) dist2
H(spt‖C‖ ∩B1, spt‖C′‖ ∩B1) ≤ κE2

V,C;

(c)

θ−n−2

∫
Bθ

dist2(X, spt‖Γ#C′‖) d‖V ‖+θ−n−2

∫
Γ(Bθ/2\{|x|<θ/16})

dist2(X, spt‖V ‖) d‖Γ#C′‖ ≤ κθ2αE2
V,C;

(d) For any C̃ ∈ L2 with C̃ ∈ L1/10(Cc), we have:

(
θ−n−2

∫
Bθ

dist2(X, spt‖C̃‖) d‖Γ−1
# V ‖

)1/2

≥
√

2−n−4C̄1distH(spt‖C‖∩B1, spt‖C̃‖∩B1)−κEV,C;

here, κ = κ(n), α = α(n), and C̄1 = C̄1(n) ≡
∫
Bn

1/2
∩{x2>1/16} |x

2|2 dHn(x2, y) is as

before.

Proof. We argue by contradiction in the same manner as in the proof of Lemma 34: if

the lemma does not hold for κ = κ(n) ∈ (0,∞), α = α(n) ∈ (0, 1) to be chosen, then we may

find sequences εk, γk, βk ↓ 0, Vk,C
c
k, and Ck satisfying Hypothesis (H), Hypothesis (?), and

Hypothesis (†) with εk, γk, βk, and 3
2M0 in place of ε, γ, β, and M , respectively, such that the

lemma does not hold for this choice of θ (and C(0)). We already know from Lemma 34 that if

Hypothesis (†)(ii) holds for infinitely many k, then the lemma holds; so we may assume without

loss of generality that Hypothesis (†)(i) holds for all (but finitely many) k, i.e. that Ck ∈ L1.
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But then if we follow the proof of Lemma 34 in this situation (which is entirely analogous

to the situation where C(0) ∈ LS ∩ L1 is level 1), we may take a fine blow-up of (a rotation

of) Vk relative to Cc
k and Ck; call this fine blow-up v. But we know from Corollary 45 that

v is C1,α up-to-the-boundary on each half-hyperplane of spt‖C(0)‖, for some α = α(n), with

decay estimates, and moreover that the boundary values of the two-valued piece in v are in fact

given by a (multiplicity two) single-valued function. Thus, the new cone which the fine blow-up

determines (in the same manner as Lemma 34) will again by level 1, and the same proof as in

Lemma 34 shows that the result holds for infinitely many k, providing the contradiction and

thus proving the result. �

We now prove a stronger fine excess decay statement which removes the assumption of Hypoth-

esis (†) from Lemma 46. In doing so, our excess decay lemma will change slightly – we will no

longer have one decay scale, but two possible decay scales; we remark that such a change will

not greatly impact our previously arguments when using excess decay statements.

Lemma 47 (Level 2: Fine Excess Decay). Let C(0) ∈ LS ∩ L2 and fix θ1, θ2 ∈ (0, 1/4) such

that θ2 < θ1/8. Then, there exist numbers ε̃ = ε̃(n, θ1, θ2) ∈ (0, 1/2), γ̃ = γ̃(n, θ1, θ2) ∈ (0, 1/2)

such that the following holds: if V ∈ S2, Cc ∈ L2, and C ∈ L0 ∪ L1 satisfy Hypothesis (H) and

Hypothesis (?) of Section 5.5 with ε̃, γ̃, and 3
2M0 in place of ε, γ, and M , respectively, then there

exists an orthogonal rotation Γ of Rn+1 and a cone C′ ∈ L0 ∪ L1 such that we have:

(a) |Γ− id| ≤ κQV,C;

(b) dist2
H(spt‖C‖ ∩B1, spt‖C′‖ ∩B1) ≤ κQ2

V,C;

and for some j ∈ {1, 2},

(c)

θ−n−2
j

∫
Bθj

dist2(X, spt‖Γ#C′‖) d‖V ‖+θ−n−2
j

∫
Γ(Bθj /2\{|x|<θj/16})

dist2(X, spt‖V ‖) d‖Γ#C′‖ ≤ νjθ2α
j Q2

V,C;

(d) For any C̃ ∈ L2 with C̃ ∈ L1/10(Cc), we have

(
θ−n−2
j

∫
Bθj

dist2(X, spt‖C̃‖) d‖Γ−1
# V ‖

)1/2

≥
√

2−n−4C̄1distH(spt‖C‖∩B1, spt‖C̃‖∩B1)−κQV,C;

here, κ = κ(n, θ1), α = α(n), C̄1 = C̄1(n) (is the usual constant), ν1 = ν1(n), and ν2 = ν2(n, θ1).

Note: We will see from the proof that our bounds must be in terms of QV,C and not EV,C.

Proof. The proof of this, given Lemma 46, follows in the same manner as [Wic14, Lemma

13.2 and Lemma 13.3] do from [Wic14, Lemma 13.1]; we outline this argument here for the

sake of completeness.

It C ∈ L1, then there is nothing to prove: Hypothesis (†) trivially holds in this instance, and

so the result (with j = 2 in (c) and (d)) follows from Lemma 46 taken with θ = θ2; fix the
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constants from Lemma 46 gives in this instance, namely ε2 = ε2(n, θ2), γ2 = γ2(n, θ2) (there is

no β in this case).

So now let us suppose C ∈ L0. Firstly, choose a cone C̃ ∈ L1 for which

Q2
V,C̃
≤ 3

2
(Q∗V )2.

Now let β1 = β1(n, θ1) be as in Lemma 46 for θ = θ1. Then if we have Q2
V,C < β1(Q∗V )2, then

Hypothesis (†) holds for V,Cc,C (provided ε1 = ε1(n, θ1) and γ = γ1(n, θ1) are sufficiently small

as in Lemma 46), and hence the result follows from Lemma 46. Otherwise, we must have

Q2
V,C ≥ β1(Q∗V )2

and thus we would have

Q2
V,C̃
≤ 3

2β1
Q2
V,C <

3γ

2β1
E2
V,Cc

where we have used Hypothesis (H). Thus, we see that if γ = γ(n, θ1) is sufficiently small,

then Hypothesis (H) will hold for V,Cc, C̃, and so as Hypothesis (?) still holds (as Cc has no

changed) and Hypothesis (†) is trivially satisfied in this instance (as C̃ ∈ L1), we would be able

to apply Lemma 46 (with θ = θ1) to V,Cc, C̃, provided ε = ε(n, θ1) was sufficiently small, to

deduce the result, but with C̃ in place of C. But as E2
V,C̃
≤ Q2

V,C̃
≤ 3

2β1
Q2
V,C, the inequalities

(a) – (d) in terms of EV,C̃ can readily be written in terms of QV,C, up to the constants changing

by terms involving factors of 3
2β1

, which depends on θ1. Moreover, any distance terms involving

C̃ can be replaced by distance terms involving just C by using the fact that here we have

dist2
H(spt‖C‖∩B1, spt‖C̃‖∩B1) ≤ C̃(Q2

V,C +Q2
V,C̃

), where C̃ = C̃(n). Thus the result follows,

by taking ε = ε(n, θ1, θ2) ≤ min{ε1, ε2} and γ = γ(n, θ1, θ2) ≤ min{γ1, γ2} suitably small. �

9.2. The fine ε-regularity theorem: Level 2 setting. Now that we have the full fine

excess decay lemma, namely Lemma 47, when the base cone is level 2, we may now prove the

variant of the fine ε-regularity theorem for varifolds, i.e. Theorem 35, in the level 2 setting.

Theorem 48 (Varifold Fine ε-Regularity Theorem: Level 2 Setting). Let C(0) ∈ LS∩L2. Then,

there exist constants ε1 = ε1(n) ∈ (0, 1), γ1 = γ1(n) ∈ (0, 1) such that the following is true: if

V ∈ S2, Cc ∈ L1, and C ∈ L are such that ΘV (0) ≥ 5/2, V ∈ Nε1(C(0)), Cc,C ∈ Lε1(C(0)),

E2
V,Cc <

3
2 infC̃∈L2

E2
V,C̃

, and Q2
V,C < γ1E

2
V,Cc, then there is a cone C′ ∈ LS ∩ (L0 ∪ L1) with

distH(spt‖C′‖ ∩B1, spt‖C‖ ∩B1) ≤ CQV,C

and an orthogonal rotation Γ : Rn+1 → Rn+1 with |Γ− id| ≤ CQV,C such that C′ is the unique

tangent cone to Γ−1
# V at 0, and

σ−n−2

∫
Bσ

dist2(X, spt‖C′‖) d‖Γ−1
# V ‖ ≤ Cσ2αQ2

V,C for all σ ∈ (0, 1/2).

Furthermore, there is a C1,α function u defined over spt‖Cc‖, in the manner described in

Theorem B, obeying V B1/2 = v(u), and over one multiplicity two half-hyperplane in C(0),
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u is in fact given by two (disjoint) C2 single-valued functions. Here, C = C(n) ∈ (0,∞) and

α = α(n) ∈ (0, 1).

Proof. The proof follows the same lines as that seen in Theorem 35, however some modi-

fications are needed.

The first is that in our fine excess decay lemma, Lemma 47, we have two possible decay scales

as opposed to the single scale (and moreover that we no longer have a decay factor of θ2 but

of θ2α; here we will be able to get any power < α, where α = α(n) is as in Lemma 47).

The modifications to deal with this difference are simple: fix any α′ ∈ (0, α), and first choose

θ1 = θ1(n, α′) such that ν1θ
2(α−α′)
1 < 1, where ν1 = ν1(n) is as in Lemma 47. Then choose

θ2 = θ2(n, α′) obeying θ2 < θ1/8 and ν2θ
2(α−α′)
2 < 1, where ν2 = ν2(n, θ1) = ν2(n) is as in

Lemma 47. Then one may follow (53) –(65) in an identical fashion, up to changing α to α′ and

instead of our sequence of scales being θ, θ2, θ3, . . . , we have a sequence of scales of the form

σk = θnk1 θk−nk2 , for some nk ∈ {0, 1, 2, . . . , k}, i.e. change θk ≡ θk in the proof of Theorem 35

to this σk. Thus, (53) – (65) follow in the same fashion; thus Summary 1 from the proof of

Theorem 35 holds.

However, Summary 2 from the proof of Theorem 35 does not currently hold, as in the proof of

Corollary 30 we needed to assume Hypothesis (†) holds, which we are currently not assuming

(this was necessary to control the various excess quantities when shifting the base point). If

Hypothesis (†) does hold for C, with β = β0, where β0 = β0(n) is from Corollary 30††, then

we know that the hypothesis which lead to Summary 1 will be true for (ηZ,1/4)#V , where

Z ∈ spt‖V ‖ ∩ B3/8 is such that ΘV (Z) ≥ 5/2, i.e. Summary 2 will still hold; hence the proof

can be completed in this case in the same manner as in Theorem 35. Otherwise, if Hypothesis

(†) does not hold for C with this choice of β, then choosing C̃ ∈ L1 with Q2
V,C̃

< 3
2(Q∗V )2,

we note that Q2
V,C̃
≤ 3

2βQ
2
V,C, and that Hypothesis (†) does hold for C̃; moreover, for suitably

small ε = ε(n), γ = γ(n), Hypothesis (H) and Hypothesis (?) will hold for V,Cc, and C̃. Thus

we can run the proof of Theorem 35 with C̃ in place of C, and replace the final inequalities,

which will be in terms of C̃ and QV,C̃, by those in terms of C using Q2
V,C̃
≤ 3

2βQ
2
V,C and

dist2
H(spt‖C‖ ∩ B1, spt‖C̃‖ ∩ B1) ≤ C̃(Q2

V,C + Q2
V,C̃

), where C̃ = C̃(n). Of course, in the

discussion in the proof of Theorem 35 after (86) we can no longer show that the any point of

density not equal to 5/2 is regular (as our cone can have a multiplicity two half-hyperplane),

but the same argument will now show that any other singular point must either be a density

2 branch point or density 2 classical singularity, from Theorem A and Theorem E. Moreover,

of course the fact that over one multiplicity two half-hyperplane the two-valued function splits

into two single-valued functions follows immediately from the excess decay result, e.g. (68), and

(86). Thus the proof is complete. �

††We remark that in the proof of Corollary 30, it was shown that for any ε̃, γ̃ ∈ (0, 1/2) and M1 > 1, there
was ε0 = ε0(n, ε̃, γ̃,M1), γ0 = γ0(n, ε̃, γ̃,M1), and β0 = β0(n,M1) such that if Hypothesis (H), Hypothesis (?),
and Hypothesis (†)(ii) held with ε0, γ0, β0, and M1 in place of ε, γ, β, and M , then for any Z ∈ spt‖V ‖ ∩ B3/8

with ΘV (Z) ≥ 5/2, the varifold Ṽ := (ηZ,1/4)#V would satisfy Hypothesis (H) and Hypothesis (?) with ε̃, γ̃,
and M1M0 in place of ε, γ, and M , and moreover the inequalities (72) and (73) will hold, i.e. Summary 2 from

Theorem 35 still holds. We stress that, whilst Hypothesis (†) is not guaranteed for Ṽ and any chosen constant

β̃ (which would need additional smallness assumptions on β0 in terms of β̃), for the conclusions listed β0 can be
chosen independent of ε̃ and γ̃.
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Using Theorem 48 we are now able to prove that the coarse blow-up class, B(C(0)), where

C(0) ∈ LS ∩ L2, obeys property (B7) from Section 5.2.

Corollary 49. Let C(0) ∈ LS ∩ L2. Then, the coarse blow-up class (B7) obeys property (B7);

in particular, Theorem 17 holds for B(C(0)).

Proof. Given Theorem 48, the proof now follows in an identical fashion to that seen in

Corollary 36. �

9.3. Level 2: Proof of Theorem B.

Proof of Theorem B when C(0) ∈ LS ∩ L2 is level 2. Fix C(0) ∈ LS ∩ L2. Given

Theorem 48 and Corollary 49, Theorem B now follows in an identical fashion to that seen in

Theorem 37; in the initial dichotomy, alternative (ii) will allow for level 0 and level 1 cones. �

Hence we have now shown that Theorem B holds in all cases, and thus have completed the

proof of Theorem B.





CHAPTER 6

Multi-Valued Campanato Spaces

The purpose of this chapter is to prove a general regularity result for multi-valued functions,

inspired by the single-valued regularity theory of Campanato ([Cam64]). The central idea is

that certain integral estimates on given function are sufficient to deduce Ck,α estimates. Before

stating the main result of this section, we need some preliminary notation. Fix n,m,Q ≥ 1

positive integers throughout.

Definition 1. We say that p : Rn → AQ(Rm) is a Q-valued polynomial if there exist Q functions

pi : Rn → Rm such that p =
∑

iJpiK and for each i = 1, . . . , Q and j = 1, . . . ,m, pji : Rn → R is

a polynomial function.

We define the degree of a Q-valued polynomial function p by deg(p) := maxi,j deg(pji ), and write

Pk for the set of all Q-valued polynomials p : Rn → AQ(Rm) with deg(p) ≤ k.

Definition 2. Let q ∈ [1,∞), λ ∈ (0,∞), k ∈ {0, 1, 2, . . . }, and Ω ⊂ Rn be a domain. The

Q-valued Campanato space Lq,λk (Ω;AQ(Rm)) is the set of functions u ∈ Lq(Ω;AQ(Rm)) which

obey

|||u|||k,q,λ;Ω := sup
x0∈Ω

ρ∈(0,diam(Ω)]

(
ρ−λ inf

P∈Pk

∫
Ω∩Bρ(x0)

G(u(x), P (x))q dx

)1/q

<∞.

Here, diam(Ω) := supx,y∈Ω |x− y| is the diameter of Ω.

We will always suppress the domain dependence in our norms and semi-norms when the domain

is clear from context, and we will still refer to them as norms and semi-norms despite AQ(Rm)

not being a vector space. Of course |||u|||k,q,λ = 0 whenever u ∈ Pk and so |||·|||k,q,λ is only a semi-

norm. To make a norm on Lq,λk (Ω;AQ(Rm)) we instead work with ‖u‖qk,q,λ := ‖uq‖q + |||u|||qk,q,λ.

The main theorem concerns the regularity of functions in Lq,λk (Ω;AQ(Rm)) for certain domains

Ω ⊂ Rn. Indeed, we say a bounded domain Ω ⊂ Rn is A-weighted if Hn(Ω ∩ Bρ(x)) ≥ Aρn for

all x ∈ Ω and ρ ∈ (0, diam(Ω)]. Key examples of A-weighted domains (for some A > 0) are the

open ball B1(0) ⊂ Rn and the open half-ball B1(0) ∩ {x1 > 0} ⊂ Rn. We note that A-weighted

domains are referred to as type (A) domains in [RSS13] and type (I) domains in [Cam64].

Theorem 3 (Regularity of Lq,λk (Ω;AQ(Rm))). Let A > 0. Suppose Ω ⊂ Rn is a convex A-

weighted domain and u ∈ Lq,λk (Ω;AQ(Rm)). Suppose that λ obeys n+ `q < λ < n+ (`+ 1)q for

some ` ∈ {0, 1, . . . , k}. Then u ∈ C`,α(Ω;AQ(Rm)) with the estimate

[u]`,α ≤ C|||u|||`,q,λ

213
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where α := λ−n−`q
q and C = C(n,m, k, `, q,Q,A, λ). Moreover Lq,λk (Ω;AQ(Rm)) is continuously

isomorphic to Lq,λ` (Ω;AQ(Rm)).

We will build up to a proof of this fact. We now fix u ∈ Lq,λk (Ω;AQ(Rm)) throughout this

chapter. First note that for each x0 ∈ Ω and ρ ∈ (0, diam(Ω)], we can find a Q-valued polynomial

Px0,ρ ∈ Pk such that

inf
P∈Pk

∫
Ω∩Bρ(x0)

G(u, P )q =

∫
Ω∩Bρ(x0)

G(u, Px0,ρ)
q.

Indeed, each P ∈ Pk is determined by polynomials P ij : Rn → R, which are in turn determined

by coefficients a = (aijp )j,j,p, where i ∈ {1, . . . , Q}, j ∈ {1, . . . ,m}, and p ∈ Nn a multi-

index with |p| ≤ k. Then the function f : RM → R, where M = M(n,m, k,Q), sending

(aijp )i,j,p 7→
∫

Ω∩Bρ(x0) G(u, P )q, where P is the polynomial generated by (aijp )i,j,p as above, is a

continuous function. Therefore to see that the infimum is attained, we just need to show that

f(a)→∞ as |a| → ∞; but the triangle inequality immediately gives

f(a) ≥
∣∣‖u‖Lq(Ω∩Bρ(x0)) − ‖P‖Lq(Ω∩Bρ(x0))

∣∣q
and the right hand side →∞ as |a| → ∞. Thus the infimum is attained. Writing aijp (x0, ρ) :=

DpP ijx0,ρ(x0) we have

P ijx0,ρ(x) =
∑
|p|≤k

aijp (x0, ρ)

p!
(x− x0)p.

We first prove a useful integral estimate for comparing two Q-valued polynomials. The main

difference to that seen in [Cam64, Lemma 2.1] is due to the lack of vector space structure

(indeed, AQ(Rn×m) 6∼= AQ(Rn) × AQ(Rm) in any natural way) we need to consider the entire

polynomial at once, as opposed to individual coefficients.

Lemma 4. Let q ∈ [1,∞) and E ⊂ Bρ(x0) be a measurable subset with Hn(E) ≥ Aρn for some

A > 0. Then for any pair of Q-valued polynomials F,G ∈ Pk given by

F ij(x) =
∑
|p|≤k

aijp
p!

(x− x0)p and Gij(x) :=
∑
|p|≤k

bijp
p!

(x− x0)p

we have, defining aρ ∈ AQ(RM ) and bρ ∈ AQ(RM ), M = M(n,m, k), by aiρ := (ρ|p|aij[ )j,p and

biρ := (ρ|p|bijp )j,p,

G(aρ, bρ)
q ≤ C1

ρn

∫
E
G(F (x), G(x))q dx

for some C1 = C1(n,m, k, q,Q,A) which is in particular independent of F,G,E.

Proof. First note that if we set F̃ (x) := F (x0 + ρx) and G̃(x) := F (x0 + ρx), then we see

F̃ ij(x) =
∑
|p|≤k

(ρ|p|aijp )

p!
xp and G̃ij(x) =

∑
|p|≤k

(ρ|p|bijp )

p!
xp

and so we see that it suffices to prove the case x0 = 0 and ρ = 1. So we restrict to this case.
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So suppose we have two Q-valued polynomials F,G, and write F =
∑Q

i=1JF
iK and G =∑Q

i=1JG
iK where F i = (F ij)mj=1, Gi = (Gij)mj=1, and F ij(x) =

∑
|p|≤k a

ij
p xp and Gij(x) =∑

|p|≤k b
ij
p xp. Note that we have combined with the coefficients the p! factors for notational

simplicity, and these can simply be removed at the end. Define a, b ∈ AQ(RM ), where M =

M(n,m, k), where ai = (aijp )j,p and bi = (bijp )j,p, i.e., ai determines all the polynomials in F i,

etc. Now define:

αF,G := G(a, b) ≡ inf
σ

 Q∑
i=1

m∑
j=1

∑
|p|≤k

|aijp − bσ(i)j
p |2

1/2

.

Let F denote all pairs (F,G) of Q-valued polynomials in Pk which have αF,G = 1. Let E be the

class of subsets E ⊂ B1(0) which have Hn(E) ≥ A. Then define:

γ := inf
(F,G)∈F
E∈E

∫
E
G(F,G)q.

We claim that γ ≥ C for some constant C = C(n,m, k, q,Q,A). Indeed, fix (F,G) ∈ F , and

using the same notation as just defined, for each σ ∈ SQ, i = 1, . . . , Q, j = 1, . . . ,m, and |p| ≤ k,

set

cσi,j,p := aijp − bσ(i)j
p and P σij(x) :=

∑
|p|≤k

cσi,j,px
p.

Then we have for each x ∈ B1(0),

G(F (x), G(x))2 := inf
σ

Q∑
i=1

|F i(x)−Gi(x)|2 = inf
σ

Q∑
i=1

m∑
j=1

∣∣∣∣∣∣
∑
|p|≤k

(aijp − bσ(i)j
p )xp

∣∣∣∣∣∣
2

i.e.,

G(F (x), G(x))2 = inf
σ

∑
i,j

|P σij(x)|2.

Now define for each σ ∈ SQ, Eσ ⊂ E to be the set of points x ∈ E for which this infimum

equals
∑

i,j |P σij(x)|2. Clearly E = ∪σEσ, and so we must be able to find σ′ ∈ SQ for which

Hn(Eσ′) ≥ A/|SQ| = A/(Q!). Now note that∫
E
G(F,Q)q ≥

∫
Eσ′

G(F,G)q =

∫
Eσ′

∑
i,j

|P σ′ij |2.

Now fix each σ ∈ SQ we have by definition of αF,G and since (F,G) ∈ F ,

Q∑
i=1

m∑
j=1

∑
|p|≤k

|cσi,j,p|2 ≥ α2
F,G = 1

and hence applying this with σ = σ′, we must be able to find some i′ ∈ {1, . . . , Q}, j′ ∈
{1, . . . ,m}, and |p′| ≤ k for which |cσ′i′,j′,p′ | ≥

1
mQN(n,k) . Now applying [Cam64, Lemma 2.I]

with A/(Q!) in place of A, F in place of E, where F ⊂ Eσ′ has Hn(F ) = A/(Q!), p = p′, we

have:



216 Multi-Valued Campanato Spaces

∫
Eσ′

∑
i,j

|P σ′ij |q ≥
∫
F
|P σ′i′j′ |q ≥ C̃|Dp′P σ

′
i′j′(0)|q = C̃|(pσ′ !) · cσ

′
i′,j′,p′ |q ≥ C∗

where C̃ = C̃(n, k, q, A/(Q!)) and C∗ = C∗(n,m, k, q,Q,A). Hence we see that∫
E
G(F,Q)q ≥ C

and so as (F,G) ∈ F and E ∈ E were arbitrary, we see γ ≥ C∗, as desired.

Now given any arbitrary pair of distinctQ-valued functions (F,G), note that (F/αF,G, G/αF,G) ∈
F , and so for any E ⊂ A with Hn(E) ≥ A we have∫

E
G(F,G)q ≥ CαqF,G

which completes the proof. �

Remark: In particular we see from Lemma 4 that, if we write ai(r) := (aijp )j=1,...,m,|p|≤r and

bi(r) := (bijp )j=1,...,m,|p|≤r, then,

G(a(r), b(r))
q ≡ inf

σ

 Q∑
i=1

m∑
j=1

∑
|p|≤r

∣∣∣aijp − bσ(i)j
p

∣∣∣2
q/2

≤ C1

min{1, ρ}n+rq

∫
E
G(F,G)q dx.

Lemma 5. Let u ∈ Lq,λk (Ω;AQ(Rm)). Then for each x0 ∈ Ω, ρ ∈ (0,diam(Ω)], and ` ∈
{0, 1, 2, . . . }, we have for some C = C(q, λ),∫

Ω∩B
2−`−1ρ

(x0)
G(Px0,2−`ρ, Px0,2−`−1ρ)

q ≤ C2−`λρλ · |||u|||qk,q,λ.

Proof. By the triangle inequality for G,∫
Ω∩B

2−`−1ρ
(x0)
G(Px0,2−`ρ, Px0,2−`−1ρ)

q

≤ 2q
∫

Ω∩B
2−`ρ(x0)

G(Px0,2−`ρ, u)q + 2q
∫

Ω∩B
2−`−1ρ

(x0)
G(Px0,2−`−1ρ, u)q

≤ 2q · (2−`ρ)λ|||u|||qk,q,λ + 2q · (2−`−1ρ)λ|||u|||qk,q,λ
= [2q + 2q−λ] · 2−`λρλ|||u|||qk,q,λ.

�

The next lemma will be the first step towards a Hölder estimate for the k’th order derivatives

and differentiability properties for lower order derivatives.
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Lemma 6. Suppose Ω ⊂ Rn is an A-weighted domain and u ∈ Lq,λk (Ω;AQ(Rm)). Then for

each pair of points x0, y0 ∈ Ω with ρ := |x0 − y0| ≤ 1
2diam(Ω), we have

G(ak(x0, 2ρ), ak(y0, 2ρ))q ≤ C12q+1+λ|||u|||qk,q,λ · ρ
λ−n−kq

where C1 is as in Lemma 4, and aik(x0, 2ρ) = (aip(x0, 2ρ))|p|=k, etc.

Proof. Fix x0, y0 ∈ Ω as in the statement and set ρ := |x0 − y0|. Then by the triangle

inequality for G and simple inclusions we have∫
Ω∩Bρ(x0)

G(Px0,2ρ, Py0,2ρ)
q ≤ 2q

∫
Ω∩B2ρ(x0)

G(Px0,2ρ, u)q + 2q
∫

Ω∩B2ρ(y0)
G(Py0,2ρ, u)q]

≤ 2q · (2ρ)λ|||u|||qk,q,λ + 2q · (2ρ)λ|||u|||qk,q,λ
= 2q+λ+1|||u|||qk,q,λ · ρ

λ.

Moreover from Lemma 4, since Ω is A-weighted and because the k’th derivative of any polyno-

mial of degree k is constant (so in particular does not depend on the point we evaluate at, as

Lemma 4 requires both polynomials to be centred at the same point) we have

G(ak(x0, 2ρ), ak(y0, 2ρ))q ≤ C1

ρn+kq

∫
Ω∩Bρ(x0)

G(Px0,2ρ, Py0,2ρ)
q

since we can just look at the order k terms. Combining these inequalities we get the result. �

Lemma 7. Suppose Ω ⊂ Rn is an A-weighted domain and u ∈ Lq,λk (Ω;AQ(Rm)). Then ∃C =

C(n,m, k, q, λ,Q,A) such that, for all x ∈ Ω, ρ ∈ (0,min{1, diam(Ω)}], i = 0, 1, 2, . . . , and

r ≤ k we have

G(a(r)(x0, ρ), a(r)(x0, 2
−iρ)) ≤ C|||u|||k,q,λ

i−1∑
j=0

2
j
(
n+rq−λ

q

)
· ρ

λ−n−rq
q .

Proof. For any such x0, ρ, i, r, we have

G(a(r)(x0, ρ), a(r)(x0, 2
−iρ)) ≤

i−1∑
j=0

G(a(r)(x0, 2
−jρ), a(r)(x0, 2

−j−1ρ))

≤
i−1∑
j=0

(
C1

(2−j−1ρ)n+rq

∫
Ω∩B

2−j−1ρ
(x0)
G(Px0,2−jρ, Px0,2−j−1)q

)1/q

≤
i−1∑
j=0

(
C12(j+1)(n+rq)ρ−n−rq · C · 2−jλρλ|||u|||qk,q,λ

)1/q

≤ C|||u|||k,q,λ
i−1∑
j=0

2
j
(
n+rq−λ

q

)
· ρ

λ−n−rq
q

as desired, where the second inequality is from Lemma 4 and the third is from Lemma 5. �
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Lemma 8. Suppose Ω ⊂ Rn is an A-weighted domain and u ∈ Lq,λk (Ω;AQ(Rm)), with n+rq <

λ ≤ n + (r + 1)q for some r ∈ {0, 1, . . . , k}. Then for every |p| ≤ r, there exists a function

vp : Ω→ AQ(Rm) such that for every x0 ∈ Ω and ρ ∈ (0,min{1,diam(Ω)}] we have

G(a(r)(x0, ρ), v(r)(x0)) ≤ C|||u|||k,q,λ · ρ
λ−n−rq

q

where C = C(n,m, k, q, λ,Q,A). In particular a(r)(·, ρ)→ v(r)(·) uniformly as ρ→ 0.

Proof. Fix x0, ρ, r as in the statement of the lemma. For i, j ∈ {0, 1, 2, . . . } sufficiently

large with j > i and 2−iρ < 1, apply Lemma 7 with 2−iρ in place of ρ and j − i in place of i to

get

G(a(r)(x0, 2
−jρ), a(r)(x0, 2

−iρ)) ≤ C|||u|||k,q,λ
j−1∑
h=i

2
h
(
n+rq−λ

q

)
· ρ

λ−n−rq
q .

Thus as λ > n + rq, we see that
∑∞

h=0 2
h
(
n+rq−λ

q

)
< ∞, and thus the above shows that

(a(r)(x0, 2
−jρ))j is a Cauchy sequence. Since (AQ(RM ),G) is a metric space for every M ≥ 1,

this sequence therefore converges.

We claim that this limit is independent of the choice of ρ, and so only depends on x0. Indeed,

for any 0 < ρ1 ≤ ρ2 ≤ diam(Ω) we have for all sufficiently large i, by Lemma 4,

G(a(r)(x0, 2
−iρ1), a(r)(x0, 2

−iρ2))q

≤ C1

(2−iρ1)n+rq

∫
Ω∩B2−iρ1

(x0)
G(Px0,2−iρ1

, Px0,2−iρ2
)q

≤ C1 · 2i(n+rq) · 2q

ρn+rq
1

∫
Ω∩B2−iρ1

(x0)
G(Px0,2−iρ1

, u)q +
C1 · 2i(n+rq) · 2q

ρn+rq
1

∫
Ω∩B2−iρ2

(x0)
G(Px0,2−iρ2

, u)q

≤ C1 · 2q · |||u|||qk,q,λ · 2
i(n+rq)ρ−(n+rq)

(
(2−iρ1)λ + (2−iρ2)λ

)
= C|||u|||qk,q,λ2−i(λ−n−rq) ·

(
ρλ1 + ρλ2
ρn+rq

1

)

and so we see that, as i→∞ the right-hand side of this inequality → 0, showing that the limit

is independent of ρ.

Now define for each x0 ∈ Ω and |p| ≤ r,

vp(x0) := lim
i→∞

ap(x0, 2
−iρ)

for any choice of ρ ∈ (0, diam(Ω)]. Thus vp : Ω → AQ(Rm). But now note that for ρ < 1, by

Lemma 7 we have for every i sufficiently large and ρ < 1,

G(a(r)(x0, ρ), a(r)(x0, 2
−iρ)) ≤ C|||u|||k,q,λρ

λ−n−rq
q
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which follows by bounding the convergent sum in j by a constant depending only on n, r, q, λ.

Thus taking i→∞ we see

G(a(r)(x0, ρ), v(r)(x0)) ≤ C|||u|||k,q,λ · ρ
λ−n−rq

q

and this is true independently of x0. In particular this shows that limρ→0 a(r)(·, ρ) = v(r)(·)
uniformly. �

We now study the regularity properties of the functions vp. Ultimately we will show that

Dpu = vp, and thus properties for the vp will provide the necessary conclusions for u. The first

step is to show that the “top” vp, i.e. those with |p| = k, are α-Hölder continuous in Ω for

appropriate λ. Note that from Lemma 4, vp is independent of the choice of polynomials Px0,ρ

attaining the infimum.

Lemma 9. Suppose Ω ⊂ Rn is a convex A-weighted domain and u ∈ Lq,λk (Ω;AQ(Rm)) for some

λ > n+ kq. Then the function vk = (vp)|p|=k is Hölder continuous in Ω, with the estimate

G(vk(x), vk(y)) ≤ C|||u|||k,q,λ · |x− y|
λ−n−kq

q

for some C = C(n,m, k, q,Q, λ,A).

Proof. Suppose x, y ∈ Ω are such that ρ := |x− y| ≤ 1
2diam(Ω). Then,

G(vk(x), vk(y)) ≤ G(vk(x), ak(x, 2ρ)) + G(ak(x, 2ρ), ak(y, 2ρ)) + G(vk(y), ak(y, 2ρ))

≤ C|||u|||k,q,λ · (2ρ)
λ−n−kq

q + C̃|||u|||k,q,λ · ρ
λ−n−kq

q + C|||u|||k,q,λ · (2ρ)
λ−n−kq

q

= C|||u|||k,q,λ · |x− y|
λ−n−kq

q

where in the second inequality we have used Lemma 8 for the first and third terms, and Lemma

6 for the second term (which is where we need the condition on ρ and the fact that we can only

deal with the |p| = k case).

If ρ > 1
2diam(Ω), then since diam(Ω) <∞ and Ω is convex, the midpoint z := (x+ y)/2 lies in

Ω and obeys |x− z|, |z − y| < 1
2diam(Ω). Hence applying the above with x, z and z, y, we get

G(vk(x), vk(y)) ≤ G(vk(x), vk(z)) + G(vk(z), vk(y))

≤ C|||u|||k,q,λ
(
|x− z|

λ−n−kq
q + |z − y|

λ−n−kq
q

)
= C̃|||u|||k,q,λ|x− y|

λ−n−kq
q

for some C̃ independent of x, y. Hence we are done. �

Lemma 10. Suppose Ω ⊂ Rn is a convex A-weighted domain and u ∈ Lq,λk (Ω;AQ(Rm)), where

k ∈ {1, 2, . . . } and λ > n + kq. Then for any |p| ≤ k − 1 the function vp is differentiable, and

moreover for each i ∈ {1, . . . , Q}, j ∈ {1, . . . , n},

Djv
i
p = vip+ej
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where ej ∈ Rn denotes the j’th standard basis vector.

Proof. We work by downwards induction on |p|. Fix a multi-index p with |p| ≤ k− 1 and

x0 ∈ Ω. We know from Lemma 9 that vp, where |p| = k, is Hölder continuous on Ω, and so

in our induction we may assume without loss of generality that vp+`ej is continuous on Ω for

` = 1, 2, . . . , k − |p|.

Set Li(ρ) := vip(x0) + ρvip+ej (x0): note this is a well-defined Q-valued (affine) function, since

we know that a(k)(·, ρ) converges to v(k) uniformly by Lemma 8, and so for each i we have

vi(k) = (vip)|p|≤k is a function Ω → RN for some N = N(n,m, k), and so given an i we have a

well-defined way of choosing vip and vip+ej . We will show that L(ρ) provides the suitable linear

approximation to vp at x0 for the definition of differentiability.

Firstly, since the vi provide a natural ordering to the unordered tuples, for each x0, ρ we can

reorder a(x, ρ) to assume without loss of generality that

G(a(x, ρ), v(x))2 := inf
σ

∑
i

|vi(x)− aσ(i)(x, ρ)|2 =
∑
i

|vi(x)− ai(x, ρ)|2

i.e., the infimum is attained at σ = id.

Now note that for any σ1 ∈ SQ and any ρ with |ρ| sufficiently small:

ρ−1G(vp(x0 + ρej), L(ρ)) ≤ ρ−1G(vp(x0 + ρej), ap(x0 + ρej , 2|ρ|))︸ ︷︷ ︸
(1)

+ ρ−1G(ap(x0 + ρej , 2|ρ|), ap(x0, 2|ρ|) + ρv
σ1(·)
p+ej

(x0))︸ ︷︷ ︸
(2)

+ ρ−1G(ap(x0, 2|ρ|) + ρv
σ1(·)
p+ej

(x0), L(ρ))︸ ︷︷ ︸
(3)

.

Let us look at each term individually. For (1) we simply have from Lemma 8, as |p| ≤ k − 1,

(1) ≤ ρ−1G(v(k−1)(x0 + ρej), a(k−1)(x0 + ρej , 2|ρ|)) ≤ C|||u|||k,q,λ · ρ
λ−n−(k−1+1)q

q

and so (1)→ 0 as ρ→ 0, since λ > n+ kq. For (2), note that for any σ ∈ SQ,

(2)2 ≤ ρ−2
∑
i

∣∣∣aσ(i)
p (x0 + ρej , 2|ρ|)− aip(x0, 2|ρ|)− ρvσ1(i)

p+ej
(x0)

∣∣∣2
= ρ−2

∑
i

∣∣∣DpP
σ(i)
x0+ρej ,2|ρ|(x)|x=x0+ρej −DpP ix0,2|ρ|(x)|x=x0 − ρv

σ1(i)
p+ej

(x0)
∣∣∣2 .

Now we can readily check that

DpP
σ(i)
x0+ρej ,2|ρ|(x0 + ρej)−DpP

σ(i)
x0+ρej ,2|ρ|(x0) = −

|k|−p∑
`=1

(−1)`

`!
a
σ(i)
p+`ej

(x0 + ρej , 2|ρ|)ρ`
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and thus substituting this in and using the triangle inequality we get:

(2)2 ≤ 2ρ−2
∑
i

∣∣∣Dp[P
σ(i)
x0+ρej ,2|ρ| − P

i
x0,2|ρ|]|x=x0

∣∣∣2+2
∑
i

∣∣∣∣∣∣vσ1(i)
p+ej

(x0) +

k−|p|∑
`=1

(−1)`

`!
a
σ(i)
p+`ej

(x0 + ρej , 2|ρ|)ρ`−1

∣∣∣∣∣∣
2

.

Now choose σ = σρ such that the first sum here equals G(DpPx0+ρej ,2|ρ|(x0), DpPx0,2|ρ|(x0))2.

Since |x0 + ρej − x0| = ρ, we can apply Lemma 4 and argue as in the proof of Lemma 6 to see

that this first term → 0 as ρ → 0 (again using the fact that |p| ≤ k − 1 so that we can absorb

the ρ−2 factor and still get the decay). Moreover note that, since

DpP
σρ(i)
x0+ρej ,2|ρ|(x0)−DpP ix0,2|ρ|(x0) = a

σρ(i)
p (x0+ρej , 2|ρ|)−aip(x0, 2|ρ|)+

k−|p|∑
`=1

(−1)`

`!
a
σρ(i)
p+`ej

(x0+ρej , 2|ρ|)ρ`

we see that necessarily:

(?) |vσρ(i)
p (x0 + ρej)− vip(x0)| → 0.

Hence we see that

(2)2 ≤ o(1) + 4
∑
i

∣∣∣vσ1(i)
p+ej

(x0)− aσρ(i)
p+ej

(x0 + ρej , 2|ρ|)
∣∣∣2

≤ o(1) + 8
∑
i

|vσ1(i)
p+ej

(x0)− vσ1(i)
p+ej

(x0 + ρej)|2 + 8
∑
i

|vσ1(i)
p+ej

(x0 + ρej)− a
σρ(i)
p+ej

(x0 + ρej , 2|ρ|)|2

and so if we choose σ1 = σρ, we know that this → 0, since then by construction the second

sum equals G(vp+ej (x0 + ρej), ap+ej (x0 + ρej , 2|ρ|))2 which → 0, and the first sum → 0 by the

assumed continuity of vp+ej . Note that σ1 was arbitrary, so we can choose it dependent on ρ.

Finally for (3) we have by any σ ∈ SQ,

(3)2 ≤ ρ−2
∑
i

∣∣∣aip(x0, 2|ρ|) + ρv
σ1(i)
p+ej

(x0)− vσ(i)
p (x0)− ρvσ(i)

p+ej
(x0)

∣∣∣2
≤ 2ρ−2

∑
i

∣∣∣aip(x0, 2|ρ|)− vσ(i)
p (x0)

∣∣∣2 + 2
∑
i

|vσ1(i)
p+ej

(x0)− vσ(i)
p+ej

(x0)|2.(†)

In particular, we can re-run this argument to see that vp is continuous at x0 in the ej direction:

indeed, if instead we just had Li ≡ vip(x0), and considered G(vp(x0 + ρej), L), from the above

we would have shown that, for each j,

G(vp(x0 + ρej), L) ≤ o(1) +
∑
i

|aip(x0, 2|ρ|)− vσ(i)
p (x0)|2

and so just taking σ = id, we see this → 0. Similarly we can show vp is continuous at every

point.
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So now choosing σ = σ1(= σρ) in (†), the second sum vanishes. So we have

(3)2 ≤ ρ−2
∑
i

∣∣∣aip(x0, 2|ρ|)− v
σρ(i)
p (x0)

∣∣∣2 .
Now, for any sequence ρt → 0, we can find a subsequence ρt′ for such σρt′ ≡ σ′ is constant.

Hence since we know vp is continuous, from (?) we see that v
σ′(i)
p (x0) = vip(x0) for all i. In

particular we get along this subsequence,

(3)2 ≤ ρ−2
t′

∑
i

|aip(x0, 2|ρt′ |)− vip(x0)|2 ≤ ρ−2
t′ G(a(k−1)(x0, 2|ρt′ |), v(k−1)(x0))2

which → 0 by Lemma 8. Thus we see that every sequence ρt → 0 has a further subsequence

(ρt′)t′ such that

ρ−1
t′ G(vp(x0 + ρt′ej), L(ρt′))→ 0

which, by elementary analysis, implies that we have limρ→0 ρ
−1G(vp(x0 + ρej), L(ρ)) = 0, i.e.

vp is differentiable at x0 with derivative given by Djv
i
p = vip+ej , as required. �

Combining everything so far, we have now shown:

Corollary 11. Suppose that Ω ⊂ Rn is a convex A-weighted domain and u ∈ Lq,λk (Ω;AQ(Rm))

with λ > n+kq. Then v(0) ∈ Ck,α(Ω;AQ(Rm)), where α = λ−n−kq
q , and moreover for all |p| ≤ k

we have

Dpv(0) = vp

where v(0) = v(0,0,...,0).

Remark: If for each x0, ρ the polynomial Px0,ρ was of degree at most r < k, then we would

have ap(x0, ρ) ≡ 0 for all |p| > r, and so vp ≡ 0 for all |p| > r. In particular, Dr+1v(0) ≡ 0, and

so v(0) is a polynomial of degree at most r.

Remark: If λ > n + (k + 1)q, then α > 1, and so Dkv(0) is Hölder continuous with exponent

> 1, implying that Dkv(0) ≡ constant. Hence in this case v(0) is a polynomial of degree at most

k.

Next we prove a special case of Theorem 3, which we will use to prove the general result. For this

we need the following adaptation of the Lebesgue differentiation theorem to the multi-valued

setting:

Proposition 12 (Multi-Valued Lebesgue Differentiation Theorem). Suppose Ω ⊂ Rn is a do-

main, q ∈ [1,∞), and u ∈ Lq(Ω;AQ(Rm)). Then for Hn-a.e. x0 ∈ Ω we have

lim
ρ→0

1

ωnρn

∫
Bρ(x0)

G(u(x), u(x0))q dx = 0

where here ωn := Hn(B1(0)) is the volume of the n-dimensional unit ball in Rn.

Proof. From [Alm00] (see also [DL10, Theorem 2.1]) we know that there exists N =

N(m,Q) and a bi-Lipschitz function ξ : AQ(Rm) → ξ(AQ(Rm)) ⊂ RN such that Lip(ξ) ≤ 1
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and Lip(ξ−1) ≤ C(m,Q). Now consider the function ũ := ξ ◦ u : Ω → RN . Then since

u ∈ Lq(Ω;AQ(Rm)) and ξ is Lipschitz we see that ũ ∈ Lqloc(Ω); indeed, fixing some p ∈ Ω we

have for all x ∈ Ω,

|ũ(x)| ≤ |ũ(p)|+ G(u(x), u(p)) ≤ |ũ(p)|+ |u(x)|+ |u(p)|.

Hence applying the usual Lebesgue differentiation theorem to ũ we see that for Hn-a.e. x0 ∈ Ω,

lim
ρ→0

1

ωnρn

∫
Bρ(x0)

|ũ(x)− ũ(x0)|q dx = 0.

Hence for Hn-a.e. x0 ∈ Ω,

1

ωnρn

∫
Bρ(x0)

G(u(x), u(x0))q =
1

ωnρn

∫
Bρ(x0)

G(ξ−1(ũ(x)), ξ−1(ũ(x0)))q dx

≤ C(m,Q)q

ωnρn

∫
Bρ(x0)

|ũ(x)− ũ(x0)|q dx

→ 0

and so we are done. �

Theorem 13. Suppose Ω is a convex A-weighted domain and u ∈ Lq,λk (Ω;AQ(Rm)). Suppose

that λ > n+ kq. Then u ∈ Ck,α(Ω;AQ(Rm)), with the estimate

[u]k,α ≤ C|||u|||k,q,λ

where C = C(n,m, k, q,Q,A, λ).

Proof. Fix x0 ∈ Ω and let ρ > 0. Then by the triangle inequality and integrating over

Ω ∩Bρ(x0), since Ω is A-weighted we get for some constant C = C(q),

G(a(0)(x, ρ), u(x0))q ≤ C(q)

Aρn

∫
Ω∩Bρ(x0)

G(Px0,ρ(x), a(0)(x0, ρ))q dx︸ ︷︷ ︸
(1)

+
C(q)

Aρn

∫
Ω∩Bρ(x0)

G(Px0,ρ(x), u(x))q dx︸ ︷︷ ︸
(2)

+
C(q)

Aρn

∫
Ω∩Bρ(x0)

G(u(x), u(x0))q dx︸ ︷︷ ︸
(3)

.

For (1) notice that for all ρ < 1,

G(Px0,ρ(x), a(0)(x0, ρ))2 ≤
∑
i

|P ix0,ρ(x)− ai(0)(x0, ρ)|2 =
∑
i

∣∣∣∣∣∣
∑
|p|6=0

aip(x0, ρ)

p!
· (x− x0)p

∣∣∣∣∣∣
2

≤ Kρ2

for some constant independent of ρ, since aip converge uniformly and so are bounded. Hence

we see that (1) → 0 as ρ → 0. For (2) simply notice that (2) ≤ C(q)
Aρn · ρ

λ · |||u|||qk,q,λ → 0 since
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λ > n + kq. For the final term, for ρ sufficiently small we have Bρ(x0) ⊂ Ω, and so (3) → 0

follows for Hn-a.e. x ∈ Ω from the Lebesgue differentiation theorem (Proposition 12).

Hence we see that for Hn-a.e. x0 ∈ Hn, limρ→0 G(a(0)(x, ρ), u(x0))q = 0 i.e., we have v(0) = u

Hn-a.e. in Ω. Since v(0) ∈ Ck,α(Ω;AQ(Rm)) from Corollary 11, this completes the proof. �

Finally, using Theorem 13 we are able to prove the full Campanato regularity theorem, Theorem

3.

Proof of Theorem 3. Clearly since we are taking an infimum over a larger set, Lq,λ` (Ω;AQ(Rm)) ⊂
Lq,λk (Ω;AQ(Rm)) and |||u|||k,q,λ ≤ |||u|||`,q,λ. Now take u ∈ Lq,λk (Ω;AQ(Rm)), where λ, `, k obey

the stated relations. Fix a multi-index p with ` < |p| ≤ k. Fixing ρ0, we get from the argument

in Lemma 7 that for any i ≥ 1 and x0 ∈ Ω, since n+ |p|q ≥ λ,

G(ap(x0, ρ0), ap(x0, 2
−iρ0)) ≤ C|||u|||k,q,λ

i−1∑
j=0

2
j
(
n+|p|q−λ

q

)
· ρ

λ−n−|p|q
q

0

= C|||u|||k,q,λ · ρ
λ−n−|p|q

q

0 · 2
i
(
n+|p|q−λ

q

)
− 1

2
n+|p|q−λ

q − 1

≤ C̃|||u|||k,q,λ ·
(ρ0

2i

)λ−n−|p|q
q

where C̃ can depend on |p|, although this will not matter. Now for any ρ < ρ0 we can find

i ∈ {0, 1, . . . } with ρ/ρ0 ∈ [2−(i+1), 2−i), and so by the above inequality with this i we have

G(ap(x0, ρ0), ap(x0, 2
−iρ0)) ≤ C̃|||u|||k,q,λ · ρ

λ−n−|p|q
q .

Hence we have from Lemma 4 that, estimating as in the proof of Lemma 8,

G(ap(x0, ρ), ap(x0, 2
−iρ0))q ≤ C1

ρn+|p|q

∫
Ω∩Bρ(x0)

G(Px0,ρ, Px0,2−iρ0
)q ≤ C|||u|||qk,q,λ·

(
ρλ + (2−iρ0)λ

ρn+|p|q

)
i.e.

G(ap(x0, ρ), ap(x0, 2
−iρ0)) ≤ C|||u|||k,q,λρ

λ−n−|p|q
q .

Combining the last inequalities we see that for any ρ ≤ ρ0,

|ap(x0, ρ)| ≤ C̄|||u|||k,q,λ · ρ
λ−n−|p|q

q + |ap(x0, ρ0)|.

Now applying Lemma 4 with F = Px0,ρ0 and G ≡ 0, we have

|ap(x0, ρ0)|q ≤ C1

ρ
n+|p|q
0

∫
Ω∩Bρ0 (x0)

|Px0,ρ0 |q ≤
C̃

ρ
n+|p|q
0

[∫
Ω∩Bρ0 (x0)

G(Px0,ρ0 , u)q +

∫
Ω
|u|q
]

≤ C̃

ρ
n+|p|q
0

[
|||u|||qk,q,λ · ρ

λ
0 + ‖u‖qLq(Ω)

]
= C̄‖u‖qk,q,λ
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where C̄ depends on p and ρ0. Note that this is ‖u‖k,q,λ and not |||u|||k,q,λ. Hence we see that

for any ρ < 1, x0 ∈ Ω and |p| > `, we have since λ < n+ |p|q,

|ap(x0, ρ0)| ≤ C‖u‖k,q,λ · ρ
λ−n−|p|q

q .

Thus for all such ρ, x0, p we see |ap(x0, ρ)| ≤ C‖u‖k,q,λ · ρ
λ−n−|p|q

q . Hence, for any x0 ∈ Ω, ρ < 1,

inf
P∈P`

∫
Ω∩Bρ(x0)

G(u, P )q ≤
∫

Ω∩Bρ(x0)
G

u,∑
|p|≤`

ap(x0, ρ)

p!
(x− x0)p

q

≤ 2q
∫

Ω∩Bρ(x0)
G(u, Px0,ρ)

q + 2q
∫

Ω∩Bρ(x0)
G

Px0,ρ,
∑
|p|≤`

ap(x0, ρ)

p!
· (x− x0)p

q

≤ 2q|||u|||qk,q,λ · ρ
λ + 2q

∫
Ω∩Bρ(x0)

∑
i

∣∣∣∣∣∣
∑

`<|p|≤k

ap(x0, ρ)

p!
· (x− x0)p

∣∣∣∣∣∣
2q/2

≤ 2q|||u|||qk,q,λ · ρ
λ + C‖u‖qk,q,λ · ρ

λ

≤ C̃‖u‖qk,q,λρ
λ.

Now when ρ ≥ 1, this bound is immediate because we know that

inf
P∈P`

∫
Ω∩Bρ(x0)

G(u, P )q ≤
∫

Ω∩Bρ(x0)
G(u,QJ0K)q ≤ ‖u‖qq ≤ ‖u‖

q
k,q,λρ

λ.

So hence we see that

|||u|||q`,q,λ ≤ C‖u‖
q
k,q,λ

i.e. we see that u ∈ Lq,λ` (Ω;AQ(Rm)). Hence as λ > n + `q we can apply Theorem 13 to get

the result. �

1. Modifications relevant to minimal surface regularity theory

We now give two additional lemmas which are relevant for the regularity theory of stationary

integral varifolds, relevant to Chapter 5. The reason behind needing these modifications is that

often we will have certain integral expressions over balls which decay with the radius at a certain

rate, but only for radii such that the ball does not intersect some bad set. One key example is a

boundary point, where we may only have estimates in the interior and so cannot say anything

about the boundary regularity unless we have some control of the integrals at the boundary.

Another key example for us is interior branch points of multi-valued harmonic functions. Not

having a uniform lower bound on the radii which we can apply the estimates to means we cannot

immediately deduce that the functions lie in a certain Campanato space, and so cannot deduce

any regularity near the bad set. However if the points on the bad set also have certain integral

expressions which decay, and there is a uniform lower bound on the radii we can apply this

to, we are able to deduce regularity up to the bad set so long as we can compare the integral

expressions as the good points to those at the bad points. This is exactly the set up for the first

case, Lemma 14, which we then use to prove a more general version, where there are multiple
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“layers” of bad points: these can be thought of as “very bad” points, “bad points”, and “good

points”, and so forth.

Lemma 14. Suppose Ω ⊂ Rn is a convex domain and u : Ω→ AQ(Rm). Let Γ ⊂ Ω be a closed

subset and let Ω′ ⊂ Ω′′ ⊂ Ω be open such that Ω′ ⊂ Ω′′ and Ω′′ ⊂ Ω are compact. Suppose also

Ω′ is a convex A-weighted domain. Suppose that there are numbers k ∈ {0, 1, . . . }, q ∈ [1,∞),

β1, β2, β ∈ (0,∞), µ ∈ (0, 1), and ε ∈ (0, 1/4) such that we have the following:

(I) For each x0 ∈ Γ ∩ Ω′′, there exists Px0 ∈ Pk with supΩ |Px0 | ≤ β such that for all

0 < σ ≤ ρ/2 ≤ ε/2,

σ−n−kq
∫
Bσ(x0)∩Ω

G(u(x), Px0(x))q dx ≤ β1

(
σ

ρ

)qµ
· ρ−n−kq

∫
Bρ(x0)∩Ω

G(u(x), Px0(x))q dx;

(II) For each x0 ∈ Ω′′\Γ, there exists Px0 ∈ Pk such that for every y ∈ Γ ∩ Ω′′ and every

0 < σ ≤ ρ/2 < 1
2 min{1/4, dist(x0,Γ)},

σ−n−kq
∫
Bσ(x0)∩Ω

G(u(x), Px0(x))q dx ≤ β2

(
σ

ρ

)qµ
· ρ−n−kq

∫
Bρ(x0)∩Ω

G(u(x), Py(x))q dx.

Then u ∈ Ck,λ(Ω′;AQ(Rm)) for some λ = λ(n,m, k, q,Q,A, β1, β2, ε, µ, dist(Ω′,Ω′′))

with the estimate

‖u‖k,λ;Ω′ ≤ C
(
βq +

∫
Ω′′
|u|q
)1/q

where C = C(n,m, k, q,Q,A, β1, β2, ε,dist(Ω′,Ω′′)).

Remark: Unlike in [Wic14, Lemma 4.3], in (II) we only require the integral on the right-hand

side to include those P ∈ Pk which are of the form P = Py for some y ∈ Γ ∩ Ω′′. Whilst this

does not modify the proof, we need this weaker hypothesis later on to choose certain Γ.

Proof. Consider an arbitrary point z ∈ Ω′ and ρ ∈ (0, ε). Fix γ < 1
2 min{1/4, dist(Ω′,Ω′′)}

to be chosen later with the desired dependencies. Now if there is a point y ∈ Γ ∩ Bγρ(z), then

we have y ∈ Ω′′ and so from property (II),

(γρ)−n−kq
∫
Bγρ(z)∩Ω

G(u, Py)
q ≤ 2n+kq(γρ+ |z − y|)−n−kq

∫
Bγρ+|z−y|(y)∩Ω

G(u, Py)
q

≤ 2n+kqβ1

(
γρ+ |z − y|
ρ− |z − y|

)qµ
· (ρ− |z − y|)−n−kq

∫
Bρ−|z−y|(y)∩Ω

G(u, Py)
q

≤ 4n+kqβ1

(
2γ

1− γ

)qµ
· ρ−n−kq

∫
Bρ(y)∩Ω

G(u, Py)
q.

So choosing γ̃ = γ̃(n, k, q, β1, µ) such that 4n+kqβ1

(
2γ̃

1−γ̃

)qµ
< 1

4 , we see that if γ = 1
2 min{γ̃, ε}

we have

(1) (γρ)−n−kq
∫
Bγρ(z)∩Ω

G(u, Py)
q ≤ 1

4
· ρ−n−kq

∫
Bρ(y)∩Ω

G(u, Py)
q
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for any z ∈ Ω′ and ρ ∈ (0, ε), provided y ∈ Γ ∩ Bγρ(z). If on the other hand Γ ∩ Bγρ(z) = ∅,
then by (II) we have for any P ∈ Pk of the form P = Py for some y ∈ Γ ∩ Ω′′ that, for any

σ ∈ (0, 1/2],

(2) (σγρ)−n−kq
∫
Bσγρ(z)∩Ω

G(u, Pz)
q ≤ β2σ

qµ · (γρ)−n−kq
∫
Bγρ(z)∩Ω

G(u, P )q.

Now fix any z ∈ Ω′\Γ with dist(z,Γ) ≤ γ. Let j∗ ∈ {1, 2, . . . } be minimal such that Γ ∩
Bγj∗+1(z) = ∅. Then we can apply (1) with ρ = γ, γ2, . . . , γj∗−1 to get that for each j = 2, . . . , j∗

(if y∗ ∈ Γ ∩ Ω′′ is chosen such that |z − y∗| = dist(z,Γ)),

(3) (γj)−n−kq
∫
B
γj

(z)∩Ω
G(u, Py∗)

q ≤ 1

4
· (γj−1)−n−kq

∫
B
γj−1 (y)∩Ω

G(u, Py∗)
q

and applying (2) with ρ = γj∗ that, for each σ ∈ (0, 1/2] and P = Py for y ∈ Γ ∩ Ω′′,

(4) (σγj∗+1)−n−kq
∫
B
σγj∗+1 (z)∩Ω

G(u, Pz)
q ≤ β2σ

qµ · (γj∗+1)−n−kq
∫
B
γj∗+1 (z)∩Ω

G(u, P )q.

Set P∗ := Py∗ . Take σ = 1/2, P = P∗ in (4) and j = j∗ in (3) to get (after iterating (3)):

(
1

2
γj∗+1

)−n−kq ∫
B 1

2 γ
j∗+1 (z)∩Ω

G(P∗, Pz)
q

≤ 2q
(

1

2
γj∗+1

)−n−kq ∫
B 1

2 γ
j∗+1 (z)∩Ω

G(u, Pz)
q + 2q (γ/2)−n−kq · (γj∗)−n−kq

∫
B
γj∗ (z)∩Ω

G(u, P∗)
q

≤ Cβ2(1/2)qµ(γj∗+1)−n−kq
∫
B
γj∗+1 (z)∩Ω

G(u, P∗)
q + C · 4−(j∗−1) · γ−n−kq

∫
Bγ(y)∩Ω

G(u, P∗)
q

≤ C4−(j∗−1)

∫
Bγ(y)∩Ω

G(u, P∗)
q

where C = C(n, k, q, γ, µ, β2). In the last inequality we have again used (3). Now since these

are Q-valued polynomials of degree at most k, for each j = 1, 2, . . . , j∗ we have by substituting

x̃ = f(x) := 1
2γ

j∗+1−j(x − z) + z in the integral (and noting that by convexity of Ω we have

f(Ω) ⊂ Ω):

(γj)−n−kq
∫
B
γj

(z)∩Ω
G(P∗(x), Pz(x))q dx

= (γj)−n−kq
∫
B 1

2 γ
j∗+1 (z)∩Ω

G(P∗(f
−1(x̃)), Pz(f

−1(x̃)))q ·
(

1

2
γj∗+1−j

)−n
dx̃

≤ (γj)−n−kq ·
(

1

2
γj∗+1−j

)−n−kq ∫
B 1

2 γ
j∗+1 (z)∩Ω

G(P∗(x̃), Pz(x̃))q dx̃

≤ C4−(j∗−1)

∫
Bγ(y)∩Ω

G(u, P∗)
q

≤ C4−j
∫
Bγ(y)∩Ω

G(u, P∗)
q



228 Multi-Valued Campanato Spaces

for some C = C(n, k, q, β1, β2, µ, ε, dist(Ω′,Ω′′)) independent of j, i.e. for each j = 1, 2, . . . , j∗

we have

(5) (γj)−n−kq
∫
B
γj

(z)∩Ω
G(P∗, Pz)

q ≤ C4−j
∫
Bγ(y)∩Ω

G(u, P∗)
q.

Using (5) with (3) we see that for each j = 1, . . . , j∗,

(6) (γj)−n−kq
∫
B
γj

(z)∩Ω
G(u, Pz)

q ≤ C4−(j−1)

∫
Bγ(y)∩Ω

G(u, P∗)
q.

Now let ρ ∈ (0, γ/2]. Then if we have ρ ≤ 1
2γ

j∗+1, then we can write ρ = σγj∗+1 for some

σ ∈ (0, 1/2], and then by (4) we have (choosing P = P∗ as estimating as in the derivation of

(5)):

ρ−n−kq
∫
Bρ(z)∩Ω

G(u, Pz)
q ≤ Cσqµ4−(j∗−1)

∫
Bγ(y)∩Ω

G(u, P∗)
q

≤ C(σγj∗)qµ
′
∫
Bγ(y)∩Ω

G(u, P∗)
q

where µ′ = min{µ, q−1 logγ(1/4)}: recall γ < 1/4 which ensures µ′ ∈ (0, 1); thus we get for such

ρ,

(7) ρ−n−kq
∫
Bρ(z)∩Ω

G(u, Pz)
q ≤ Cρqµ

∫
Bγ(y)∩Ω

G(u, P∗)
q.

On the other hand, if ρ ∈ (0, γ/2] has ρ > 1
2γ

j∗+1, then we can find j ∈ {1, 2, . . . , j∗} for which

γj+1 < 2ρ ≤ γj , and so by (6) we have

(8) ρ−n−kq
∫
Bρ(z)∩Ω

G(u, Pz)
q ≤ Cρqλ

∫
Bγ(y)∩Ω

G(u, P∗)
q

where λ = logγ(1/4) ∈ (0, 1). Combining (7) and (8) we see that for any z ∈ Ω′\Γ with

dist(z,Γ) ≤ γ, we have for all ρ ∈ (0, γ/2], if µ̃ := min{λ, µ′},

(9) ρ−n−kq
∫
Bρ(z)∩Ω

G(u, Pz)
q ≤ Cρqµ̃

∫
Bγ(y)∩Ω

G(u, P∗)
q.

In particular since supΩ |P∗| ≤ β we have that

ρ−(n+q(k+µ̃))

∫
Bρ(z)∩Ω

G(u, Pz)
q ≤ C

(
βq +

∫
Ω′′
|u|q
)

where now C also depends on m,Q. For z ∈ Ω′\Γ with dist(z,Γ) > γ the same inequality

follows immediately from (II), for all ρ ∈ (0, γ/2]. If z ∈ Ω′ ∩ Γ, again the same inequality

follows from (I). In all of this modifications to µ̃, C, may need to be made but they have the

same dependencies. Hence we see that u ∈ Lq,λ̃k (Ω′;AQ(Rm)) where λ̃ = n + q(k + µ̃), and so

we can apply Theorem 3 to conclude that u ∈ Ck,λ̃(Ω′;AQ(Rm)), with the desired estimate.
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�

The following more general version of Lemma 14 will be necessary when there are two different

types of “bad” points, which in our case will be boundary points and interior branch points for

multi-valued harmonic functions.

Lemma 15. Suppose Ω ⊂ Rn is a convex domain and we have (Qi)
N
i=1, (mi)

N
i=1 ⊂ Z≥1 and

ui : Ω → AQi(Rmi) for i = 1, . . . , N . Suppose we have Ω′ ⊂⊂ Ω′′ ⊂⊂ Ω, with Ω′ a convex

A-weighted domain. Suppose also that Γ ⊂ Ω is a closed, non-empty subset, and we have

Γ1, . . . ,ΓN ⊂ Ω\Γ such that Γi ⊂ Γ ∪ Γi. Suppose that there are numbers k ∈ {0, 1, 2, . . . },
q ∈ [1,∞), β, β0 ∈ (0,∞), (βi)

N
i=1, (β̃i)

N
i=1 ⊂ (0,∞)N , µ ∈ (0, 1), ε ∈ (0, 1/4) and subsets

P0,Pi,P ⊂ Pk with supΩ |P | ≤ β for all P ∈ P0, such that we have the following:

(I) For each x0 ∈ Γ∩Ω′′, there exists P 1
x0
, . . . , PNx0

∈ P0 such that for all 0 < σ ≤ ρ/2 ≤ ε/2
we have:

σ−n−kq
∫
Bσx0∩Ω

N∑
i=1

G(ui, P
i
x0

)q ≤ β0

(
σ

ρ

)qµ
ρ−n−kq

∫
Bρ(x0)∩Ω

N∑
i=1

G(ui, P
i
x0

)q;

(II) For each i ∈ {1, . . . , N}, we have for each x1 ∈ Ω′′ ∩ Γi\Γ there exists P ix1
∈ Pi such

that for every P ∈ P0 and every 0 < σ ≤ ρ/2 ≤ 1
2 min{1/4,dist(x1,Γ)} we have:

σ−n−kq
∫
Bσ(x1)∩Ω

G(ui, P
i
x1

)q ≤ βi
(
σ

ρ

)qµ
ρ−n−kq

∫
Bρ(x1)∩Ω

G(ui, P )q;

(III) For each i ∈ {1, . . . , N}, we have for each x2 ∈ Ω′′\(Γ ∪ Γi) there exists P ix2
∈ P such

that for every P ∈ P0 ∪Pi and every 0 < σ ≤ ρ/2 ≤ 1
2 min{1/4,dist(x2,Γ ∪ Γi)} we

have:

σ−n−kq
∫
Bσ(x2)∩Ω

G(ui, P
i
x2

)q ≤ β̃i
(
σ

ρ

)qµ
ρ−n−kq

∫
Bρ(x2)∩Ω

G(ui, P )q.

Then ui ∈ Ck,λ(Ω′;AQi(Rmi) for each i, with the estimate

‖ui‖k,λ;Ω′ ≤ C

(
βq +

∫
Ω′′

N∑
i=1

|ui|q
)1/q

where λ,C both depend on n, (mi)i, k, q, (Qi)i, N,A, β0, (βi)i, (β̃i)i, ε,dist(Ω′,Ω′′)), and λ can

also depend on µ.

Remark: The proof will follow in the same way as Lemma 14: essentially whenever a point

z ∈ Ω′\(Γ ∪ Γi) is either closer to Γ than Γi, or the distances have the same order, we can

complete the proof in a similar manner to Lemma 14 using (I) and (III). The only issue

comes when Γi is much closer in order to z than Γ, in which case we need to use (II) with

(III). Then we can use (I) and (II) in the same manner as Lemma 14 to complete the proof.
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Remark: In our applications, we will have Ω = B1(0) ∩ H ⊂ Rn, where H := {x1 > 0}
is a half-plane, and Ω′ = B1/8(0) ∩ H. Γ will be a subset of ∂H of a priori “bad” points,

but which we do have good integral estimates for uniformly lower bounded radii. The Γi

will then be the set of branch points of a multi-valued harmonic function: this will include

some boundary points which are branch points of an odd reflection of the function, which

will exist so long as we have C1 regularity on a neighbourhood of the boundary a priori. The

condition on Γi is to ensure that Γ ∪ Γi is a closed set for each i, and so if z ∈ Ω′\(Γ ∪ Γi),

then dist(z,Γ ∪ Γi) > 0: this prevents us having a point on ∂H in the complement of Γ ∪ Γi

which is a limit point of interior branch points.

Proof. Note first that for each z ∈ Γi\Γ we may repeat the argument seen in the proof of

Lemma 14 (with only minor modifications to deal with the new form of (I)) to find that we can

find µ̃ such that for all ρ > 0,

(10) ρ−n−kq
∫
Bρ(z)∩Ω

G(ui, P
i
z)
q ≤ Cρqµ̃

(
βq +

∫
Ω′′

∑
i

|ui|q
)

where µ̃, C have all the allowed dependencies.

Now fix i ∈ {1, . . . , N}. Suppose z ∈ Ω′\(Γ∪Γi). Let γ < 1
2 min{1/4,dist(Ω′,Ω′′)} to be chosen

later and let ρ ∈ (0, ε). Note that if Bγρ(z) ∩ Γ 6= ∅, then in the same way as Lemma 14,

choosing yΓ ∈ Γ with dist(z,Γ) = |z − yΓ|, we have for suitable γ,

(γρ)−n−kq
∫
Bγρ(z)∩Ω

∑
j

G(uj , P
j
yΓ

)q ≤ 1

4
· ρ−n−kq

∫
Bρ(yΓ)∩Ω

∑
j

G(uj , P
j
yΓ

)q.

However, when Bγρ(z)∩Γ = ∅, we cannot proceed as in the proof of Lemma 14, since we could

have Bγρ(z) ∩ Γi 6= ∅, and so (III) is not applicable in the form we want, i.e. with a uniform

lower bound on the radii we can apply it to.

Assume now dist(z,Γ) < γ: if this is not true then (i) if dist(z,Γi) < γ/4, we can follow the proof

of Lemma 14 just with Γi in place of Γ to get the result at z, or (ii) If dist(z,Γi) ≥ γ/4, then we

can just apply (III) to get the result at z. So choose jΓ minimal such that BγjΓ+1(z) ∩ Γ = ∅.
Then in the same way as Lemma 14, for each j = 2, . . . , jΓ we have (choosing yΓ as above and

setting PΓ := PyΓ)

(11) (γj)−n−kq
∫
B
γj

(z)∩Ω

∑
`

G(u`, P
`
Γ)q ≤ 1

4
· (γj−1)−n−kq

∫
B
γj−1 (yΓ)∩Ω

∑
`

G(u`, P
`
Γ)q.

Now, if dist(z,Γi) ≥ γjΓ+M , M ≥ 3 to be chosen (dependent only on the allowed parameters),

then we can still follow the proof of Lemma 14 to get the result (as we get the same estimates on

P zi and P iΓ, and we have a large enough region around z to apply (III)). So assume dist(z,Γi) <

γjΓ+M , and let y∗ ∈ Γi be such that |z − y∗| = dist(z,Γi); note that since z 6∈ Γi ∪ Γ = Γ ∪ Γi,

we have dist(z,Γi) > 0. So let j∗ ∈ {0, 1, 2, . . . } be minimal such that BγjΓ+M+j∗+1(z) ∩ Γi = ∅.

We know that dist(yi,Γ) > γjΓ+1 − γjΓ+M ≥ γjΓ+1(1− γ2), meaning that we can apply (II) for

all 0 < σ ≤ ρ/2 ≤ 1
2γ

jΓ+1(1−γ2). Thus, since Bρ(z) ⊂ Bρ+γjΓ+M (y∗), for j = 2, . . . ,M + j∗−1,
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we have from (II), in the same way as (1), for suitable γ,

(12) (γjΓ+j+1)−n−kq
∫
B
γjΓ+j+1 (z)∩Ω

G(ui, P
i
y∗)

q ≤ 1

4
· (γjΓ+j)−n−kq

∫
B
γjΓ+j (y∗)∩Ω

G(ui, P
i
y∗)

q.

Now since BγjΓ+M+j∗+1(z) ∩ Γi = ∅, we can apply (III) to get that, for any σ ∈ (0, 1/2],

(σγjΓ+M+j∗+1)−n−kq
∫
B
σγjΓ+M+j∗−1 (z)∩Ω

G(ui, P
i
z)
q ≤ β̃iσqµ(γjΓ+M+j∗+1)−n−kq

∫
B
γjΓ+M+1+j∗ (z)∩Ω

G(u, P )q.

Now following the proof of Lemma 14, we get that for each j = 2, . . . ,M + j∗ − 1,

(γjΓ+j+1)−n−kq
∫
B
γjΓ+j+1 (z)∩Ω

G(ui, P
i
z)
q ≤ C4−j(γjΓ+2)−n−kq

∫
B
γjΓ+2 (y∗)∩Ω

G(ui, P
i
y∗)

q.

Hence following the proof of Lemma 14 again, we see that for any ρ < 1
2γ

jΓ+M+j∗+1 we have

for some µ′ ∈ (0, 1),

ρ−n−kq
∫
Bρ(z)∩Ω

G(ui, P
i
z)
q ≤ Cρqµ′ · (γjΓ)−n−kq−qµ

′
∫
B
γjΓ

(y∗)∩Ω
G(ui, P iy∗)

q.

Also, if γjΓ+j+1 < 2ρ ≤ γjΓ+j holds for some j = 3, . . . ,M + j∗ − 1, then again we have the

same inequality, e.g. if M = 4, we see that for any ρ < 1
2γ

jΓ+3 we have

ρ−n−kq−qµ
′
∫
Bρ(z)∩Ω

G(ui, P
i
z)
q ≤ C(γjΓ)−n−kq−qµ

′
∫
B
γjΓ

(y∗)∩Ω
G(ui, P iy∗)

q

from which the desired bound (for a suitable exponent) follows from (10).

Now suppose ρ ≥ 1
2γ

jΓ+3. Then we simply have from inclusions, since |z − y∗| ≤ γjΓ+4 < ρ,

ρ−n−kq−qµ
′
∫
Bρ(z)

G(ui, P
i
y∗)

q ≤ 2n+kq+qµ′ (ρ+ |z − y∗|)−n−kq−qµ
′
∫
Bρ+|z−y∗|(y∗)∩Ω

G(ui, P
i
y∗)

q

which then applying (10) tells us that, for every ρ > 0,

ρ−n−kq−qµ
′

inf
P∈Pk

∫
Bρ(z)

G(ui, P )q ≤ C

(
βq +

∫
Ω′′

∑
i

|ui|q
)

and so since z ∈ Ω′\(Γ∪Γi) as arbitrary, and since this inequality has already been established

for z ∈ Ω′ ∩ (Γ ∪ Γi), we see that ui ∈ Lλ,qk (Ω′;AQi(Rmi), as so applying Theorem 3 we are

done. �





CHAPTER 7

Topological Properties of VarTanZ(V )

Fix a stationary integral n-varifold V in Bn+k
2 (0). The purpose of this final chapter is to study

the space of tangent cones at a point in V , that is, VarTanZ(V ), as a topological space in its own

right. It would seem that some of these results are already known, albeit not in the literature

as far as the author is aware; in either case, their consequences do not seem to have been

studied. Interestingly, many of the issues that arise at the varifold level, such as density gaps,

are also present at the level of VarTanZ(V ), and thus VarTanX(V ) seems to already contain

some interesting structure which can be used to establish properties at the varifold level also.

Of course, as in Open Problem 1 in Chapter 1, the dream would be if |VarTanZ(V )| = 1, i.e.

at each point there is a unique tangent cone.

Let us set up some notation. Without loss of generality suppose Z ∈ spt‖V ‖. Recall the

following standard facts:

(i) Each C ∈ VarTanZ(V ) is a stationary integral cone with ΘC(0) = ΘV (Z), which is

translation invariant along a subspace S(C), the spine of C, which obeys S(C) = {X ∈
spt‖C‖ : ΘC(X) = ΘC(0)}; thus dim(S(C)) ∈ {0, 1, . . . , n}.

(ii) By the constancy theorem, each connected component of reg(C) occurs with a constant

integer multiplicity.

In particular, if spt‖C‖ = P is a plane, then C = q|P |, where q = ΘV (Z) ∈ {1, 2, . . . }. Already

this raises a natural question:

Open Problem 7: Does the support of the tangent cone determine the tangent cone

uniquely, i.e. if C,C′ ∈ VarTanZ(V ) have spt‖C‖ = spt‖C′‖, must C = C′?

A bad example would be a situation where C = 2|P1| + |P2| and C′ = |P1| + 2|P2| both arise

as tangent cones in VarTanZ(X), where P1 6= P2 are distinct planes. See later for some further

discussion on this.

In light of this, let us write V := {spt‖C‖ : C ∈ VarTanZ(V )} for the set of supports of tangent

cones in VarTanZ(V ); for notational simplicity, we shall take some liberty in not distinguishing

between spt‖C‖ and C in places. One may then equip V with the metric induced from the

Hausdorff distance:

d(C1,C2) := distH(spt‖C1‖ ∩B1, spt‖C2‖ ∩B1).

Let us first prove some basic topological properties:

Lemma 1. V is (sequentially) compact; in particular it is closed and complete.

233
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Proof. Suppose (Cj)j ⊂ V. Let εj ↓ 0. We may then find ρj ↓ 0 with, for each j,

distH(spt‖(ηZ,ρj )#V ‖ ∩B1, spt‖Cj‖ ∩B1) < εj .

Now pass to a subsequence (j′) ⊂ (j) with (ηZ,ρj′ )#V ⇀ C ∈ VarTanZ(V ); hence

distH(spt‖(ηZ,ρj′ )#V ‖ ∩B1, spt‖C‖ ∩B1)→ 0.

Combining the above inequalities and using the triangle inequality, we see that d(Cj′ ,C)→ 0,

i.e. Cj′ → C. �

The key property we need is the following lemma:

Lemma 2. Suppose S ⊂ V obeys S 6∈ {∅,V}. Then d(S,V\S) = 0.

Proof. Write S1 = S and S2 = V\S, so that V = S1 ∪ S2. Suppose for contradiction that

d(S1, S2) > 0; then we may find δ ∈ (0, 1) such that Bδ(S1) ∩ Bδ(S2) = ∅; clearly Bδ(S1) ∪
Bδ(S2) = V. Now for ε < 1

2δ to be chosen later, clearly we have, by definition of VarTanZ(V ),

that there is ρ0 > 0 such that

(0, ρ0) ⊂ {ρ ∈ (0, 1) : (ηZ,ρ)#V ∈ Bε(V)}

where here by (ηZ,ρ)#V ∈ Bε(V) we mean that for some C ∈ V we have

distH(spt‖(ηZ,ρ)#V ‖ ∩B1, spt‖C‖ ∩B1) < ε.

Now set for i = 1, 2

Ii := {ρ ∈ (0, ρ0) : (ηZ,ρ)#V ∈ Bε(Si)}.

Clearly by construction I1 ∪ I2 = (0, ρ0) and I1 ∩ I2 = ∅. Therefore it suffices to show that

each of I1, I2 is open, as then by connectedness of (0, ρ0) we would get that one of I1, I2 is

empty, implying that one of S1 or S2 is empty, a contradiction to S 6∈ {∅,V}. But clearly

each Ii is open since if not (without loss of generality i = 1) we would have ρj → ρ ∈ (0, ρ0)

with (ηZ,ρ)#V ∈ Bε(S1) yet (ηZ,ρj )#V ∈ Bε(S2) for each j, which is clearly a contradiction as

Bε(S1)∩Bε(S2) = ∅ and varifold distance implies local convergence of the supports in Hausdorff

distance. �

Lemma 3. V is connected.

Proof. Suppose not: then V = S1 ∪ S2 for disjoint open subsets S1, S2 ⊂ V. In particular,

S2 = V\S1, and so Lemma 2 gives d(S1, S2) = ∅, i.e. we may find sequences (Cj)j ⊂ S1 and

(C′j)j ⊂ S2 with Cj ,C
′
j → C. But V is closed, and so are S1, S2, and so this would imply

C ∈ S1 ∩ S2, a contradiction. �

Thus we now have:

Proposition 4. Either V = {C} is a singleton or it is a connected, perfect set; in the latter

case, |V| = |R|.
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Proof. If V is not a singleton, then the connectedness (Lemma 3) of V gives that no point

of V is isolated. Hence as V is closed (Lemma 1), V is a perfect set. In particular, as V is a

metric space, it is separable, and a standard argument due to Cantor gives that V has cardinality

|R|. �

One property of V which still appears to be unclear is path-connectedness. Indeed, it would

seem that there is no natural way of constructing a path between two distinct tangent cones

(we will see later that the situation of taking convex combinations of sequences generating the

two tangent cones is hopeless). We therefore include this as one of our open questions:

Open Problem 8: Is V always path-connected?

Let us return for a moment to the full tangent space VarTanZ(V ). Call a sequence (ρj)j

a tangent cone sequence if ρj ↓ 0 and (ηZ,ρj )#V ⇀ C for some C ∈ VarTanZ(V ). It can

be readily checked from the definition of varifold convergence that if (ρj)j is a tangent cone

sequence with (ηZ,ρj )#V ⇀ C, then for any positive sequence (aj)j with aj → a > 0, we have

(ηZ,ajρj )#V ⇀ C; this essentially follows from the fact that (η0,a)#C = C. Thus we observe

that if (ρj)j and (σp)p are tangent cone sequences generated C1,C2 ∈ VarTanZ(V ) respectively,

then if there are subsequences (ρj`)` and (σp`)` with ρj` � σp` , where by this notation we mean

that there exists numbers 0 < a ≤ b < ∞ such that a ≤ ρj`/σp` ≤ b for all `, then we must

have C1 = C2; indeed, after passing to a further subsequence (without relabelling) such that

ρj`/σp` → c 6= 0, one has (ηZ,ρj` )#V = (ηZ,σp` ·(ρj`/σp` )
)#V ⇀ C2, yet by uniqueness of limits

this must equal C1.

Note: This discussion implies that one cannot simply take convex combinations of tangent

cone sequences to try and “interpolate” between the two tangent cones they generate. Indeed,

if (ρj)j and (σj)j are tangent cone sequences generating C1,C2 respectively, if one considers

the convex combination rj := (1− t)ρj + tσj for some t ∈ (0, 1), then one sees that

rj/ρj = (1− t) + t(σj/ρj) and rj/σj = (1− t)(ρj/σj) + t.

Thus if ρj/σj ≤ b for infinitely many j, then rj/σj ∈ [t, t+(1−t)b], and thus (rj)j gives rise to

the same tangent cone as (σj)j . Otherwise if ρj/σj is unbounded, then along a subsequence

σj/ρj is bounded above, and so rj � ρj , i.e. (rj)j gives rise to the same tangent cone as

(ρj)j .

In particular, one can now argue the following:

Proposition 5. Suppose (ρj)j is a tangent cone sequence, i.e. (ηZ,ρj )#V ⇀ C. Then if

ρj � ρj+1, i.e. there exists 0 < a ≤ b <∞ such that a ≤ ρj/ρj+1 ≤ b for all j, then the tangent

cone is unique.

Proof. Without loss of generality take a = B−1, b = B, with B > 1. Consider the

intervals Ij := [B−1ρj , Bρj ]; by assumption, Ij ∩ Ij+1 6= ∅ for all j, as Bρj+1 ≥ B−1ρj and

B−1ρj+1 ≤ Bρj . Thus there exists ε > 0 such that (0, ε) ⊂ ∪jIj .

Now if σp is any other tangent cone sequence, we can pass to a subsequence to ensure that

σp ∈ (0, ε) for all p, and hence we can find some jp such that σp ∈ Ijp , i.e. σp/ρjp ∈ [B−1, B].
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Passing to a further subsequence if necessary to ensure that jp is increasing, by the discussion

above we see that σp gives rise to the same tangent cone as (ρj); as (σp)p was arbitrary, we are

done. �

In particular, if an exponentially decaying sequence ρj = e−aj gives rise to a tangent cone for

any a > 0, then it necessarily will be the unique tangent cone by Proposition 5. Therefore to

have non-unique tangent cones, every tangent cone sequence would need to decay to 0 at a rate

of e−ajj , where aj →∞.

Moreover, consider the partition (0, 1) = ∪∞i=0Ii, where Ii := (e−(i+1), e−i]. For every tangent

cone sequence P = (ρj)j , associate a subset AP ⊂ N by

AP := {j : P ∩ Ij 6= ∅}.

Write CP for the tangent cone generated by P = (ρj)j . If CP 6= CP ′ , then we need to have

AP ∩ AP ′ finite, otherwise one could pass to a subsequences of P and P ′ with P � P ′, and

thus CP = CP ′ , a contradiction. Thus choosing a tangent cone sequence PC for each distinct

tangent cone C ∈ VarTanZ(V ), we see that {APC
}C∈VarTanZ(V ) is a collection of infinite subsets

of N which have pairwise finite intersection. Clearly, being a subset of the powerset P(N), this

set has cardinality at most |P(N)| = |R|. What we see from Proposition 4 is that whenever the

tangent cone support is non-unique, necessarily this set has cardinality |R|.

Let us now return to studying the topological properties of V. There are some natural subsets

of V which resemble the usual strata of the singular set of stationary integral varifolds, namely:

Kj := {spt‖C‖ ∈ V : dim(S(C)) ≥ j} for j ∈ {0, 1, 2, . . . , n}.

We claim the following:

Proposition 6. Each Kj ⊂ V is a closed subset.

Proof. Suppose we have a sequence (spt‖C`‖)` ⊂ Kj with spt‖C`‖ → spt‖C‖ ∈ V. Each

S(C`) contains a j-dimensional subspace L`. Then since (L`)` ⊂ G(j, n+ k) is a sequence of j-

dimensional subspaces in the Grassmannian, it has a convergent subsequence L`′ → L for some

j-dimensional subspace L; in particular we need L ⊂ spt‖C‖. But we know that ΘC`′ ≡ ΘZ(V )

on L`′ , and so by upper semicontinuity of the density∗ we have ΘC ≥ ΘV (Z) on L, and hence

L ⊂ S(C), i.e. spt‖C‖ ∈ Kj . �

Hence if one could show that Kj was open for each j, i.e. that the subsets

Uj := {spt‖C‖ ∈ V : dim(S(C)) ≤ j}
∗Of course, this is only true if C`′ ⇀ C as varifolds. However, we can always choose C̃`′ ∈ VarTanZ(V ) with

spt‖C̃`′‖ = spt‖C`′‖ and thus we may pass to a further subsequence to ensure that C̃`′ ⇀ C̃ for some stationary

integral cone C̃. In particular, we have upper semi-continuity of the density with respect to this convergence, and
thus C̃ is translation invariant along L. But we must also have spt‖C̃‖ = spt‖C‖, and thus C is also translation
invariant along L, i.e. L ⊂ S(C).
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were closed for each j ∈ {0, 1, 2, . . . , n}, then one would have shown that the dimension of the

spine of the tangent cone was constant at a given point Z ∈ spt‖C‖ (by [NV15], we know

this is true Hj-a.e. for singular points in the jth-strata Sj). This would seem to be harder to

establish, as it is possible, for example, a sequence of transverse planes to converge to a single

(multiplicity two) plane. However, what we do have is that, whenever Kj 6= ∅ and Uj−1 6= ∅,
then d(Kj , Uj−1) = 0 by Lemma 2. In particular, as Kj is closed and Kj ∩ Uj−1 = ∅, one must

be able to find a sequence in Uj−1 which converges to an element of Kj . In particular, whenever

the tangent cone is non-unique, if we set

Aj := {spt‖C‖ ∈ V : dim(S(C)) = j} for each j ∈ {0, 1, 2, . . . , n},

then for each j with Aj 6= ∅, at least one of the following must occur:

(i) Aj = V, i.e. every tangent cone to V at Z has spine dimension j;

(ii) there is a sequence of tangent cones of spine dimension < j converging to a tangent

cone of spine dimension ≥ j;

(iii) there is a sequence of tangent cones of spine dimension j converging to a tangent cone

of spine dimension > j.

In particular we are seeing the issue of density gaps arising: this is exactly the case when tangent

cones of a smaller spine converge to one of a larger spine. We also see why homogeneous degree

one blow-ups and integrability criteria as described earlier in the thesis are so important, as

when we blow-up a sequence of cones converging to another cone, the blow-ups will necessarily

be homogeneous of degree one.

As an application of the discussion above, we can prove just from Theorem D and the Schoen–

Simon regularity theory that if V ∈ SQ has a tangent cone which is a density Q hyperplane,

then every tangent cone at the point is a density Q hyperplane†.

Corollary 7. Fix Q ∈ Z≥2. Let V ∈ SQ and suppose Z ∈ spt‖V ‖ is such that one tangent

cone in VarTanZ(V ) is a multiplicity Q hyperplane. Then every tangent cone in VarTanZ(V )

is a multiplicity Q hyperplane.

Proof. It suffices to show that Kn is open. If it is not then one can find a sequence of

tangent cones Cj ∈ VarTanZ(V ) with spt‖Cj‖ → P for some hyperplane P . We claim that no

Cj contains a classical singularity. Indeed, Cj cannot contain a classical singularity of density

Q, as then this would lie in the spine of Cj and thus Cj would need to be a classical cone;

however then by Theorem D it would need to be the unique tangent cone and in particular no

tangent cone is supported on a hyperplane. Thus Cj can only contain classical singularities of

density < Q. But once again, as we are in SQ, by Theorem D any classical singularity of density

< Q in some Cj would induce one in V , a contradiction. Thus Cj has no classical singularities.

In particular, it follows from the general stratification of the singular set that sing(Cj) = Sn−3

for each j, and so in particular Hn−2(sing(Cj)) = 0 for all j. But we have Cj ⇀ Q|P |; thus

†Of course from Theorem A we now know that the tangent cone must be unique, but without introducing
any of [Wic14] except the work in [Wic14, Section 16], in particular without needing to discuss fine blow-up
procedures at all, one is able to prove this intermediary result. The special case of the above result for area
minimising hypersurfaces mod p was proved in [DLHM+21, Corollary 1.5].
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we can apply the Schoen–Simon regularity theorem (Theorem 18) to deduce that Cj must be

regular for all j sufficiently large, i.e. Cj is a multiplicity Q hyperplane for all j sufficiently

large. �

It is interesting to note that the general rectifiability of the strata provided by Naber–Valtorta

([NV15]) gives that for Hj-a.e. element Z of the varifold strata Sj , the spine S(C) of each

C ∈ VarTanZ(V ) is unique, i.e. there is a unique j-dimensional subspace L such that each

tangent cone C ∈ VarTanZ(V ) takes the form C = C0 × L for some C0, which can vary

between C ∈ VarTanZ(V ). This result tells us in particular that if the tangent cone is non-

unique, then for any cone C = C0 × L ∈ VarTanZ(V ), one can find a sequence of cones

Cj = Cj
0 × L ∈ VarTanZ(V ) for which spt‖Cj‖ → spt‖C‖, i.e. after potentially passing to a

subsequence, Cj
0 ⇀ C0. In this situation, density gaps do not occur: indeed, each cone has

exactly the same subset of density ΘC(0) points. This would seem to be a very good situation to

be in, and matches up with the work of L. Simon ([Sim93]) almost exactly. Indeed, when all the

cones in question are cylindrical and multiplicity one, this is the situation studied in [Sim93],

with the density gap criterion a priori satisfied. It would therefore seem to be promising that,

giving appropriate representation theorems away from the origin in C0, if one can understand the

homogeneous degree one Jacobi fields on C0 then one can establish a suitable characterisation

of all the possible cross-sections which can occur, ideally establishing that they are all C1,α

perturbations off a fixed base cone.

In light of this, it would seem natural to consider points Z ∈ spt‖V ‖ where we a priori know

that every tangent cone has the same spine. Of course, in this setting the natural objects to

study are not the cones themselves, but their cross-sections, which have spine of dimension 0.

A natural class in such a setting are the tangent cones which are cylindrical, i.e.

C := {spt‖C‖ ∈ V : S(C) = sing(C)}.

Lemma 8. Let V be a stationary integral varifold and Z ∈ spt‖V ‖ a point with ΘV (Z) ≤ 2.

Then if all tangent cones in VarTanZ(V ) have the same spine dimension, then C ⊂ V is open.

Proof. Take a sequence of tangent cones (spt‖Cj‖)j ⊂ V\C, i.e. S(Cj) 6= sing(Cj), which

obey spt‖Cj‖ → spt‖C‖ ∈ V. Suppose for contradiction that C is cylindrical. Clearly if

spt‖Cj‖ is planar for some j, then by uniqueness of the spine we have that Cj is planar for

all j and so are done. Hence suppose that spt‖Cj‖ is not planar for each j. In particular,

since tangent cones with dim(S(C)) = n − 1 are necessarily cylindrical, we can assume that

dim(S(C)) ≤ n−2 always. Then S(Cj) ( sing(Cj) for each j. So choose Xj ∈ sing(Cj)\S(Cj)

with |Xj | = 1 for each j. We can pass to a subsequence to ensure that Xj → X for some

X ∈ spt‖C‖ with |X| = 1. Then by upper semi-continuity of the density we must have

that ΘC(X) > 1. Moreover we must have ΘC(X) < ΘC(0), since otherwise we would have

dim(S(C)) > dim(S(Cj)), a contradiction to the spine dimension being unique. Suppose now

for contradiction that X ∈ reg(C). As C is cylindrical, we would have dim(sing(C)) ≤ n − 2,

and thus ΘC is constant on reg(C); in particular, this constant value would need to be ΘC(X),

and thus ΘC(X) ∈ {2, 3, 4, . . . }. But ΘC(X) < ΘC(0) = ΘV (Z) ≤ 2, a contradiction. �
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We also conjecture the above result to hold without any restriction on the density, i.e.

Conjecture 4: C ⊂ V is open whenever the spine dimension is unique.

It also seems plausible that C ⊂ V could be closed under the same assumptions: this would be

particularly interesting as it would mean that for Hj-a.e. point of Sj , if one tangent cone is

cylindrical then every tangent cone must be cylindrical. We can prove:

Lemma 9. Let V be a stationary integral varifold and Z ∈ spt‖V ‖ a point with ΘV (Z) ≤
2. Suppose all tangent cones in VarTanZ(V ) have the same spine dimension. Then if Z ∈
sing(V )\Sn−4, C ⊂ V is closed; in particular, either every tangent cone is cylindrical or no

tangent cone is cylindrical.

Proof. If Z ∈ sing(V )\Sn−2 the result is trivial, thus suppose Z ∈ Sn−2\Sn−4, i.e. every

tangent cone at Z has spine dimension either n− 2 or n− 3. If C was not closed, then we can

find a sequence (Ck)k of cylindrical cones which limit onto some non-cylindrical cone C, and

thus we can find X ∈ sing(C)\S(C). If C contains any triple junction singularities, this would

induce (by [Sim93]) a triple junction singularity in Ck for k sufficiently large, a contradiction

to dim(sing(Ck)) = dim(S(Ck)) ≤ n− 2. In particular, we must have X 6∈ sing(C)\Sn−2, since

ΘC(X) < ΘC(0) ≤ 2. Similarly we cannot have X ∈ Sn−2\Sn−3, as then some tangent cone at

X would include a triple junction singularity, meaning C would. So we need sing(C) = Sn−3,

i.e. dim(sing(C)) ≤ n − 3. But as dim(S(C)) ≤ dim(sing(C)) − 1 ≤ n − 4, this would imply

Z ∈ Sn−4, a contradiction. �

Let us now give some partial answers to Open Problem 7. IfHn−1(sing(C)) = 0 (so in particular

dim(S(C)) ≤ n − 2), then we know that reg(C) is connected, and thus occurs with some

constant (integer) multiplicity; in particular if we have two such cones C,C′ ∈ VarTanZ(V )

with spt‖C‖ = spt‖C′‖, as ΘC(0) = ΘC′(0) = ΘV (Z) this immediately gives that reg(C) and

reg(C′) must occur with the same multiplicity, and thus C = C′. Moreover, one has:

Proposition 10. Let V be a stationary integral varifold. Then if there exists C0 ∈ VarTanZ(V )

with V = {spt‖C0‖}, and furthermore Hn(sing(C)) = 0, then VarTanZ(V ) = {C0}.

Proof. Take any tangent cone C ∈ VarTanZ(V ). As Hn(sing(C)) = 0, we know that ΘC

is completely determined by its values on reg(C). Thus it suffices to show that ΘC ≡ ΘC0 on

each connected component of spt‖C‖ = spt‖C0‖.

Fix such a connected component U . By the constancy theorem, ΘC|U ≡ a ∈ Z≥1 is a constant

integer, which could vary with C. However since the support of the tangent cone is unique, we

know that for each ε > 0, there is a δ > 0 such that for all ρ ∈ (0, δ) we have

distH(spt‖(ηZ,ρ)#V ‖ ∩B1, spt‖C0‖ ∩B1) < ε.

Thus for ε > 0 sufficiently small (depending on U), we can apply Almgren’s approximate

sheeting theorem ([Alm00]; see Theorem 20) on some fixed open subset Ũ ⊂ U (except on a

subset of order ε in Ũ). Thus, fixing this ε > 0 and the corresponding δ > 0, we see that we have

a map N : (0, δ)→ {1, 2, . . . , dΘZ(V )e}, sending a scale ρ to the number of sheets in Almgren’s

sheeting theorem. Moreover, this map will be locally constant, and hence by connectedness of
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(0, δ) is must be constant everywhere. But then this constant determines the multiplicity at

which U occurs in every tangent cone, i.e. C = C0. �

Whilst it is highly non-obvious in the general settings of arbitrary station integral varifolds

where the singular set can have positive Hn-measure, this may be easier to prove in the setting

of tangent cones. We therefore ask:

Open Problem 9: Must the singular set of a tangent cone C to a stationary integral

n-varifold obey Hn(sing(C)) = 0?

Note that if ΘV (Z) = Q, then we know that the multiplicity Q branch set, BQ, of each C ∈
VarTanZ(V ) must obey dim(BQ) ≤ n−2. In particular, for such cones we have dim(sing(C)) ≤
n− 1. Moreover, in the setting of V ∈ S2, this is also true for any Z ∈ spt‖V ‖ with ΘV (Z) ≤ 3

(using Theorem E).

We are now seeing that another difficulty at the varifold level is reflected at the tangent cone

level: singular sets of dimension ≥ n − 1, i.e. tangent cones which have a spine of dimension

exactly n− 1. This is tightly related to the problem of classical singularities in varifolds. Thus

another natural subset of tangent cones to look at are those which have such a singular set, i.e.

S := {spt‖C‖ ∈ V : Hn−1(sing(C)) > 0 or spt‖C‖ is a plane}.

Such cones need not have dim(S(C)) = n − 1, as illustrated by suitable unions of planes with

different axes.

Let us restrict ourselves to the natural class of stable codimension one stationary integral var-

ifolds. For such V , by the general regularity theory of Wickramasekera ([Wic14]) we know

that cone C ∈ S if and only if C is supported on a hyperplane or contains a classical singular-

ity. Moreover, such varifolds actually from an open set by the general compactness theorem of

Wickramasekera. Hence we have:

Lemma 11. Suppose V is a stationary integral varifold which is codimension one and has stable

regular part. Then S ⊂ V is open.

When is S closed? It suffices to consider a sequence of stationary codimension one cones

spt‖Cm‖ with stable regular part and each containing a classical singularity with Cm ⇀ C,

where C has no classical singularities and is not supported on a hyperplane, i.e. dim(sing(C)) ≤
n−7. In particular, we may assume that dim(S(Cm)) ≤ n−7 for all m, as Kn−7 is a closed set.

Since each Cm contains a classical singularity, Xm say, with |Xm| = 1, by upper semi-continuity

of the density we may assume that some X ∈ spt‖C‖ has ΘC(X) ≥ lim supm ΘCm(Xm), which

is in particular ≥ min{ΘV (X) : X is a classical singularity in V }. In particular, as C is not

supported on a hyperplane, we need dim(sing(C)) ≥ dim(S(Cm)) + 1. Thus we see that we

need 1 ≤ n− 7, i.e. n ≥ 8 for this situation to occur. Hence we have:

Proposition 12. Let V be a stationary codimension one integral n-varifold with stable regular

part. Then if n ≤ 7, S ⊂ V is closed. In particular, if some tangent cone at Z ∈ sing(V )

is supported on a hyperplane or contains a classical singularity, then every tangent cone is

supported on a hyperplane or contains a classical singularity.
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Moreover, for arbitrary n, if Z ∈ sing(V ) does not have the above property, then one may find

tangent cones (Cm)m,C ∈ VarTanZ(V ) with Cm ⇀ C, dim(S(Cm)) ≤ n − 7 for all m, Cm

contains a classical singularity for all m, and 1+lim supm dim(S(Cm)) ≤ dim(sing(C)) ≤ n−7.

We see in the above argument that the only obstruction to a stronger result is ruling out the

possibility that the classical singularities concentrate around the lower dimensional subspace,

such as a line. A priori it is not clear if this is possible, leading one to:

Conjecture 5: For V a stationary integral varifold which is codimension one and has

stable regular part, S ⊂ V is always closed.

Moreover, one can conjecture that the same is true for arbitrary stationary integral varifolds.

One situation where we can capitalise on this alternative if when we assume V does not contain

classical singularities up to a certain density, i.e. when V ∈ SQ. This is because, by Theorem

D, any classical singularity X present in a tangent cone C will imply that V must contain a

classical singularity of density ≤ ΘC(X). So by assuming that V ∈ SQ, we force any classical

singularity in a tangent cone to have density ≥ Q. Therefore, as the classical singularity in the

sequence (Cm)m does not belong to S(Cm), we must have ΘC(0) > Q; clearly this is false at

any point Z ∈ spt‖V ‖ where ΘV (Z) ≤ Q. Therefore we have shown:

Lemma 13. Fix Q ∈ {3
2 , 2,

5
2 , 3, . . . }. Let V ∈ SQ. Then if Z ∈ spt‖V ‖ has ΘV (Z) ≤ Q,

we have S ⊂ V is open and closed, i.e. either‡ (i) every tangent cone at Z is supported on a

plane or contains a classical singularity, or (ii) no tangent cone at Z is supported on a plane

or contains a classical singularity.

In particular, if Z ∈ Sn−1\Sn−2 then ΘV (Z) = Q and every tangent cone at Z is supported on at

most 2Q half-hyperplanes with a common boundary such that there is some angle θ = θ(Z) > 0

for which each tangent cone contains a pair of half-hyperplanes which make an angle of > θ.

In particular, if Z ∈ spt‖V ‖ is such that every tangent cone in VarTanZ(V ) is cylindrical, the

above situation does not occur; indeed, in this setting Kn−1 = S; hence Kn−1 is both open (by

Lemma 11) and closed (by Proposition 6), and thus we must have V ∈ {Kn−1,V\Kn−1}. Thus:

Corollary 14. Suppose V is a stationary integral varifold which is codimension one and has

stable regular part. Then for Z ∈ sing(V ), if every tangent cone at Z is cylindrical, we have:

(i) if there is some C ∈ VarTanZ(V ) with dim(S(C)) < n − 1, then every tangent cone

C′ ∈ dim(S(C′)) < n− 1; moreover dim(S(C)) = dim(sing(C′)) ≤ n− 7 for each such

cone, and thus Z ∈ Sn−7;

(ii) if Z ∈ Sn−1\Sn−2, then every tangent cone C ∈ VarTanZ(V ) has dim(S(C)) = n− 1,

and moreover there is an angle ε = ε(Z) > 0 such that every C ∈ VarTanZ(V ) is > ε

away from every hyperplane;

(iii) if Z ∈ sing(V )\Sn−1, then one tangent cone is supported on a hyperplane and every

tangent cone C has dim(S(C)) ≥ n − 1 and thus is supported on some union of half-

hyperplanes.

‡Of course in light of Theorem D and Corollary 7, we have established stronger results.



242 Topological Properties of VarTanZ(V )

It should be noted that if V is stable and codimension one and Z ∈ sing(V ), if C ∈ VarTanZ(V )

is non-cylindrical then necessarily dim(S(C)) ≤ n − 2. Thus Kn−1 6= V, meaning that Kn−1

is not open; hence, if Kn−1 6= ∅, there must be infinitely many cones C′ ∈ VarTanZ(V ) with

spine dimension ≤ n− 2, and moreover some sequence of such cones (Cj)j must converge to an

element of Kn−1. In particular if n = 2, then Cj is determined by its link which is a union of

geodesic arcs on S2, and hence as the link is singular it must contain a classical singularity of

density < ΘV (Z). Of course this is a priori possible: one could take a union of three planes such

that the pairwise intersections are distinct. However, if Cj only contains triple junction classical

singularities and each geodesic arc in Cj is multiplicity one, Cj must take one of exactly 10

possible forms (see e.g. [CES17] or [AT76]); thus we see that Cj must contain a point of

density ≥ 2, and thus we need ΘV (X) > 2 for this to occur.

One final situation where we can capitalise on the alternative in Proposition 12 is when all

tangent cones have the same spine dimension; by Naber–Valtorta’s rectifiability results we know

this is trueHm-a.e. in Sm. In particular, forHm-a.e point of Sm, for m ∈ {n−1, n−2, . . . , n−6},
no tangent cone has spine dimension ≤ n − 7. However, this result is in fact immediate from

the regularity theory of [Wic14].

All of this also points to the following question:

Open Problem 10: What types of singularities can classical singularities limit onto?

Whilst not directly relying on the above topological observations, we make the following obser-

vation for 3-varifolds.

Proposition 15. Suppose V is a stationary integral 3-varifold, and Z ∈ spt‖V ‖ has ΘV (Z) =

2. Suppose that no tangent cone to V at Z is a transverse union of (multiplicity one) planes and

that V contains no triple junction singularities. Then if the tangent cone at Z is not unique,

every tangent cone at Z is a plane.

In particular, this result holds for 3-dimensional area minimisers in arbitrary codimension.

Proof. Take any tangent cone C at Z: we cannot have dim(S(C)) = 3 − 1 = 2 by

the assumption that no tangent cone to V is comprised of two transverse planes. Suppose

dim(S(C)) = 3− 2 = 1: then the link of its cross-section is a 1-dimensional stationary integral

varifold of S2, and so must be a union of geodesic arcs. In particular, are intersection point has

density < ΘC(0) = 2, i.e. has density 3/2, and so is a triple junction in C. But by Simon’s

triple junction ε-regularity theorem ([Sim93]), this would imply V contains a triple junction,

a contradiction. Finally, suppose that dim(S(C)) = 0. If sing(C)\S(C) 6= ∅, then taking a

tangent cone C̃ = C0 × R at some X ∈ sing(C)\S(C), this will obey ΘC0(0) ∈ (1, 2), where

C0 is a two-dimensional stationary cone. Once again, the link must be regular, and thus C0

must be a plane, i.e. C̃ is a multiplicity one plane, giving that in fact X ∈ reg(C). Thus C has

an isolated singularity at 0 and is multiplicity one; but then by Simon’s uniqueness theorem

([Sim83a]), this C would be the unique tangent cone at Z. Thus if the tangent cone is not

unique we must have that dim(S(C)) = 3 for all tangent cones, i.e., every tangent cone is a

plane. �
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[MN17] Fernando C Marques and André Neves. Existence of infinitely many minimal hypersurfaces in pos-

itive ricci curvature. Inventiones mathematicae, 209(2):577–616, 2017.

[Mor66] Charles B Morrey. Multiple integrals in the calculus of variations. Springer, 1966.

[Mor86] Frank Morgan. A regularity theorem for minimizing hypersurfaces modulo ν. Transactions of the

American Mathematical Society, 297(1):243–253, 1986.

244



[Mor16] Frank Morgan. Geometric measure theory: a beginner’s guide. Academic press, 2016.

[MW21] Paul Minter and Neshan Wickramasekera. A structure theory for stable codimension 1 integral var-

ifolds with applications to area minimising hypersurfaces mod p. arXiv preprint arXiv:2111.11202,

2021.

[NV15] Aaron Naber and Daniele Valtorta. The singular structure and regularity of stationary and mini-

mizing varifolds. arXiv preprint arXiv:1505.03428, 2015.

[Oss70] Robert Osserman. A proof of the regularity everywhere of the classical solution to plateau’s problem.

Annals of Mathematics, pages 550–569, 1970.

[Pit76] Jon T Pitts. Existence and Regularity of Minimal Surfaces on Riemannian Manifolds.(MN-27).

Princeton University Press, 1976.
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