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0. INTRODUCTION AND MOTIVATION

Complex geometry is the study of complex manifolds, which are the holomorphic version of smooth
manifolds. These locally look like open subsets of C", with holomorphic transition functions.

One dimensional complex manifolds are Riemann surfaces. Every (smooth) projective variety is a
complex manifold. A main result of this course gives a partial converse to this (and on the first
example sheet we shall see an example of a complex manifold which is not algebraic).

Complex tools are often used to study projective varieties (Hodge conjecture, Moduli theory). There
are also lots of questions which are also interesting in their own right. Projective surfaces were
classified in 1916. The classification of compact complex surfaces is still open (most recent progress
was in 2005).

0.1. Several Complex Variables.

Definition 0.1. Let U € C" be open. Then a smooth function f : U — C is holomorphic if it
is holomorphic in each variable (i.e. fix all z; but one, then consider f as a function of that one

A function F : U — C™ is holomorphic if each coordinate function is holomorphic.

Remark: There are equivalent definitions of holomorphicity in terms of existence of power series.

Now identify C* = R2" via (x1 +iyq,..., X, +i¥y) = (X1, Y1, ..+, X, ¥n). Then if we write f = u+iv
in terms of its real and imaginary parts, basic complex analysis implies:
du ov ou ov

f is holomorphic <~ —=— and —=——— Vj

(i..e the Cauchy-Riemann conditions hold). More conveniently, if we define
o _1(e oY .. 2 _1(2 .o

%,
f is holomorphic = a—f =0 Vj.
Z .
j

then

Proposition 0.1 (Maximum Principle). Let U C C" be open and connected. Suppose f is holo-
morphic on U, and that D is open and bounded with D C U. Then:

max |f | = max|f].
D D

Proof. Repeated application of the single variable maximum principle from complex analysis. ]
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So in particular the maximum principle tells us that if |f| attains its maximum at an interior point,
then f must be constant.

Proposition 0.2 (Identity Principle). Suppose U C C" is open and connected, with f : U — C
holomorphic. Suppose f vanishes on an open subset of U. Then f = 0.

Proof. Repeated application of the single variable identity principle from complex analysis. O
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1. CoOMPLEX MANIFOLDS

Let X be a second countable, Hausdorff, topological space. We always assume that X is connected
(e.g. a smooth manifold).

Definition 1.1. A holomorphic atlas for X is a collection of charts (U, ¢,) with ¢, : U, —
¢(U,) € C" homeomorphisms such that:

(i) X =uU,U, is an open cover

(ii) The transition maps @, ° nplgl are holomorphic.

Definition 1.2. Two holomorphic atlases (U, ) (f]ﬂ, $p) are equivalent if ¢, o 95[;1 are holo-
morphic for all a, f3.

i.e. if their union is also an atlas.

Definition 1.3. A complex manifold is a topological space as above with an equivalence class of
holomorphic atlases (i.e. a maximal atlas).

Such an equivalence class is called a complex structure.

Example 1.1. C" is a complex manifold. Moreover any open subset of C" is a complex manifold,
e.g. the open unitdisc A={z € C:|z| < 1}.

Example 1.2 (Complex Projective Space). Consider (complex) projective space P". As a set this
is the linear 1-dimensional subspaces of C"*1. A point in P" is represented by [z : -+ : 2,].

A holomorphic atlas is given by U; = {z; # 0} with ; defined by:
pi([zg:- - :2,]) = (Z—O,...,ﬁ,...,z—")
Z; Z; Z;
where as usual a ‘hat’ means we omit that term. One can then check that the transition functions are
holomorphic and so P" is a complex manifold. Moreover we can see that P" is a compact complex
manifold.

Definition 1.4. A smooth function f : X — C (X a complex manifold) is said to be holomorphic
if f o™t :(U)— C is holomorphic for all charts (U, p).
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Definition 1.5. A smooth map F : X — Y between complex manifolds X,Y is holomorphic if for
all charts (U, @) for X and (V, %)) for Y, the map 2 o F o ¢~ is holomorphic.

We see that F is biholomorphic if it has a holomorphic inverse.

Exercise: (Extension of maximum principle). If X is compact, show that any holomorphic function
on X is constant.

Thus compact complex manifolds cannot be embedded into C™ for any m. Contrast this with the
smooth manifold case, where Whitney’s embedding theorem tells us that we can always embed

smooth manifolds into some R™. So complex manifold theory is very different.

Exercise: (Extension of Identity Principle). If X — C is holomorphic and vanishes on an open set in
X, then f =0.

Thus there are no holomorphic analogues of bump functions or partitions of unity in complex man-
ifolds, again making them very different to smooth manifold theory.

Definition 1.6. Let Y C X be a smooth submanifold of dimension 2k < 2n = dim(X). Then we say
that Y is a closed complex submanifold if 3 a holomorphic atlas for X such that ¢, : U, NY —
¢(U,) NCK, where Ck c C" is identified by (21, .. .,2,0,...,0).

Exercise: Show that a closed complex submanifold is naturally a complex manifold.

Definition 1.7. We say a complex manifold X is projective if it is biholomorphic to a compact
closed complex submanifold of P™ for some m.

Theorem 1.1 (Chow). A projective complex manifold is actually a projective variety.

Proof. Later. ([l

Recall that a variety is the vanishing set of some polynomial equations over some space. So a pro-
jective variety is the vanishing set in P™ of some homogeneous polynomial equations (as in P™).

In the example sheet we will see an example of a compact complex manifold which is not projective.

1.1. Almost Complex Structures.

Before we work globally on manifolds we need to understand how to work on them locally, and thus
we need to consider the linear space case first.
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So let V be a real vector space.

Definition 1.8. A linear map J : V — V with J? = —id is called a complex structure.

. J .
On R?", the endomorphism (X7, y1,- .-, Xy, ¥n) — (—¥1,X1,...,—Yn, X,) is called the standard com-
plex structure (this just comes from multiplication by i, as X+ i Y-y + ix j).
X1

Now as J2? = —id for any complex structure, the eigenvalues are %i, and so since V is real there are
no (real) eigenspaces. To get around this, we consider the complexification of V', defined by

V(C =V ®R C.
Then J extends to J : Vo — Vi with J2 = —id via:
Jvez):=J(v)®z.

So let V12 and V%! denote the eigenspaces in V. of +i respectively.

Lemma 1.1. For V a real vector space and J a complex structure on V, we have:

() Ve=v0e Vol

(i) V10 =VOLl where (-) denotes the conjugate.

Proof. (i): For v € V- we can write:

y= %(v—iJ(V))JF % v +iJ(v)

v v
ev1o Vol

and so Ve = V10 + V%!, But then clearly the eigenspaces are disjoint (except for 0) and so Vi =
vile Vol

(ii): Follows from the decomposition in (i), as taking complex conjugates of V10 part gives something
in the V%! part.

Now to look at the case of manifolds:

Definition 1.9. Let X be a smooth manifold. Then an almost complex structure (a.c.s) on X
is a bundle isomorphism J : TX — TX with J?> = —id (i.e. J, : T,X — T,X for all x € X with
J2=—id,).

X X

One can complexify TX to obtain (TX)r = TX ® C (this is really a tensor product of two vector
bundles, where by C we mean the trivial bundle with fibre C at each point, i.e. (TX®C), =T, X®C
for all p).
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So each fibre of the bundle (TX): — X is a complex vector space. We call (TX) the complexified
tangent bundle.

Then as we saw above, we can split each fibre up into its eigenvalue decomposition, and so we see
that (TX) splits as a direct sum:
(TX)e 2 (TX)HY @ (TX)OD.
Fibrewise this is exactly as above. To obtain this as vector bundles though, one can use, e.g.
(TX) =ker(J —i-id) and (TX) OV =ker(J +i-id).

To see that complex manifolds naturally have an a.c.s, we need the following:

Exercise: [See Example Sheet 1]. Let U,V C C" be open and f : U — V be smooth. Then:

f is holomorphic <= df is C-linear.

Now on TR?" there is a natural a.c.s, denoted J;, (“st” for “standard”)m coming from the complex
structure on R?" we saw before.

So let X be a complex manifold. Then if U C X is a chart, ¢ : U — ¢(U) € C" = R?" is a biholomor-
phism and so the differential of ¢ gives a bundle map J : TU — TU defined by: J :=dp~toJ odp.

So we have defined a local a.c.s on a complex manifold (just by simply pulling the one on R?" back).
To see that we can patch these local a.c.s’s together to give an a.c.s on all of X, we just need to check
that the above local definition is independent of the choice of chart.

Proposition 1.1. The a.c.s J defined above is independent of the choice of (holomorphic) chart,
and thus gives an a.c.s on X.

Proof. Suppose ¢, are charts around the same point. What we need to show is that:
dploJgodp =dyloJgody ie.  d((poypT) ) odgod(poypT) = U

Now ¢ o1~ ! is a holomorphic map between open subsets of C", and so d((go ° 1/)_1)) commutes
with J,@. So thus the above equality does hold, and so we are done.

O

Remark: There are lots of a.c.s’s that do not arise from a complex manifold structure. The a.c.s’s
that do arise from a complex structure are called integrable. For example, S® admits an a.c.s which
is not integrable, i.e. is not induced by a complex structure on S°. It is still an open problem to
determine whether or not S® admits a complex structure or not.

A general result in complex manifold theory gives a condition for when an a.c.s is integrable:

An a.c.s is integrable <=  The Nijenhuis tensor vanishes.

(M This is seen from the proof of the above exercise on f being holomorphic iff df is C-linear. It also shows (or at least
a very similar argument) that f is holomorphic iff f commutes with J, i.e. df oJ =J odf.
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Definition 1.10. TX™19 is called the holomorphic tangent bundle of X.

Now if V is a real vector space, and if J is a complex structure on V, then one obtains a complex
structure on V* via:

J*a)(v):=a(J(v)) VaeV™

Then analogously to what we have seen above one obtains a decomposition of the complexified
cotangent bundle:

where (T*X)¢ := T*X ®C. So locally if ¢ : U — C" is a chart then we say that z; = x; +1y; are local
coordinates in U (where ¢ = (21,...,2,)).

In these local coordinates, we can then see (for the complexified tangent bundle, as we have a local

. d d
basis {a_xj’ a—yj}j):

(from look back at the form of the standard complex structure on R?" to see this), and then for the
complexified cotangent bundle this gives (just using the above formula):

[These just come from the usual differential geometry calculations, e.g.

0 G, 0
J(a)_ E(‘])_ E(_ylixlﬁ"'J_yann)_(OJ"'ﬁoJ\]',_/OJ"')O)_ .
J J J yj place

and simiarly for J (aiy_). Then the dual expressions come from the definition of J* and the fact that
J
{dx;,dy;}; is the dual basis. ]

So we know what the a.c.s looks like in local coordinates.

Definition 1.11. We define:
dz; :=dxj+idy; and dz;=dx;—idy;

i_l(i_i) and i_l(i+ii)

as well as

Then dz;, dz; are sections of (T*X)¢ and %, % are sections of (T X )¢, which we dual to one another
] J
in the usual sense of differential geometry.

Note: We can readily check that:

9
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We see from this that the dz; form a local frame/basis for T*X (1.9) and similarly the dz; form a local

frame for T*X(©V . Also exactly the same holds for TX (1.0) 7x(0.1) with the %, %.
J J

Now if f : X — C is a smooth function with f = u+iv, then df = du + idv is a smooth section
of (T*X)¢ = T*X19 @ T*X(OD . Now if we write p;, p, for the two projections from (T*X)¢ onto
T*X(19 and T*X©1 respectively, then we define the del and del-bar operators (8, 8) by

Of =pi(df) and 3 :=py(df).
In a local frame just as we expect we have
B af af
df —Za—z] 'd2j+za—gj'd2j

=of =af
=0f +af

and so on smooth functions, d = 8 + 8. Thus we see
f is holomorphic <= 4df =0.
This is all we need for 1-forms, so now we can do the same for higher degree forms. Write
APAT*X) == AP (T*X10) @ A7 (T*X (D)

where AP denotes the p’th exterior power.

Definition 1.12. A section of AP4(T*X) is called a (p, q)-form.

Locally a (p, q)-form looks like:
D frudz Ao Adzy AdE A AdE
J,L
where J = (jy,...,Jp), L = (ly,...,1;) and the sum is over all such multi-indices. Here the f;; are

just smooth functions. Thus, e.g. zdz is a section of (T*X)19), despite the coefficient not being
holomorphic. Thus we do not require the coefficients in a (p,q)-form to be holomorphic or anti-
holomorphic, they are just smooth functions.

Definition 1.13. We write .&/ fé(U) for the smooth sections of A ((T*X )C) over U C X, i.e. com-
plexified k-forms.

We also write o/t'? (U) for the smooth sections of AP(U).

Sodg’O(U) consists of the smooth C-valued functions on U. We often omit the subscript C as it is
understood.

Lemma 1.2 (Relation between (p, g)-forms and k-forms).

10
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(i) There is a natural identification
A((TX)e) 2 B APUTX).
p.q: p+q=k
So in particular the same is true for the space of sections:

AN REZE ()
p+q=k

(i) If a € PN U), p €. (U), then a np € g2 (1),

Proof. Fibrewise this is just linear algebra. One can then use the local frame/coordinates to obtain

the result on bundles.

So now we are in a good position to define a cohomology theory on complex manifolds.

1.2. Dolbeault Cohomology.

Denote by d : szé(U )— szé“(U) the usual exterior derivative.

Definition 1.14. Define the del operator on (p,q)-forms 0 : /2 (U) — ﬂ£+1’q(U) by:
Jd=mod

i.e. taking d composed with the projection onto (p + 1,q)-closed forms my : dg+q+1(U) —
7))

Similarly define the del-bar operator on (p,q)-forms 0 : A2UU) - AL () by:
3= myod

for 1, the projection T, : d£+q+1(U) — ,afg’qH(U).

Note: These projection operators are well-defined by Lemma 1.2.

Definition 1.15. The (p, q)-Dolbeault cohomology of X is given by:
ker (5 : szé”q(X) - ﬁé’q+1(X))

Hg;’q(x) = — p_— - )
Image(a : ,d(g’ X)— 427(5’ (X))

11

O
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To check that this is well-defined we need to see that 52 = 0. Note first that, locally, if
a="fdz;, A+ Adzy Adz A AR
J,L
then
af _ af _ _
da = ;Z a—zdzr Adzj /\-.-/\dzlq +;Z a—gdzr Adzj /\---/\dzlq
s r r s r r

-~ -~

=Jda Ja

where we have split the sum up into two parts, depending on whether we get an extra dz, or dz,.

From this we can establish:

Lemma 1.3 (Properties of 8,5 for complex manifolds).
(i) d=2+2.
(i) 92=0=23 and 99 = —30.
(iii) Ifa € ﬁé’q(U), pe Jzi(g/’q/(U), then:

d(anB)=3aAB+(=1)Pandp
A(anP)=3aAB+(=1)P"aAdp.

Proof. (i): Follows from the local coordinate expressions as defined and used above.

@Sinced=8+5and d? = 0 we have
0=d>=(0+3)(0+3)=032+00+30+2.

- - —2
But note that 2 maps into ./?*%9, 39 and 89 map into .#?*19"! and 8~ maps into .&#P9+2. Since
all of these spaces are disjoint (except for 0), the above equality can only be true if we have 32 = 0,

52 =0and 90 + 99 = 0 separately, which gives the result.

(iii): This simply follows from d(a A ) = da A B + (—1)P"@a A d3, which is because the total rank
ofaisp+q.

O
=2 * ) - .
Thus since & = 0 this tells us that (ﬂfé’ x), 8) is a cochain complex for each p, and so the (p, q)-
Dolbeault cohomology groups are well-defined. Note that they are also vector spaces.
Remark: One could make an analogous definition using & instead of 8. However the information

would be equivalent just by complex conjugating. We tend to work with Fl simply because we like
holomorphic things, and for smooth functions f we know: f € ker(d) < f is holomorphic.

12
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Recall: In differential geometry we define the de Rham cohomology
ker(d: .l (X) - LX)
Image (d : fﬁfﬂé_l(X) - %ﬂé(X))'

H (X;R) =

One similarly defines the de Rham cohomology for the complexification:
ker(d: &l (X) - ZI(X))
Image (d : ﬂé‘l(X) - ﬁé(X))

= H(X;R)®C.

H(X;C) =

Much of this course will prove the Hodge decomposition for a certain class of compact complex
manifolds, which includes projective varieties. It says that:

HL0GO) = P Hg:‘l(x)
p+q=k
(note that this is for the complexified de Rham cohomology). This result is not true for general

complex manifolds (e.g. the Hopf surface).

Exercise: If f : X — Y is holomorphic, show that f induces a map
frHZA(Y) = HZ(X)

by pullback.

Example 1.3 (Motivation for why we might care about Dolbeault cohomology - The Mittag-L-
effler Problem).

Let S be a Riemann surface (i.e. a one-dimensional complex manifold). Then a principal part
at x € S is a Laurent series of the form ZZ=1 a,z~, with z a local coordinate about x in S. The
Mittag-Leffler problem asks:

“Given points x1,...,X, €S and principal parts Py, ..., P,, is there a meromorphic function on S
with principal part P; at x; for all i?”

(By meromorphic function on S we mean a holomorphic map S — P! of complex manifolds, or just
a locally meromorphic map on S in the usual sense of complex analysis.)

To do this, take local solutions f; at x; defined on U; (defined by the principal parts) and take a
smooth partition of unity (p;); subordinate to the (U;);. Then we know Z?Zl p;fj is smooth on
S\{x1,...,x,}, with the desired local expression at each x; (since p; = 1 about x; whilst all others
are 0). We need to know if this is holomorphic on S\{x,...,x,} though.

A calculation then shows that g = 5(21- Pj fj) extends to a smooth (0,1)-form on S. Clearly
— —2
dg=0asd =0,andso [g] e H%I(S). So suppose H%l(S) = 0. Then this implies 3 a smooth

function h with dh = g, and so if we define f := Z]. pjfj—h, then 5f =0, and so f solves the
Mittag-Leffler problem.

13
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It turns out that this condition is an iff; i.e.
We can solve the Mittag-Leffler problemon S << Hé_o’l)(S) =0.

The converse implication requires knowledge of sheaf cohomology, which we will study shortly.

1.3. The J-Poincaré Lemma.

Recall that if X is a contractible smooth manifold, then HéR(X ;R) =0 fori > 0. We will show that
the same holds for Hg’q. In particular we will show that if P = {z = (21,...,2,) : |z;| <r; Vi} c C"

is a polydisc (with r; € (0, 00] for all i, allowed to be infinte), then Hg’q(P) = 0 for all p,q with
p+q>0.

First we need the following generalisation of Cauchy’s integral theorem for smooth functions (not
necessarily holomorphic):

Theorem 1.2 (Cauchy’s Integral Theorem). Let D = D,(a) C C be a disc, and let f € C°°(D) be
smooth. Let z € D. Then:

f@) ==

271 J,p w—32 27 D(”/’W w—g

1 f) gy 1 fﬂ_dw/\dw.

Note: Thus we see an extra term arises from the usual Cauchy integral formula if f is not holomor-

of — 0, and we are just left with

phic. If f is holomorphic then the extra term vanishes, since then 3= =

the usual Cauchy integral formula.

Proof. Let D, = D,(2), and let n = 5% - % dw e sz(é (D\D,). Then

27l
— — 1 0 dw A dw
dn=(0+ 3 =n=—o- L (). LA
2ni ow w—g

since for the d term we end up with dw A dw = 0. So by Stoke’s theorem:

1 de_ 1 de—}_ij of dwnadw
D\D,

21l Jo, W—2 27 w—g 2mi w w-—g
£ £

)

oD

since d(D\D,) = dD—9D,, i.e. the inner boundary has a negative orientation and so we pick up an
extra sign.

We first show that f oD {V(YZ) dw — f(z) as ¢ — 0. To see this we do the usual thing and change

variables to polar coordinates: set w—z = re'?, so that

1 fw)

27l

w—2z

27
dw=if f(z+re®)d6 — f(z) ase—0
ap, 2 Jo

as f is smooth.

14
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Now as dw A dw = 2irdr AdB, we see

dw A dw af
ow " Twez ow
since f is smooth and so its derivative is bounded here. So hence

J of(w) dwadw _
D,

ow w—g

=2 -dr AdO| < C|dr Ad6|

0 as &—0.

€

So thus as fD\D (--)= fD(- - )— fD (--+), taking € — 0 in (%) gives the result.

Theorem 1.3 (E-Poincar_é Lemma in One Variable). Let D = D,(a) C C be a disc (can be infinite
radius) and let g € C°°(D). Then:

f(2):= if 8W) 4 A di
D

211 w—g

is a smooth function, i.e. f € C*°(D), and g—é = g(2).

Proof. We first note that we can reduce to the case where g has compact support, using a partition
of unity/bump functions. So wlog assume g has compact support.

Now take z; € D and let € > 0 be such that D,, := D,,(z7) € D. So using a partition of unity for the
cover of D given by {D\D,, D,,}, we may write

g(z) = g1(2) + g2(2)

where g; vanishes outside of D,, and g, vanishes on D, (i.e. g = p;g + p»g for an appropriate
partition of unity p;, p,). In particular we see g = g; on D,.

So define

folz) = ij &) 4, A dw.
21l pW—2

Then f,(z) is smooth on D, as g, vanishes on D,, and so for each z € D,, g, vanishes near z and
so we avoid the pole in the integrand. This smoothness allows us to differentiate under the integral

sign, and so we see
0
L= | Z(42) dwnaw=0
0z 2ni |, 0z \w—z

=0 as no z terms as holomorphic

(where the integrand is holomorphic here as again g, vanishes near the pole). Thus we see f, won’t
effect the derivative we are interested in.

Now as g;(z) has compact support, we can write

D C

27l w—g 27l w—g

15
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as g; = 0 outside D. So setting w —z = u we get

27l u

_+_ . .
- LJ gi(u+tz) du/\dﬂ:—%f g1z +ree™@ dradf =: fi(2)
c c

where we have changed to polar coordinates in the last integral. From this definition we see that
f is C*°(D), and so we can differentiate under the integral sign (differentiating the last expression
w.r.t Z, then using the chain rule on % to change back to w and then working the change of variables
back through) to see

%(z) :J' 2g1(w) . dw/\dW.
oz c Oow w—zg
So by Cauchy’s integral formula (Theorem 1.2) we get
what we want above
1 f g1(w) LJ agl(w).dw/\dW _%
aD D

2)= — dw+ — =
81(2) 27 w—g 27 ow w—g 0z

(2).

=0 as g; = 0 outside D, and so in particular on D
. 3 o
So setting f = f; + f5, we get a—é = g:(2) = g(z) for z € D,, and f is given by the correct formula

here.

So this works on D, = D,(z,) But then as z, € D was arbitrary, this works for every point in D
(with the same formula for f as it independent of z, so agrees on overlaps of different D, (z;) when
patching together) and so we are done.

O
Thus using the d-Poincaré lemma, if a = gdz € %g’l(D) is simple, then defining f in terms of g as
in the -Poincaré lemma we have 8 f=a.
To simplify things we use multi-index notation, i.e. if I = {I,...,I;}, then
dz; =dz; A---Adz fi=f and o _ o
I Il Ik’ I Il,...,Ik’ azl 8211 . aZIk *

We write |I| = k for such a multi-index I.

Lemma 1.4. Let U C C" be open, and let B, B’ be bounded polydiscs with B ¢ B’ C U. Then for
any multi-indices 1,J, 3 a constant C;; such that, for all u holomorphic in U,

J 0
S 5= U < Cyyllullcos
921 025 ||com) (B
where || - [|co(p) is the supremum norm.

Proof. This follows from the multivariate Cauchy integral formula in the same way as the one variable
case (and the multivariate Cauchy integral formula follows easily from the single variable version).

O
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Lemma 1.4 simply tells us that we can bound all derivatives on a smaller ball by just u itself.

Corollary 1.1. Let (u; ), be a sequence of holomorphic functions on U. Suppose u; — u locally
uniformly (i.e. uniformly on all compact subsets of U). Then u is holomorphic.

Proof. By applying Lemma 1.4 we see that all derivatives of the u; converge uniformly (as Lemma
1.4 gives that they are uniformly Cauchy), and thus u must be smooth. But then applying Lemma
1.4 again we see that

duy du

= T =
aZj 321
uniformly, and so as % =0 for all k, j (as the u; are holomorphic), we see that % =0forall j, ie.
J J

du =0. So u is holomorphic.

Theorem 1.4 (The 8-Poincaré Lemma (proof due to Grothendieck)). Let P = P.(a) = {z :
|2; —a;| < r; Yi} € C" be a polydisc with r; € (0,00]. Then for all ¢ > 0, we have Hg’q(P) =0,
ie.

if dew =0, then Fp with I = w.

Proof. We first reduce to the p = 0 case. Indeed, if w € ﬂé’q(P) is closed, i.e. 9w = 0, then we may

write
w = Z gOI AN dZI
lIl=p

with ¢; € Jz{(g’q(U ) satisfying @ ¢; = 0. Hence if we can find v); with d; = ¢;, then we would have

5(2 ipl/\dzl) =w

[Il=p
and so we would be done. Thus we can wlog assume p = 0. The proof is now in two steps. Assume
dw = 0 throughout.

Step 1: Let w € Jzi(g’q(P) be closed. We first show that if P’ = P,(a) with s < r (all
s; in particular are finite) then we can find v € szg’q_l(P’ ) with 8¢ = wlp/

To see this, write w = ZI 11=q W14z}, with the w; smooth functions. Let us say w = 0 modulo dz,,
...,dzy if w; = 0 unless I C {1,...,k}. We shall prove that if w = 0 modulo dz,,...,dz;, then
Y e ﬁfg’q_l(P’ ) such that w—31) = 0 modulo dZ, ...,dZ;_;. Then by induction (as the k = n case
being vacuously true for any w), this will prove Step 1.

So suppose w = 0 modulo dzy,...,dz;, and write w = w; A dz; + w,, with w, = 0 modulo
dz,,...,dz;_; (i.e. just take all terms in w involving dz; and group them together). So we have/can

17
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write

Z WIdEI\{k}

[T|=q, keI

as we have removed dz;. Then since dw = 0, we have

%}
) 90 forl#k.
821
Now set ) = (—1)*1 D riker Y14z k), where
1 dZ Adg
1/)1 = 2— WI(Zln"'Jzk—l’gnzk+1z"'12n)' .
T Jig1ss, {—2

Then aa_zk[ =w; by the 9-Poincaré lemma in one variable, and for [ #k,

oy, 1 ow; dgAdg
—_— = — ey S ey Zp =0 b .
agl oti J|C|<S agl (Zly 5 Zk—1> C:Zk-ﬁ-l: z ) C — y (*)

Hence w — 31 = 0 modulo dZ,...,%_;, since 91 cancels out w, A dz; (this is why the factor of
(=1)*7! is in the definition of 1), since we must commute the dz; factor through dzp\(x}). Thus as
described above, this completes the proof of Step 1.

Step 2: Remove the use of s < r in Step 1.

Let r; be a strictly increasing sequence in R (so in particular all terms are finite) with r;; — ri
as j — oo, forallk =1,...,n. Let P; = P}(a) Then by Step 1, we know that we can ﬁnd Y €

ud(g’q_l(Pj) with 5w1 =won P]

We first prove the q > 2 case, leaving the ¢ = 1 case for last. We first need to modify the 1; so that
they are compatible with one another on overlaps. So since 5(1,[) i~y J+1) = 0 on Pj, by Step 1 we
can choose [3’]“ € ﬂfo A 2( —)with;—j 4 = aﬁJH on P;_; C P;. Now extend all the Y1, B4

smoothly to P in such a way such that ;,; =0 outside a compact subset of P;. Then set:

$ix1 =Y+ P41
This produces a sequence (¢;); such that gnpjﬂ =won Py, and ;;; = p; on P;_;. To see this last
equality on P;_;, by construction we have

‘Pj|pj,1 - ‘Pj+1|pj,1 = 9ﬁj|pj,l
and by construction f3; vanishes outside a compact subset of P;_;. Thus we have that ;| P and
®jpl p,_, agree on an open subset of P;_; and so by the identity principle they must agree on all of

P ;.

Thus the sequence (;); converges to some ¢ on P (due to this compatibility as the ¢; agree on the

smaller polydiscs), and moreover this ¢ has Fl ¢ =won P (i.e. for fixed J, for all j sufficiently large
we have golpJ ¢j, and so in P,  we have 8<p|p = 3d¢; = w. So taking J — 00 we get d ¢ =w on
all of P).

Now we just need to consider the ¢ =1 case, i.e. when w is a (0, 1)-form.

18
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In this case the v; above are just functions. We construct a sequence ¢; on P; such that:

5«,0 j=wonP
() @;4+1— ¢; is holomorphic on P;
@1 —@jllcop, ) <277
Assuming this, the (¢;); converge locally uniformly to some ¢ on P. Moreover, ¢ — ¢; is holomor-

phic on P;, as it is the local uniform limit of (¢;,; — ¢;);>1 (using Corollary 1.1 as these are all
holomorphic).

So hence 9 = 5<pj =w on P; (since 3(p— ¢;)=0) and hence ¢ =w on P.

So all that remains is to construct a sequence (¢;); as in (). We know that we can solve 51,[) j=w
on P; as before (using Step 1). Set p; = ;. We then construct ¢;,; inductively on j. Since

3(p;—j11) =0 on P;, we see that ¢; —);, is holomorphic on P;, and hence it has a Taylor series
expansion valid on P;. Truncating the Taylor series gives a polynomial y;,,, and truncating at a high
enough degree gives

;=1 =Tjrallcorp, ) < 277
Then extend y;,, to a holomorphic function on P;, and set ¢, := ;1 +7j41. Then dp; =w
on Pj,1, i1 — ¢; is holomorphic on P;, and
l@j+1 = wjllcop,_) < 277

Thus we have constructed such a sequence and thus are done.
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2. SHEAVES AND COHOMOLOGY

We want to compare Dolbeault cohomology with sheaf cohomology. So first we need to discuss
sheaves. Let X be a topological space.

Definition 2.1. A presheaf & of groups on X consists of abelian groups & (U) for all U C X open,
and restriction homomorphisms ryy : Z(U) — Z (V) for all V C U open, such that

ryworwy =ryy and  ryy =idg)
i.e. if we restrict from U to W and then W to V, this is the same as just restricting from U to V.

One similarly defines presheaves of vector spaces. Most often % (U) is some class of functions on U,
with restrictions given just by restricting the functions, and so in this case we write: ry;(s) =sly.

Another frequent example given by & (U) consists of sections of some vector bundle. Thus we call:

Definition 2.2. For & a presheaf on X, elements of & (U) are called sections.

Definition 2.3. A presheaf & on X is a sheaf if in addition we have:

(i) Forall s € Z(U), if U = U;U; is an open cover and s|y, = 0 for all i, then s = 0.

(i) If U = U;U; is an open cover, and we have s; € (U;) with siIUint = Sj|Uint forall i,j,
then 3s € Z(U) with s|y, =s; for all i.

Remark: Condition (i) of a sheaf tells us that the local behaviour of a section uniquely determines
its global behaviour, whilst (ii) tells us that we can build global sections from local compatible be-
haviours. Thus equally (i) tells us that this construction of a global section is unique.

Example 2.1. The following are all sheaves on a complex manifold:

(i) C°(U) = {Continuous functions on U}.
(ii) C*°(U) = {Smooth functions on U}.
(iii) ﬂé’q(U) = {(p, q)-forms on U}.
(iv) 0(U) := {holomorphic functions on U}.
(v) 0*(U) := {Nowhere vanishing holomorphic functions on U}.
(i) QP(U) := {holomorphic p-forms on U} (E {sections s € %g’O(U) with 9s = O}).

All of these are naturally vector spaces except (v), which is a group with multiplication being the
group action.
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Definition 2.4. A morphism a : & — ¥ of (pre-)sheaves on X consists of homomorphisms ay; :
F(U) > %(U) for all U C X open, such that if V C U is open, the diagram

Z(U) = 9(U)
FV) = 9(V)

commutes.

Definition 2.5. For &, %9, 5¢ sheaves, we say that the sequence

0—s 7 sqg Pyw_ 4o

is exact if for all U C X open, the sequence

0 — ZFU) - 9(U) 25 #W) — 0

is an exact sequence (in the usual sense of abelian groups), and if whenever s € #(U) and x € U,
3 a neighbourhood V of x and t € 4(V) with: By (t) =s|y.

Example 2.2 (The Exponential Short Exact Sequence). The sequence
0 NP NP . 0
is an exact sequence of sheaves, and is called the exponential short exact sequence. Here 7Z is the

constant sheaf and so Z(U) = {locally constant (continuous) functions U — Z}W, and exp is the
exponential map, sending f — exp(f).

i
The exactness of 0 — Z(U) = o(U) = 0*(U) is clear: if f € 0*(U) is nowhere vanishing, then
one can take a local branch of log on some V C U to obtain the last condition for an exact sequence
of sheaves.

Note that it is not true that, if A* ={z € C:0 < |z| < 1} = B;(0)\{0} that

x 271

0 — Z(A%) 22y g(ar) =225 g*(Aa") — 0

is exact. This is because including the last — 0 map can lose the exactness, essentially because we
can only locally construct log, but not globally.

Definition 2.6. Let & be a sheaf on X and let x € X. Then the stalk &, of & at x is:

7. = {(U,s):erfX, se Z(U)}

where (U,s) ~ (V,t) if W c U NV open with s|y, = t|y.

(ﬁ)Similarly we can define a sheaf C by C(U) := {Continuous functions U — C, where C has the discrete topology}.
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So intuitively the stalk at x is all possible local behaviours about x (think of the identity principle
for the equivalence relation).

Note: A morphism % — ¥ induces a map of stalks Z, — ¥, for all x.

Exercise: Show that:

0 > F > Y

~
X
~
o
o

><gx >(gx >'%X >0

is exact is exact for all x € X.

Definition 2.7. The kernel of a : & — ¥ is the sheaf defined by
ker(a)(U) :=ker(ay : Z(U) = 4(U)).

The definitions of cokernel and image are more complicated, as we want them to be compatible with
the sheaf definitions.

2.1. Cech Cohomology.

Our aim is to define the Cech cohomology groups H(X, ) for & a sheaf on X, and we will show:
Hg’q(X) ~ HI(X,0QP)

are isomorphic in a natural way. We begin with an example.

Let X be a topological space with X = UUV, U,V open in X. Then if s; € Z(U) and s, € Z(V),
when does there exists an s € Z(X) with s|; = sy, sly =sy?

As & is a sheaf, by the sheaf conditions we know such an s exists < sy|yny = Sy lyay. So thus we
can define a map

5:9(U)®9(V)_)9(UDV) via 6(SU35V)::‘SU|U0V_SV|UF]V'
Then clearly by the above discussion we have ker(6) = Z(X).

Now if U = {U,}, is a locally finite open cover of X (we will need the locally finiteness later for
working with partitions of unity) indexed by a subset of N (or any ordered set) we write:

Uy 3= Ugy M-+ N U, .

Then we define:

W, =[[2W), WL =]]FWy)

a<f

and in general

cW,F)= [] FWia,)

ag<--<a,
Now if o € CP(U, &), we also define:

T qpeee g, — — O R
Ao Qi Ay ap ap...Aj 1A ap
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We are now ready to construct a cohomology theory. As we usually do when constructing a coho-
mology theory, we define the boundary map & : CP(U, %) — CP™(U, &) by:

p+1
(50-)a0~~~ap+1 = Z(_l)" O-a()“'&j"'ap+] U

j=0 agapi]

Example 2.3. Suppose U = {U;,U,, U3}, and o = {0, 0,,03} € C°(U, F). Then:
(60)p1 =(-1)01+(-1D'oo=0,—09
and similarly
(50‘)1’220'2—0'1 and (60‘)0’2:02—0'0.
Then:
2 .
(620)515 =D (-1 (60)4ytyay
7 =0 Uoa,2
=(60)12—(60)92+(60)g,
=(oy—01)—(02—0¢) +(01—0¢)
=0.

Thus 52 = 0 here, which is good for a cohomology theory!

Exercise: Show that 52 = 0 in general.

Definition 2.8. With respect to such an open cover U = {U,},, we define the Cech cohomology

by:
ker (5 : CU(U, ) - CTY(U, 7))

Image (6 : c~Y(U,Z) — Ci(U, F))’

HY(U,Z):=

However this definition currently depends on the open cover U of X. To define the Cech cohomology
of X, we need to remove this dependence on the cover, which we do in the standard way of a direct
limit.

Definition 2.9. We say that o € CP(U, %) is a cocycle if 50 = 0, and a coboundary if c = 67
for some 7.

So as usual the above cohomology groups are “cycles modulo boundaries”.

Example 2.4. Consider X = P!, with homogeneous coordinates [z : w]. Let
U={[z:1]:2€C}={w#0} and V={[1:w]:weC}={z#0}.
Then clearly U,V = C, and UNV = C* = C\{0}. So let % = {U,V} be an open cover of P*. Then
cC(%,0)=0U)o0(V) and CYHu,0)=0UNV).
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Then § : C°(%,0) — CY(%, 0) can be calculated as
6(f,8)=f(z)—g(1/z).

So ker(6) consists of the pairs (f, g) such that f = g = constant. This is seen by writing f, g as
power series (since they are holomorphic we can do this)

fl2)= ianz” and g(z)= i b,z"
n=0 n=0

and so
(o) 0
f)=¢1/z) < Zanznz Z b,2" = a,=b,=0Vn>0anda,= b,
n=0 n=—oo
i.e. f =g =a are constant.

So we know what ker(6) is. We can also see that the image of 6 consists of all holomorphic functions
on C*, again by a Laurent series argument. Thus we see that

H(%,0)=C and H'(%,0)=0 VYi>D0.
We will see later that this computes H (P!, 0), the Cech cohomology of P".

So far in our quest for Cech cohomology we have used open covers. We now remove the choice of
open cover to establish the true definition. As mentioned before we do this by taking a direct limit
under refinements of open covers.

Definition 2.10. Given (locally finite) open covers U, V, we say that V refines U if 3¢ : N —» N
increasing such that V3, Vg C U, g). We write V < U in this case.

Now if V < U, we have a natural map pyy : CP(U,Z) — CP(V, F) given by

(pVUU)[jO.../jP = (O-cp(ﬁo)"'w(ﬁp)) Vgoop
o-6p

where ¢ is as in the definition of a refinement. One can check that py ;06 = 6 © pyy, and so pyy
induces a homomorphism
p HY(U,Z)—HI(V,Z) Vq.

One can also check that this map is independent of the choice of ¢.

Definition 2.11. The Cech cohomology of X is:

q — i 7q
Hi(X,Z):= hén HY(U,Z)
where lim is a direct limit (defined below).

« \./ ” (“

Note: For the genuine Cech cohomology groups we omit the check”) symbol.
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We quickly recall the definition of a direct limit:

Recall: If I is a partially ordered set, and G; is an abelian group for all i € I with maps y;; : G; = G;
for all i < j such that @;; o v = pji, then the direct limit of this system is defined to be:

®ic1G;

~

lim Gi =
T

where if g; € G, g; € G;, we say g; ~ g; if Ik with 1, j < k and v;;(g;) = ¢;i(g;)-

Intuitively, the maps betwen the G; bump the elements of the G; up the poset I. This equivalence
relation then says that two elements are equivalent if after being pumped up the ordering by these
maps, the elements are eventually become equal.

It can be shown that the direct limit as above is also an abelian group.

Thus going back to Cech cohomology, the elements of HI(X, %) are represented by [oao...aq] €
H9(U,Z), and equality is checked on a common refinement.

We will see that in the special case where each intersection of the U; in an open cover is isomorphic
to a polydisc, then for such “good covers” we have

HIY(X,0)=HIYU,0).

Example 2.5. H(U, %) = Z(X) for all U, and so H*(X, Z) = Z(X) is just the global sections.

Example 2.6. We will show that HI(X, /") = 0 for any q > 0.

To see this, let o € H1(X, /") be represented by o € C1(%, .«/."). Then by definition we know
that 60 = 0.

So because we have a locally finite open cover, we can find a partition of unity (p,), subordinate
to the cover % = {U,},. Then define:

Tao-"aq,] = Zpﬁ Gﬂao"'aq—l o
B —
extend by O to Ua0~-~aq_1

Sot € CTHu, ,efé’s). The general computation to show 6t = o (thus proving the result) will
be left for the second example sheet. We give a special case here to demonstrate how to prove the
general case.

So as a special case suppose % = {U,V,W}. Then
*) 0=060=0yy—0Oyw +Ovw
and
Ty =PvOvy *PwOwu, Tv =PuyOuv tPwOwv, Tw =PuOuw +PvOvw-
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Then:
(6T)yv =7v —Tu = (Puouy + Pwowv) —(PvOyy + PwOowWy)
=pPuOyv +PvOyy + PWwOwy —PwOwy aSOyy =—0Oyy
=(py+pv+pw)oyy  using ()
=oyy Since py + py + pw = 1 as a partition of unity.

Thus we see (similarly for other cases) that 6t = o, and thus o is exact. Hence we have
HY(X,.¢/:") = 0 for any q > 0.

Similarly we have H(X, 427]1’{) =0forallq>0.

Now let B : & — % be a morphism of sheaves. Then f induces a map CP(U,Z) — CP(U, ¥) for
any U. These maps commute with &, and so induce/descend to maps on the Cech cohomology:
p*:HP(X,Z)—> HP(X,%).

a B .
Now suppose 0 = & — F — ¥ is exact. We want to show that we get a long exact sequence (l.e.s)
on cohomology. Now because a, 8 are morphisms on sheaves, as above we get maps

af tHP(X,8) > HP(X,F#) and p*:HP(X,F)— HP(X,%).
Now we define the coboundary maps
5* :HP(X, %) —» HPT(X, &)

in the following way:

Given o € CP(X, ¥), we can pass to a refinement V of U and find 7 € C?(V, &) with
B(1) = pyy(o) (where py; are the sheaf restriction maps). Now assume 60 = 0.
Then:

B(67)=06(B(7)) =6pyy(c) = pyy(60) = pyy(0) =0.
Thus we can find (by exactness) u € CP™1(V, &) such that a(u) = 6. Then

a(6u) =6(a(u) =6°1=0

as 52 = 0. But since a is injective by exactness, this implies 5u = 0. Thus u defines
an element of HP™1(X, &), which is what we want. Then we define:

5 ([0]) :=[ul € HP'(X, &).
This gives rise to:

Theorem 2.1. The sequence defined above:

0 — HX,&) -~ H'(X, Z) SN H(X,%) j

5*
[—> H'(X, &) —% H\(X,2) —F 5 ...

is exact.
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Proof. We will not prove this in general - see Example Sheet 2.

For all sheaves in this course, 3 arbitrarily fine open covers % with0 —» &(U) - Z(U) - 4(U) —> 0
exact for all U € %. In this case the theorem is also an exercise to prove - again see Example Sheet
2.

O

Now we want to relate sheaf cohomology to Dolbeault cohomology. We will prove:

Theorem 2.2 (Dolbeault’s Theorem). If X is a complex manifold, then
H;:q(x) ~ HI(X,0P)

where QP(U) = {o € .P°(U): do =0}.

We will first prove a simpler version relating de Rham cohomology to sheaf cohomology for smooth
manifolds, and use ideas from that proof to establish Dolbeault’s theorem.

Definition 2.12. We say that & 4 Fy B..isa complex of sheaves if a; 1 o a; =0 for all i.

@ .
We say that a complex is exact if 0 — ker(a;) — Z; — ker(a;,1) — 0 is a short exact sequence of
sheaves for all i.

Theorem 2.3 (de Rham’s Theorem). If X is a smooth manifold, then
Hijp(X,R) = H'(X,R),

where in Cech cohomology H'(X,R) by R we mean the constant sheaf

Remark: Since de Rham cohomology is isomorphic to singular cohomology, it follows that

HL (X,R)ZH!(X,R)

sing
where H. (X,R) is the singular cohomology of X .

sing

Proof. The Poincaré lemma tells us that a form which is closed in X is locally exact. Thus the Poincaré
lemma tells us that the sequence

0 — 3R —> o0 9y g1 4y g2 d

5.
7

is exact. That is, for all p, writing ZP = ker(.e/P — .o/P*1) for simplicity, we have exact sequences:

0 s R s o0 s 71 50

()

0 AR > AP > ZP

~
o
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for all p > 1. We see before in Example 2.6 that H4(X, ./?) = 0 for all p > 0 and all p > 0. Thus the
long exact sequence in cohomology associated to the top line in (x) gives:

HP(X,R) = HPY(X,z)) asHP(X,#°)=HPY(X,o')=0
~ HP2(X,Z%)  from lower part of ()

= gi(x,zr ™.

Then since from the lower part of (%),

0 — H'(X,2"™) — H(X,.9"™") — H(X,zP) — H'(X,2") — 0
is exact (the next group up in the l.e.s is 0, hence why the far right group is 0), this gives

_ H(X, ZP) ZP(X)
H'(X,Z2P 7)) = : = ————=:H(X,R).
R e Zaa) R 7 T579) B
The first equality here just comes from exactness of the sequence, the second comes from the fact
(which we previously established) HO(X, Z) = £(X) for any sheaf & on X, and the last is by defi-

nition of the de Rham cohomology as we have an kernel quotiented by the image.

Thus combining we have HP(X,R) = H'(X,zP~!) = HgR(X, R) and so we are done.

|

Proof of Dolbeault’s Theorem. We work in a similar way to the proof of Dolbeault’s theorem above.
We have an exact complex

0 — @ — FP° 2 B 2

which is exact by the 8-Poincaré lemma. Write
QP(U) :={o € #L°(U): 90 =0}.

Also as before set ZP1 = ker (5 : ﬂf/’é’q - szé ’q+1). Thus we have exact sequences:

0 > QP > /PO y zZP! >0

0 —> ZPq—1 — Pl AL 5 0

(as every open set in X contains an open subset which is biholomorphic to a polydisc). Then once
again since by Example 2.6 we have H'(X, .¢/.") = 0 for all i > 0 and all r, s, arguing as in the proof
of de Rham’s theorem we have:

HYX,0P) = HI'(X,zPh)
>~ Hl(X,ZP’q_l)
HO(X, zP1)
3 ,q—1
a (10 (x,.2"))
ZP9(X)

_ —. pPbd
) HE(x)
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which proves the result. O

Remark: Note that in the last string is isomorphisms in the proof of Dolbeault’s theorem we see in
: 1 0,g—1\ — 7794
particular that H* (Uy,...q, , 277 ) = Hg (Ugy--a,) for any ay, ..., a, for any open cover U.

This enables us to prove one way of calculating the Cech cohomology, which is by finding a “nice”
open cover:

Theorem 2.4. Let X be a complex manifold. Suppose U is an open cover with the property that:
HP (Uao---as , 0) =0 Vp=>1landadl ay,...,a;.
Then HP(X,0) = HP(U, 0).

Proof. We have from the above remark:
Hl(UaO...as, 7091 = Hg’q(Uao_.,as) =HY(Ug,..q;» @) =0 by hypothesis.
Thus we see
0 — 2% Uy ) — AT (Ugya) — Z%U(Upy.q) — O
is exact. This is true for all intersections, and so we get a short exact sequence:

0 — CP(U,2%7Y) — CP(U, 2%) — CP(U,2%) — 0 .

Then considering the associated long exact sequence, and using that H?(U, .#%%) = 0 (from Example
2.6) gives that, for all p,q > 1,
HP(U,Zz%) = gPH(U, 2% D).
Then arguing as before in de Rham’s/Dolbeault’s theorem:
HP(U,0)=HF(U,Zz*°) =P Y (U, 2% = .- 2 HY(U, 2% )

and also
Z%P(X)

HY(U,Z%P )= ————
3 (o %P~1(X))

= H;’P(X) = HP(X, 0)

as required.

Remark: With the same hypotheses, this also shows that HI(X,QP) = HI(U, QP).

Example 2.7. Thus we see HI(C", 0) = H*4(C") =0 for all ¢ > 1.

Remark: One can also show that if HP(U,,, @) = 0 for all U, € U (with no assumptions on the higher
order intersections), then in fact H?(X, ¢) = HP(U, @) [see Voisin, §4 for a discussion of this]. So
in particular if X is projective, then one can take U to be a cover by affine subvarities. When X is
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not projective, one can take a cover by Stein manifolds (which can be thought of as the “complex
manifold version of affine varieties”).
Remark: We can also show HP(X,Z) = H? (X, Z) for the integral cohomologies.

sing

Remark: Just as some motivation for when you might use sheaf cohomology, one usually cares about
H°(X,Z), and the higher H' are viewed as obstructions (e.g. in the short exact sequences - like in
Mittag-Leffler).

Another reason to care about H' is the Euler characteristic, defined via
2, F) = > (-1) dim(H!(X, 7))
i

which is additive in s.e.s’s and usually constant in families (whilst H 0 isnot). H! is also “geometric”.

Now we move on from sheaf theory and cohomology theory and look at vector bundles.
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3. HOLOMORPHIC VECTOR BUNDLES

Definition 3.1. Let X be a complex manifold. Then a holomorphic vector bundle of rank r
on X is a complex manifold E with a (holomorphic, surjective) map n : E — X with all fibres
n~(x) =: E, being r-dimensional (complex) vector spaces, such that 3 an open cover {U,}, of

X and biholomorphic maps ¢, : 7~ '(U,) — U, x C" isomorphisms which commuting with the
projections to X, U, such that the induced maps on m~'({x}) = C" are C-linear for all x € X.

Thus this is essentially just the definition of a smooth vector bundle on a real smooth manifold,
except we require the local trivialisation to be biholomorphic instead of diffeomorphic. Note that
the conditions on 7 being holomorphic and surjective are implied from the other conditions (e.g.
surjective as w~(x) = C” # @) and so we can choose to leave them out of the definition if we wish.

Definition 3.2. A holomorphic line bundle is a holomorphic vector bundle of rank 1.

Any holomorphic vector bundle induces a complex vector bundle, but not vice versa.

Definition 3.3. Let m; : E — X, my : F — X be holomorphic vector bundles. Then a morphism
f : E — F is a holomorphic map such that:

() mpof=fong
(ii) The induced map f, : E, — F, is linear for all x € X

(iii)) rank(f,) is constant with x.

A morphism is an isomorphism if f, is an isomorphism for all x € X.

Remark: In differential geometry one usually does not require condition (iii) on a morphism. We
include it to enable us to take kernels and cokernels and still end up with vector bundles.

For a holomorphic vector bundle E, its transition functions p,g = @, © cp,;l (U NUg) xC" —
(Uy,NUg) x C" can be seen as holomorphic maps

Yap : UgNUg — GL.(C)

i.e. x = @qp(x, ) and p,p(x, ) : C" — C' is linear. These maps satisfy the usual cocycle conditions:

Paa =idy,,  Pap =Ppar  PapPpyPra =idu,ausnu,-

Proposition 3.1 (Equivalence of Cocycle Data and Holomorphic Vector Bundles). Given any
open cover X = | J, U, and holomorphic maps Yap : Uy NUg — GL.(C) satisfying the cocycle
conditions, there is a holomorphic vector bundle with these maps as its transition functions.
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Proof. The same as in differential geometry. O

So given a holomorphic vector bundle E and a trivialising cover U = {U,}, of X with trivialisation
maps ¢, : E|y — U, x C', the transition functions {¢,g}qp C CY(U,GL,(C)), i.e. are C! maps
U — GL,(C) (as usual p,p = p, 0 cpfgl), and they satisfy the cocycle conditions as explained above.
Hence by definition of the boundary map we have 6({¢,3}) = 0, and so we obtain an element of
H'(X,GL,(C)), which we denote [ ¢ E] (here we are viewing GL,(C) as a group under multiplication).

We now specialise to the case of line bundles, i.e. r = 1, and so GL;(C) = C\{0} (so invertible we
do not have 0), and thus

H'(X,GL,(C)) = HY (X, 0%)
since from before, GL,(C) is the sheaf defined by:

(GL,.(C))(U) := {holomorphic maps U — GL,.(C)}.

Proposition 3.2. There is a canonical bijection:

{holomorphic line bundles on X up to isomorphism} «— H'(X, 0*).

Proof. We have already constructed above maps in each direction. So we need to show that these
maps are inverses and the first map is well-defined (i.e. independent of the representative in the
equivalence class).

Suppose L = F are isomorphic line bundles. Choose a cover U = {U, }, trivialising both L, F. Then
we have maps:
cpa:Lluaanx(C and cra:Fluaanx(C

giving transition maps ¢,g,0,p as before. Now as L,F are isomorphic we have an isomorphism
f L — F giving maps f, : L|y, — F|y, . Now define:

hoi=0q0 fa0 0,
Then h, : U, x C — U, x C, or can view it as a section of *. Moreover,
(6h)ap = hahiz" = (0ufuy?) (wpfilost)
=0ufappafy 05
=0upafaf 0p
= OapPap as fufy ' =id

by definition of an isomorphism

and thus the transition maps give the same element of Cech cohomology (as &h is exact), i.e. [0] =
[p]eH'(X,07).

Thus the first map is well-defined.

For the converse, suppose L, F are line bundles with [¢] = [o] € H!(X, ¢*). Thus we can find
h = {hy}, € C°(U, 0*) with (6h)ep = Lp;éaaﬁ (as [p~'o] is exact). Now let f, : Lly, — Fly, be

given by:
fa = O-;lha(pa
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(i.e. just mimicking what we did above). We claim that the f, induce a map f : L — M, i.e.
fao fﬁ_ l=idonU,NU p (so we can patch the f, together to get a global map). But indeed,

fafg ' =0 hapoppthytop =+ =id

as in the above calculation. Thus we are done.

Remark: A similar result is true for all ranks with the right definition of Cech cohomology for sheaves
of (non-abelian) groups. For line bundles all groups are abelian and so we can use the sheaf theory
we looked at.

Definition 3.4. The Picard group is:

Pic(X) := {line bundles on X up to isomorphism}.

Proposition 3.3. Pic(X) is a group, with the group action being the tensor product of line bundles,
and Pic(X) = H(X, 0%).

Proof. The easiest way of doing this is using the transition functions. The transition functions for
L®F are p,p ® 045 € 0*(U, NUp). So if L* is the dual line bundle of a line bundle L, we have

LL*Z¢0 and L®O=L

i.e. L* is the inverse of L and @ is the identity element. So Pic(X) is a group, and from this construc-
tion via line bundles (using Proposition 3.2) we see Pic(X) = H!(X, 0*).

Example 3.1. Any linear algebra operation gives an operation on vector bundles, e.g.:

0
(i) E ®F is a vector bundle with transition functions ((Pgﬁ o )
af
(ii) E®F is a vector bundle with transition functions ¢, ® 05 € GL(C" ® c”)=GL,,.(C).

(iii) AKE is a vector bundle with transition functions Akcpaﬁ.
If k = r we write A"E =: det(E), the determinant line bundle. Thus to any vec-

tor bundle we get an associated line bundle via the top exterior power, i.e. the determinant
line bundle.
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Definition 3.5. A holomorphic section s of a holomorphic vector bundle E over U C X is a
holomorphic map s : U — E with wos = id. We write O(E) for the sheaf of holomorphic sections
of E, i.e.

O(E)(U) := {holomorphic sections of E over U C X}.

Then the usual @ can be seen as the sheaf of sections of the trivial line bundle X x C.

Definition 3.6. If &, ¥ are sheaves, a morphism of sheaves ¢ is an isomorphism if @ : #(U) —
%(U) is an isomorphism for all U C X.

Definition 3.7. A sheaf & is locally free of rank r if Yx € X, d open U C X, x € U, with
Fly=2(0e---00)|y.
~—_——

r copies

Remark: We never actually defined a restriction sheaf, so we quickly note the definition here: if &
is a sheaf on X and U C X is open, then Z | is a sheaf with for all V c U open, Z|;(V) := Z (V).

Proposition 3.4. Associating to a holomorphic vector bundle its sheaf of sections gives a canonical
bijection:

{holomorphic vector bundles up to isomorphism} «— {locally free sheaves up to isomorphism}.

Proof. Clearly the sheaf of sections of a holomorphic vector bundle E is locally free, as E is locally
isomorphic to U, x C". So this is a map in one direction.

0691‘

L

For the converse, if we have trivialisations ¢, : Z|y, (by definition of a locally free sheaf),

then the transition maps

lu,

Pap = a0y 1 0% (UyNUp) = 0% (U, NUp)

are given by a matrix of holomorphic functions on U, N Ug, giving the cocycle conditions and hence
a holomorphic vector bundle. So this gives a map from locally free sheaves to holomorphic vector
bundles.

But we now need to check that these maps are inverses of one another. But this is straightforward
from how we construct vector bundles from cocycle data/local trivialisations.

O

Notation: We write for E a holomorphic vector bundle,
H!(X,E) :=H(X, 0(E)).
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Example 3.2. Recall that TX'° is the holomorphic tangent bundle. We want to show that this is
actually a holomorphic vector bundle. So we need to show that the transition functins are actually
holomorphic.

So we need to remember how we actually constructed THOX = TX1O. Let X = | J, U, be an
open cover by charts, and ¢, : U, = ¢4(U,) C C". The Jacobian of the transition maps ¢q5 =

a0 @5 ppUaNUp) = 9a(Uy NUp) is

Ty,
J(pap) = (% (ﬁpaﬁ (Z)))

Then by Example Sheet 1, Q1, we know T9X has transition functions 0ap(2) :=J(pep)(pp(2)).
So as we can view p,p5(2) € GL,(U, N Up), these are holomorphic. 0

Y,0

Now as always whenever we have a vector bundle we get a line bundle via the top exterior power
(we will see that line bundles are somewhat “more fundamental” than vector bundles). Since we
always have a holomorphic vector bundle on a complex manifold (via) the holomorphic tangent
bundle, this means every complex manifold has a canonical line bundle (which turns out to be the
only natural line bundle on a complex manifold).

Definition 3.8. We define the canonical line bundle of a complex manifold X by:
Ky :=det(T*x"0) = A" (T*x10)
where T*X 10 = (TX10)*. This is a holomorphic line bundle.

Another key example of line bundles is the canonical line bundle on P":

Example 3.3. Here we construct line bundles in P". Each point [ € P" corresponds to a line through
0. So consider the set:
0(-1):={(l,2) eP"xC" .z €}

i.e. the fibre at | € P" is just the line [ in C™"!. We claim that this is a holomorphic line bundle
o(—1) - P
Indeed, consider the standard cover P" = UZ:O U,. A trivialisation of €¢(—1) over U, is cover by:

Yo :m Y(U) = U, xC sending (1,2)— (I,2,)
for z=(2q,...,2,) (i.e. 2, is a’th-coordinate of z). The transition functions are then 1 ,5(1) : C —

C sending z — %—;z, where | = [l : ---: [,,], which is holomorphic since it is linear.

Finally we need to check that 0(—1) is a complex manifold. If ¢, : U, — C" is as above, then

define charts ¢, : m1(U,) — C x (C;” via: Qg := (g % id) o ¢,. Then one can check that this
g(CTH—

works, and so we are done. O
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Definition 3.9. 0(—1) is called the tautological line bundle of P".

So we have seen that ¢(—1) is indeed a holomorphic line bundle. We then define:
o):=0(-1)"
which is called the hyperplane line bundle. We then define:
ok):=0(1)%, ok :=0(-1)%, 00)=0
for all k > 0. We will later show that these are all the holomorphic line bundles on P", and so
Pic(P") = Z  with generator &(1).

Now one last important example before moving on:

Example 3.4. If p : Y — X is a morphism and E — X is a holomorphic vector bundle, then one
obtains the pullback bundle over Y, p*E — Y, by pulling back the transition functions via p.

If Y C X is a submanifold, we write E|y for the pullback bundle of E under the inclusion map
Y —X.

Also for any projective X, we know X is biholomorphic to a subset of P" (for some n), i.e. X C P,
and then X has a natural line bundle via pulling back the hyperplane line bundle, i.e. 0(1)|x — X.

3.1. (Commutative) Algebra of Complex Manifolds.

We now relate sections of line bundles, codimension one submanifolds, and meromorphic functions
to one another. By the implicit function theorem, a subset Y C X is a closed submanifold if and only
if for all p € X, 3 a neighbourhood U C X of p and holomorphic functions f,..., fi : U — C such
that 0 is a regular value of f = (fy0 0™ ,..., frop 1) : (U) — Ck, where ¢ : U — C". In this case
we have

k
Y nU=(f"0)
i=1
i.e. this is just saying that Y is locally the region cut out by some holomorphic functions.

Recall: If U ¢ C" is open and f : U — C* is holomorphic, then setting

9fa
a (z))
2p 1<a<k, 1<B<n

SA=K, 1P

J(f)(=) :=(

then z € U is a regular point if J(f)(z) is surjective. Moreover if every z € f ~!(w) is regular, then
w is called a regular value.

Definition 3.10. Let X be a complex manifold. Then an analytic subvariety of X is a closed subset
Y C X such that for all p € X, 3 a neighbourhood U C X of p and holomorphic functions f,,..., fi

with Y nU = (), £1(0).
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Remark: Note that we assume no extra structure on an analytic subvariety - it is just a closed subset
defined in this way. Thus the only difference between it and the above closed submanifold discussion
is that in the definition of the analytic subvariety we do not assume 0 is a regular value. Thus an
analytic subvariety really is just a closed subset which is locally cut out by holomorphic functions.

Definition 3.11. For Y an analytic subvariety of X, we say y € Y is a regular (or smooth) point
if one can choose the f; in Definition 3.10 such that 0 is regular.

Then by the implicit function theorem, if Y denotes the points of Y which are not regular (i.e. “S” for
“singular”), then Y* := Y\Y® is naturally a complex manifold (or at least its connected components
are).

Definition 3.12. An analytic subvariety Y is irreducible if it cannot be written as Y = Y, U Yy,
with Y;, Y, analytic subvarieties with Y;,Y, #Y.

Example 3.5. The set {(zl,zz) €C?: 212, = O} C C?, i.e. the union of the coordinate axes, is an
analytic subvariety which is reducible, since {z; = 0} U {25 = 0} = {2,2, = 0}. However it is not a
complex manifold since it is singular at the origin.

Definition 3.13. We define the dimension of an irreducible analytic subvariety Y to be:
dim(Y) := dim(Y™)

where the latter is well-defined as it is a complex manifold.

Similarly if Y is reducible and each irreducible component of Y has the same dimension we can
define dim(Y).

Definition 3.14. If codim(Y) = 1, then we say Y is an analytic hypersurface.

Now if & is a sheaf on X, for x € X we define Z, to be the stalk of Z at x. On C", we set O to be
the sheaf of holomorphic functions, and we set

ﬁn = 0(@1’0
to be the stalk at 0 € C". Elements of @, are of the form (U, f), for f € 0c.(U), 0 € U, and we have
(U,f)=(V,g)if 3 an open set W c UNV with |y = glw.
In the case of X an n-dimensional complex manifold, we write Oy for the sheaf of holomorphic
functions on X. Then since X locally looks likes C" we have

0X,x = ﬁn

for any x € X.
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Definition 3.15. We call elements of Ox , germs of holomorphic functions.

Note that @, is a local ring, in the sense it has a unique maximal ideal, namely {f : f(0) = 0}.
Functions not vanishing at O are invertible, and so these are the units of the ring.

We now state several results about &,, proved using commutative algebra and complex analysis. We
shall not prove them - see Huybrechts Chapter 1 if interested.

Theorem 3.1. 0, is a unique factorisation domain (UFD).

Proof. See Huybrechts Chapter 1. O

Recall that f € @, is irreducible if f cannot be written as a product of two non-units in &,. Thus
0, being a UFD means that every element of &, has a unique expression as a product of irreducible
elements, up to multiplication by units.

Theorem 3.2 (Weak Nullstellensatz). Let f, g € &, with f irreducible and let U be a neighbour-
hood on which both f, g are defined. Suppose {f =0}NU C {g =0}NU. Then f divides g in 0,
i.e. g/f is holomorphic near O.

Proof. See Huybrechts Chapter 1. O

Definition 3.16. Let U C C" be open. We shall call a set V C U thin if V is locally contained in
the vanishing set of a set of holomorphic functions.

Theorem 3.3. We have the following:

(i) Suppose f € 0, is irreducible. Then 3 a thin set of codimension > 2 and an open set U
such that f € 0, = O¢n ,, is irreducible for all p € U\V.

(i) If f,& € O, are coprime, then 3U and thin V C U with f, g being coprime in @, for all
p € U\V.

Proof. See Huybrechts Chapter 1. O

Remark: Huybrechts Proposition 1.1.35 claims that one can take V = @, but this is wrong (as demon-
strated by the counterexample {y? — xz> = 0} c C3, which is irreducible at 0 € C* but not at any
(xg,0,0) for xy near 0). The proof in Huybrechts actually proves Theorem 3.3.

38



Complex Manifolds Paul Minter

So let X be a complex manifold and Y C X an analytic hypersurface. Thenif p € Y, 3an open U  p
withUcXand3 f € 6,(U)withUNY = f~1(0)NU.

Definition 3.17. Such an f is called a local defining equation for Y.

If f = f;--- f. is such that the f; are irreducible, and also f = g; --- g,, (again irreducible), then by
the weak nullstellensatz (and/or since @, is a UFD), after reordering and multiplying by units, we
have r =m and f; = g; for all i.

Now one more result we will state without proof:

Theorem 3.4. Let Y be an analytic hypersurface. Then Y* is an open dense subset of Y, and
Y* is connected <= Y isirreducible.

Moreover Y is contained in an analytic subvariety (of X) of codimension > 2.

Proof. None given. O

3.2. Meromorphic Functions and Divisors.

Definition 3.18. Let X be a complex manifold, and U C X open. Then a meromorphic function
onUisamap f : U — U,cyK,, where K, is the field of fractions of 0, such that Vp € U, 3 a
neighbourhood V. .C U of p and g,h € 0x(V) with

f,= % Ygev.

We denote by K the corresponding sheaf of meromorphic functions.

Remark: f(p) € K, should be implied by the definition.

Note: This is different from the definition of a holomorphic function on a Riemann surface, which is
usually just an analytic map to P'. This however doesn’t generalise well, so hence the need for the
above definition.

Thus elements of K, are of the form g/h, for g,h € ,, with h # 0. We then as usual write K* for
the sheaf of meromorphic functions which are not identically zero.

Equivalently one can define a meromorphic function via specifying f|y = gq/hq, with g4,h, €
0(U,) [Exercise to show]. A meromorphic “function” is undefined (even as co) when both g(p) =
h(p) =0.
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Definition 3.19. Let Y C X be an analytic hypersurface, p € Y regular, and f a local defining
function for Y at p. Then for g € Ox , we define the order of g along Y at p to be:

ordy ,(g) := max{a €N : f divides g in Oy ,}.

This order is well-defined as 0 , is a UFD, and the order is always finite.

Lemma 3.1. 3 a neighbourhood U of p and a thin set V of codimension > 2 such that if q €
(U\V)NY, then ordy ,(g) = ordy4(g)

i.e. the order is locally constant up to a set of codimension > 2.

Proof. Simply use Theorem 3.3(i). O

Definition 3.20. We define the order of g along Y (with Y irreducible) to be

ordy(g) := ordy ,(g)
for any p € Y* away from the thin set found in Lemma 3.1.

Note: To define the order of g along Y we are using that Y* is open (and so has codimension 0) and
that V has codimension 2 in X, so such a p does exist.

Then one can show that if g, h are holomorphic around p, then
ordy (gh) = ordy(g) + ordy (h).

This allows us to define the order of meromorphic functions:

Definition 3.21. Let X be a complex manifold and f # 0 a meromorphic function. Let Y be an
irreducible analytic hypersurface of X. Then we define the order of f along Y by

ordy(f) := ordy(g) —ordy(h)
where f = g/h at some regular point of Y.

Note that this is well-defined by the additivity of the order.

Definition 3.22. For X a complex manifold, f Z 0 a meromorphic function and Y an irreducible
analytic hypersurface of X, we say:

e f has a zero of order d along Y if d = ordy(f)>0
e f has a pole of order —d along Y if d = ordy(f) <O.
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Definition 3.23. A divisor on a complex manifold X is a formal sum
D=>a.,
a

where a € Z and the Y, are irreducible analytic hypersurfaces, such that D is locally finite, i.e. for
all x € X, 3 a neighbourhood V C X of x with Y, NV =0 for all but finitely many a.

We denote the set of divisors on X by Div(X), which is a group under addition.

Example 3.6. If dim(X) = 1 (i.e. X is a Riemann surface), then a divisor is just a collection of
points with some multiplicities (i.e. the multiplicities being the coefficients a).

Definition 3.24. We say that a divisor D is effective if a, = 0 for all a.

Definition 3.25. If f € H°(X,K*), we define the divisor associated to f via:
(f):= ) ordy(f)Y
Y

where the sum is over all Y C X irreducible analytic hypersurfaces (recall here that K* is the sheaf
of meromorphic functions which are not identically zero).

To check that this (f) is actually a divisor we need to check that the sum is locally finite. But this is
the case, as given x € X, then locally about x we have f = g/h, and there are only finitely many Y
with ordy(g) # O (seen by writing g as a product of irreducibles).

Note: (f) is effective &< f is holomorphic.

Definition 3.26. We call a divisor D a principle divisor if D = (f) for some f € H°(X,K*).

We say that divisors D, D’ are linearly equivalent, and write D ~ D’, if D—D’ is a principle divisor.

Note: The relation ~ of linear equivalence is transitive because (f)+(g) = (f g), which comes from
ordy(f g) = ordy(f) + ordy(g).

There is an natural inclusion of sheaves 0* < K* as every holomorphic function is meromorphic.
Thus we obtain g,—i, the quotient sheaf, obtained by sheafifying the presheaf defined by U — I;Eg%
(we need to sheafify since the quotient only forms a presheaf in general). A global section f &

HO (X , g—i) thus consists of an open cover {U,}, of X and meromorphic functions f, € K*(U,) with

fa *
7 ‘UanUﬁ € 0*(U, N Upg), whenever U, NUg # 0.
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Proposition 3.5. There is an isomorphism H° (X , %) = Div(X).

Proof Letf € H° ( % ) Then we know f is given by meromorphic functions (f,), on an open cover
(Uq)q of X as detailed above. Now if Y is an irreducible analytic hypersurface with Y N(U,NUp) # 0,
we have

ordy (f,) = ordy(fg)

fa € 0*(U, NUp) is holomorphic and so ordy (;—;) = 0 (since if we take the order for a

simce E

UaNUg
point p € Y N (U, N Ug) this will be 0 as f,/fp is holomorphic in U, N Up).

Thus we may define ordy (f) := ordy(f,) for any U, with Y N U, # @, and thus this gives a map
HO( , 0*) — Div(X) via
f— > ordy (f)Y.
Y

This is clearly a group homomorphism, by the additivity of ord.

We next construct an inverse to the above map. Suppose D = ), a,Y, is a divisor on X. Consider
Y,. Then there is an open cover {Ug}g of X and g,p € 0(Up) such that

Y, NUp = g,5(0)

since Y is an irreducible analytic hypersurface (with say g, = 1in Y, N Uy = ). Now set
pyp— a(l
fo =] 13
a

which is a finite product as D is locally finite. Now since g,p and g,, define the same hypersurface
inUg NU,, we have
gaﬁ
8ay

by the weak-nullstellensatz (Theorem 3.2). Thus the fg glue to give a section of H 0 (X , ﬁ*) and so

€ 0" (UsNU,)

this construction gives a map Div(X) — H° (X s ﬁ*) These two maps are then clearly inverses of one
another [Exercise to check details] and so we are done.

|

Remark: We shall say that D € Div(X) is given by local data (U, f,), using the above construction
in Proposition 3.5.

Theorem 3.5. 3 a group homomorphism Div(X) — Pic(X) via D — &(D), the kernel of which is
precisely the set of principle divisors.

-k
p T U,NUpg
0*(U, N Up). These then satisfy the cocycle conditions (pgppp, ¥y« = id) and so generate/give

Proof. Let D € Div(X) be given by local data (U,, f,) as per Proposition 3.5. Let ¢,
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an element of Pic(X) = H'(X, 0*). We first check thar this is well-defined, i.e. independent of the
choice of local data defining D.

So suppose (U, f,) is alternative local data (same U, by the construction in Proposition 3.5). Then
we have f, = s, f, for somes, € 6*(U,). The new transition functions defining an element of Pic(X)

are:
. S
Pap = Pap "
Sa

Then (Ug,sp/5,) satisfy the cocycle conditions, thus giving a line bundle L with a nowhere vanishing
section s induced by the s,. Then if the line bundles defined by (Uy, p,p) and (Uy, $4p) are, say, H
and H, then

H=H®L
as Pap = Yap * 5-» and we know that the transition functions associated to a tensor product are just
the products of the transition functions for the corresponding (line) bundles.

But L has a nowhere vanishing section, and hence L must be (isomorphic to) the trivial line bundle.
Hence we have

H=H=:0(D)

and so this map is well-defined.

Next we need to check that the map is a group homomorphism. So let D,D € Div(X) be given by
local data (U, f,) and (U, f,). Then D + D is the divisor with local data given by (U,, f,.f,) (since
Proposition 3.5 gives a homomorphism) and so

o(D+D)= o(D)® 0(D)

for the same reason (the transition functions of a tensor product is exactly the product of the transi-
tion functions). So @ is a homomorphism.

Finally, we need to show that the kernel of this map is the set of principle divisors. For one inclusion,
suppose D = (f), f € H(X,K*), is a principle divisor. Then we can take (U,, f,) to be the local data
(f, being the meromorphic functions determining f as usual). Then

in HC (X , g—:) since this function is holomorphic. Thus ¢(D) has trivial transition functions and hence
O(D) = 0 (the sheaf of holomorphic functions, which is the identity in Pic(X)).

For the reverse inclusion, suppose @(D) = € (so D is in the kernel). So 3s a global nowhere vanishing
holomorphic section of @(D). Suppose (D) has transition functions (Uy, p4p), and so D is given

by (Ug, fo) where g = th—";‘ (locally on U, NUp). Sets, :=sl|y,, and so s, = p,psp [see Example
Sheet 3 for more elaboration]. Then

fa

Thus g defined by gly, is a well-defined global meromorphic function on X, since the above

tells us that on U, N Ug we have f 2= fﬁ . Then D = (g), since the s, are nowhere vanishing.
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Thus the reverse inclusion has been proven, and so ker(Div(X) — Pic(X)) = {principle divisors of X}.
O
Exercise: Show that there is an exact sequence

.
0 s O* y K* y K 5 0

and use the associated long exact sequence in cohomology to give another proof of Theorem 3.5.

So we have a map between these two groups, and so you might wonder if we can go the other way.
In some cases we can:

Proposition 3.6. For any s € H°(X, L)\{0}, 3 an associated Z(s) € Div(X).

Proof. Fix a trivialisation for L, w : L — X. Then:
ba: T (Us) = Uy XC
with cocycle data (U, pqp)- Set f, := @4(sly,) € 6(U,), which is not identically 0. Then we have
fafﬂ_l = Qpa(s|Ua)90[5(5|Uﬁ)_l = Qpaﬁ € ﬁ*(Ua n Uﬁ)

Thus one obtains Z(s) € Div(X) determined by the local data (U, f,). In addition we also see
[Exercise to check]
Z(S]_ +52) = Z(Sl) + Z(Sz).

Proposition 3.7. We have the following:

(i) Lets € HO(X,L)\{0}. Then 0(Z(s)) = L.
(ii) If D is effective, 3 s € HO(X, 0(D))\{0} with Z(s) = D.

Proof. (i): Let L have trivialisation (U, ¢). Then Z(s) is given by f € H 0 (X , %), where f, = fly, =
¢a(sly,)- Then 0(Z(s)) is the line bundle with associated cocycle data being (U, f, fﬁ_ D). But:

faf/j_l = (Pa(san)(p[j(slUﬁ)_l =Yap

as in Proposition 3.6, and thus this line bundle is just L as the cocycle data is the same.

(ii): Let D € Div(X) be given by (U, f,), with f, € K*(U,). Then as D is effective we know the f,
are holomorphic. The line bundle ¢(D) is associated to the cocycle data (Ug, ¢4p), where p,5 =

jﬁ—“ . Then f, € 0(U,) glue to a global section s € H°(X, (D)) as f, = apfp on Uy N Up.
BlU,nUg
Moreover,
Z(S)y, =Z(sly, ) =2(f) =DNU,
and so Z(s) = D (note by D N U, we just mean 2/3 ag (Yﬁ nU,)if D= 2/5 agYp). O
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Note that the s found in Proposition 3.7(ii) is not unique: if A € HO(X,0%) (e.g. A € C*) then
Z(As) = Z(s). It turns out on non-compact manifolds s is highly non-unique, but on compact ones
we get uniqueness up to multiplication by such a A.

Corollary 3.1. Let s € H'(X,L) and § € H°(X, L). Then:
Z(s)~Z() < L=1I.

Proof. This follows as 0(Z(s)) = L and we know ker(&) = {principle divisors}. Thus (D)= 0 <
D is principle.

O

Recall the exponential s.e.s:

exp
> 0" — 0

0 >Z 2m'>0

where Z is denotes the constant sheaf. The l.e.s in cohomology and the fact that Pic(X) = H!(X, %)
(from Proposition 3.3) gives a map (via the first chain map):

¢; : Pic(X) = H%(X, 7).

Definition 3.27. For L € Pic(X), we call ¢c;(L) € H*(X,Z) the first Chern class of L.

We will return to Chern classes later in the course.
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4. KAHLER MANIFOLDS

Recall: A complex manifold X is projective if it is biholomorphic to a closed submanifold of P™ for
some m.

Definition 4.1. We say that a line bundle on X is ample if there is an embedding i of X into P™
for some m and 3 a k € Z- such that
L =i*(0(1))

where 0(1) is the hyperplane line bundle on P™.

Kahler geometry (in part) gives a differential geometric interpretation of amplitude (i.e. ampleness),
which we shall look into more now.

4.1. Kahler Linear Algebra.

Just as we did for complex structures we will start with some linear algebra. The goal is to put
Riemannian metrics on complex manifolds which interact well with the complex structure.

Let V be areal finite dimensional vector space and letJ : V — V be a complex structure (so J 2 =—id).
Let (-,-) be an inner product on V.

Definition 4.2. We say that (-,-) is compatible with the complex structure J if:
(J(),J(v)) =(u,v) Vu,veV.

Definition 4.3. If (-, ) is compatible with J, we then define the fundamental (2-)form w by:
o(u,v) = ({J(W),v).

Note that w is antisymmetric, since:
C()(u, V) = (J(u), V) = (Jz(u)a‘](v)> = <—u,J(V)> = —(J(V), u) = _(J)(V, U)

where we have used the compatibility assumption and the symmetry of the inner product.

We now extend these notions to the complexification Vi := V ® C. The inner product extends to a
hermitian inner product via:

(Au, uv)c := Ap{u,v)  VAueC,uveV
and using that any a € V- can be written as a = a; +ia, for a;,a, € V.
We assume that (-, -) is compatible with J throughout, so that w exists. We can then extend w to V¢

via w(u,v) := (J(u), v)c, where J here is the natural extension of J onto V- via acting on the V part
of Vc.
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Lemma 4.1. We have the following:

(i) The decomposition Vg := v gy O from before is orthogonal w.r.t. the hermitian inner
product (-, )c.

(ii)) we Al’lvg, i.e. the fundamental form is a (1, 1)-form.

Proof. (i): Letu € V(10 y e y(O Then J(u) = iu and J(v) = —iv, and so

(u, V)(C = (J(u)’J(V))(C = <iu> _iv>(C = i2<u)v>(C = —<U,V>(C = (u’v>C =0

where we have used compatibility and the fact that (-, )¢ is conjugate-linear in the second compo-
nent.

(i)): Letu,v € y(1.0), Then,

w(u,v) = (J(W),v)e = (J2W),J (V)¢ = & (), ] (v))
by compatibility. So hence
w(u,v) =0l Ww),J(V)) = w(iu,iv) =ito,v) =—oW,v) = o(u,v)=0.

Similarly if u, v € V(®!) then we have w(u,v) = 0. So hence w is only non-zero on V(3% x V(®1) and
y(0.1) o V(l’o), and thus w € Al’lvg.

O

4.2. Kahler Geometry.

Now let X be a complex manifold with almost complex structure (a.c.s) J. Recall from differential
geometry:

Definition 4.4. A Riemannian metric g on X is a section of T*X ® T*X such that for all x € X,
gy : I, X x T, X — R is an inner product.

Definition 4.5. A Riemannian metric g on X is compatible with J if for all x € X, the inner
product g, on T, X is compatible with the complex structure J, : T, X — T, X.

We can then define w, the fundamental form, by

w(u,v) :=g(J(u),v).

w extends C—linearly to a (1, 1)—form w € AL}(T*X)¢ as we saw in the linear algebra case.

The extension g¢ of g gives a hermitian metric (by definition) on (TX ) and hence on TX (1.0) sup-
pose on X we have holomorphic coordinates z;,...,z,. Then dz,,...,dz, form a local holomorphic
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frame for T*X(19), Let:

(e 2
jk = “8c 3zj’ oz )

Exercise: Show that (hj);x is a hermitian matrix and that

i _
w= 5 ;hjkdzj A dzp.

Definition 4.6. We say that w is a Kdhler form (or Kédhler metric) on X if in addition we have
dw =0, i.e. w is closed.

We then say [w] € H*(X,R) is a Kdhler class.

Definition 4.7. We call a complex manifold a Kdhler manifold if it has a Kihler metric. We write
(X, w) for the Kdhler manifold.

n o o 1 n - . . o
Example 4.1. On C" with coordinates 2, ...,%, w =73 ), j=1 dz; A dz; is a Kdhler metric.

Example 4.2. By a standard partition of unity argument, any complex manifold admits a hermit-
ian metric. Moreover if g is a Riemannian metric, then

g(u,v) =g, v)+gW(w),J(v))
is a hermitian metric compatible with J. Then if dim(X) = 1 (i.e. a Riemann surface) then every
(1, 1)—form is automatically closed, and thus we get lots of Kdhler forms on Riemann surfaces.

Note: Knowing any two of g,J, w determines the third completely.

Remark: Any Kdhler metric induces a symplectic form on X. Thus Kidhler geometry (i.e. the study
of complex manifolds with Kéhler forms) lies in the intersection of complex geometry, Riemannian
geometry (as have a Riemannian metric) and symplectic geometry. This is in some sense why the
theory of Kahler geometry is so rich.

Crucially, (complex) projective space has a Kihler form, as per the following Example 4.3.

Example 4.3 (The Fubini-Study metric on P"). Let U C P" be open and let m : C"*1\{0} — P"
be the natural projection. Suppose s : U — C™*! is a holomorphic lift of 7, i.e. m(s(z)) = z for all
z€U (e.g fU=U;={[z0:":2,|2; #0}, thens([zp: - :2,]) = zlj(zo,...,zn)).

Let )
l —
Wrsly 1= 5-99 [og(lslI*)]
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where || - || is the Euclidean norm on C™*!. We need to check that this is well-defined (i.e. agrees on
overlaps), closed and positive definite.

TO see if is well-defined, choose another s’ defined on U’. Then we know s’ = fs for some f €
o*(UNU), and

= nm2yl— L a7 21207 = L a7 2 2\7 —
3 [log(IsI)] = 5-03 [tog(If PIsI1*)] = 522 [log(1£*) +log(lls|)] = sl
as ag[log(Iflz)] = 35[log(f) + log(j_f)] = 0. Thus wgg is well-defined on all of P".
Next, to see that it is closed, note that (3 +9)(0—38) = 32+52+85—53 =200 since 02 =0= 52
and 08 =—00 and so
i _ i -
s = 5-(0 +3)@ ) [log(Ibl)] = ¢ (5@ — ) togllsIP) )
T 27

and so wgg is exact, and thus closed.

Finally we know that locally we can write
i _
Wrpg = 5 Zh]de’] A de
.k
and to see wyg is positive definite we need to show that (hji )i, is a positive definite hermitian
matrix. To see this, we work on Uy (the proof for the other U; is identical). Set w; = . Then:

20
1 —
wFSlUO = ﬂaa log(l +Z |W]|2)

J
2 \ 1+ Iwjl?

i [ 2;dw;Ad; (= wjdw; ) A (2, wydw;)

i 1+ |W1|2)5jk—WjWk _
ik 11l
:Zhjk
i _
= o= D hydw; Adiw.
ik

Then if 0 # u € C" (ignoring the positive denominator of the hj):
uT(hjk)jkﬂ = (u; u> + (W: W) (u) u) - (u’ W) <Wa u)
= (u: U.> + (W) W) (u) u) - |<W} u) |2
>0 by Cauchy-Schwarz.

Hence this is positive definite and so wgg is a Kdhler metric on P™. O
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Proposition 4.1. Let (X, w) be a Kdhler manifold. Then any complex submanifold i : Y — X is
Kdbhler.

Proof. Since d commutes with pullbacks we have
d(i*w) =i*(dw) =i*(0) = 0.

Moreover clearly i*w is positive definite on Y since w is on X. Thus i*w is a Kihler form on Y and
so Y is Kéhler.

O
Corollary 4.1. Any projective manifold is Kdhler.
Proof. Apply Proposition 4.1 since P" is Kéhler for any n. ]
In general, using the hermitian metric h = ge on TX1%, choose a unitary frame {¢;,...,¢,} of

T*X(19 on a neighbourhood U of x € X so that h = Z]- ¢;j®p;. Let n; =Re(yp;), &; =Im(y;). One
can then check:

J

g =Re (Z(ﬂj +i§j)®(n1—i51)) =D (njon;+&08)

with volume form
dol=n{AE{ A~ AN, NE,.

Now,
i . . i
W= Ej (0 +iE) A (n;+i8;) = o Ej AL

Thus we see:
n

L _ dvol
n!

(up to a factor of 21), and so a Kéhler form gives a volume form. In particular, when X is compact

we have
J w™ > 0.
X

So if w is a Kéhler metric associated to a Riemannian metric g, we have a corresponding volume
form given by dVol = w"/n!.

Proposition 4.2. If X is a compact Kdhler manifold, then dim (ng(X ,R)) > 0 for all q €

(1,..., 2 dimg(X)}, i.e. all the even Betti numbers are > 0.
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q times
. . /—H
Proof. Let w be a Kéhler metric, and set T = w A---Aw. Thendt =0asdw =0, and so [7] =
ng\(X ,R). We just need to show that this class is non-zero, i.e. T is not exact.

Suppose T = do for some o € .#R(X). Then we would have

J w”zJ w”_q/\rzj d(w™ I Ac)=0
X X X

and this is 0 by Stoke’s theorem (as X is compact so has no boundary). But we know fx w™ >0, and
so this is a contradiction. Hence 7 is not exact and so [T] € Hig(X ,R)\{0}.

O

Thus Proposition 4.2 tells us that there is a topological obstruction for a compact complex manifold
to be Kahler, namely all even order de Rham cohomology groups must be non-trivial - see Example
Sheet 3.

Remark: We saw in Corollary 4.1 that every (smooth) projective manifold is Kdhler. Recall to any
L € Pic(X) we defined ¢;(L) € H*(X,Z) c H*(X,R). We are working towards the Kodaira embedding
theorem, which states that on a compact complex manifold, a class a € H2(X,Z) is a Kihler class
(i.e. Jw Kéhler with w € a) if and only if a = ¢;(L) for some ample L € Pic(X). This gives a
complex differential geometric interpretation of ampleness, and characterises which compact Kidhler
manifolds are projective. [ These results also won the Fields Medal at one point. ]

Proposition 4.3. Let w be a (1, 1)-form associated to a hermitian metric h on X. Then:
dw =0 <= 3 holomorphic coordinates zq,...,z, about x s.t. locally
i - .
w= B Zhﬂ(dzj Adzj with hj. =65 + o(|z]*)
j.k
where 6 jj. is the Dirac-delta. Thus:
w is Kihler < = wy+0(|z]?)

where w is the usual Kdhler form on C".

Remark: This result is very useful and we will use it a fair bit - it tells us that any identity valid on
C™" (with its usual Kédhler metric) which only involves the metric h and its first order derivatives, is
true on any Kidhler manifold (essentially because the above tells us we can kill off the linear term).

Proof. We will use summation convention, but i will also be +/—1, not an index.
(<): Say w = %hjkdzj A dzy. Then

_ i 8hjk _ i ahjk — —
dw = 5 azz dzl/\dzj/\dzk+Ea—gldzl/\dzj/\dzk.

Thus if hj; = 63 + 0(|z]?), then aa};jlk (x)=0and sodw =0.

51



Complex Manifolds Paul Minter

(=) : Suppose dw = 0. Write w = éh ixdz; A dzy. By a linear change of coordinates we may assume
hji(x) = 6 (at this one point x). The Taylor series expansion of h;; then looks like

= 2
hjk = 5]1{ + ajklzl + bjklzl + O(|Z| )
As h is hermitian we have hj, = Ekj and thus bj;; = ai;;. But then as dw =0,
0= ajkldzl A dZJ A dEk + bjkldEZ A dZJ A dgk

and thus we must have (due to these wedge products forming a basis) aji; = aji; and bji; = bjyy-

Now let {; = 2, + 2a;y2:2 , which is a valid change of coordinates in a neighbourhood of x. Then:
k kT 2ajki1Zj2] g g
1
dgk = de + Ea]«kl (Zdel +Zlej) = de + ajkledZI
- - 1 . _  _ L
d{k = de + Eajkl (zjdzl +Zlej) = dzk + ajkIZdeI
using the symmetries of aj;, and so now we can compute

dgk AN de = de A dgk + EjklEjdzk A\ dEl + Cljklele AN dgk + O(|Z|2)
= de A dgk + Cljklzlej A dgk + bjklgldzj A dgk + O('le)

2
=>w+0(z*)
i

and so as in these coordinates d{; A d{; = w,, we are done.

4.3. Kahler Identities.

Let (X, g) be an oriented Riemannian manifold of dimension 2n. The exterior derivative d : .Z* —
/**1 we know satisfies d> = 0. Let dVol be the volume form associated to g.

Definition 4.8. The Hodge star operator is the map % : /% — .&/*" = which is uniquely deter-
mined by the relation:
aA(B)=(a,B)g dVol Va,p €.k

Definition 4.9. The L2-adjoint of d is the map d* : &% — ¥~ defined by:
d*:=—xdx*.

We will see later that d* is actually the adjoint of d with respect to an appropriate L? inner product.
Definition 4.10. The Laplacian Ay : /% — /% is defined by:

Aq:=d*d+dd".
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Now suppose X is a complex manifold of dimension n, with Riemannian metric g compatible with
J. Then the Hodge star operator extends naturally to * : szé — szé”_k in such a way so that

aA(xp)=gc(a,B)-dvol.

Remark: If a € ,dé we have s x a = (—1)¥@" Mg, and thus x 1 = (1)@ 0y,

Now write d = 8 + 8 as usual, where 3 : .@7P1 — ofPt14 and 3 : .FP9 — ZPAt1,

Definition 4.11. Define the L2-adjoints of ® and @ by:
9*:=—x0% and 0 =—*0x
and define the associated Laplacian’s:

Ay :=0"0+099* and A5:=5*5+55 .

Definition 4.12. If w is Kdhler, define the Lefschetz operator L : .o/P9 — .ofPTLa4*1 py:
L(a):=aA w.
Also define the contraction (or inverse Lefschetz operator) A : .o/P9 — ofP~ 1471 by
Ai=%"1L%.

Definition 4.13. For a, 8 € .o/P'1 we define the L3-inner product by:

(at, B) 2 :=f aA(xp) (EJ gcla, B) dVol).
X X

Lemma 4.2. Let X be a compact Kdhler manifold. Then the operators 0* and 3" are the L2-adjoints
of the operators @ and 0 respectively, i.e.
e ifac .o/ and f € /P then

(Oa,B)2 = <a,5/j)L2
e ifa € .ofP?and B € .o/PI%! then

(5(1, /3>L2 = (aagﬂ)Lz'

Proof. We only prove the first identity as the second is very similar. By Stoke’s theorem we have (as
X is compact)

0=f d(a/\(*ﬂ))=J d(an(xp))
X X
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where the second equality is because a A (8) € ZPT(=(P+)n = gn=1n and 50 8 (a A (%)) = 0.
So,

0=J B(a/\(*ﬁ))zf dan(xB)+ (=1 and(xp)
X X

where p + g = k. Thus

(Oa,B)2 =J daA(xp)
X

= (—Dkﬂf an(d*p)
X

= (—1)F*! J a | (—1)FCR) 4 (%8  B) as (—1)KC Ry =id
X ‘W—"__a*ﬁ

— _(_1)k+1+k(2n—k)J aA *(3*/5)
X

—1 Vk

:J aA(x3*B)
X
=:{a, ") ;2.

We now work towards proving the Kdhler identities, which say
[0°,1L]1=i3, [3*,L]1=—id, [A,d]=—id*, [A,0]=i0 .

We begin by proving these on C" with the standard Kéhler metric. In this case we have

i _ 1 _
w=§;dzj/\dzj and g=5; dz; ® dz;.

Definition 4.14. For a € Ve{é, & € o/}, we define the cup operator, £V a € szé by:
geEVa,f)=gc(a,ENB) VBt

This operator exists and is well-defined as g¢ is non-degenerate (this is just an exercise in linear
algebra to see, e.g. dz; Va =a (3izl’ TR -)).

Ifae .,Qfé then (using multi-index notation) we can write
a= Z aIJ dZI JAN dEJ
|+ |=k
and we then define:
3 OLI

— - da _
szI AdZ; and Jja= B_U dz; Az
7=k ©% =k %

aja =
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so that
da = Z (dzj A Gja+ dz; /\gja) .
j

Lemma 4.3. We have dz; V dz; =0 and dz; V dz; = 6 j for all j, k.

Proof. By definition,
dz; Vv dz = gc(dzj,dz ) =0
and
dz; V dz = gc(dzj,dz) = 6.

Lemma 4.4. We have the following:
() da=3;dz;Ad;a.

(i) 3;gc(a,P) = gc(d;a, ) + gc(a,3;P).
(iii) J;(dz vV a) =dz V J;a.

Proof. (i): Follows from the definition of 2.

(ii): Follows as the metric is the standard one, so:

d;gc(a, B) = 0; (Z auﬁu) = Z [(ajau)ﬁu + aIJajEIJ]
IJ

IJ

and the result then follows, noting that Bjﬁl g = 5j Br-

(iii): Follows as d; commutes with dz; V, which follows since it commutes with dzA. Explicitly, using
(i), for any B:

&c (3j(d2k Va),B)= 9; (8c(dz va,B))—gc (dzk v aag'ﬂ)
= 3jgc (o, a5 A B) — g (@ d2, A 3 ;B)
=gc (aj a,d: (dz; A /3)) using (ii) again

= gc(dzx vV 9;a,8)
and thus as 3 was arbitrary and g is non-degenerate we are done.

Lemma 4.5. 3 a = —2.;dz; v 9.
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Proof Let a € .ZX, and let B € dé_l have compact support. Then by Stoke’s theorem (where dVol
is the standard volume form):

9;gc(dz; vV a, ) dvol = 0.
(Cn
Bt we have

0= J 9;8c (dzj \% a,ﬂ) dVol = <8j(dzj \Y% a),ﬂ)Lz + <dzj \Y% a,?-/}>L2
CH

=<deV3ja,ﬁ>L2+<dz]~Va,5'ﬁ>L2 (Zg’:)
using Lemma 4.4(iii). Thus as

(0", B)2 = (o, 3Py
as these are L2-adjoints and since

(0,0B) 2= (@, dZ; AG;B),, = » . (dz; v a,5~/3>L2 =—>(dz;V3a,p),,

j j j
by (£), this gives the result as it shows it holds for all 8 with compact support.

Lemma 4.6. On C" with the standard metric we have
[6,L]1=id.

Proof. We have by definition of the commutator and of L,
[0 ,L]a=03 (La)—L(@ a)=3 (wAa)—wA (3 a).
Now note that by Lemma 4.5,
5*(0) Aa)= —Zdzj Vii(wAa)
J
= —Zdzj V (3ija+ a)/\aja).

J

But as w is the standard Kihler form we know 8ja) = 0 and thus

3 (wha)= —é Zdzj V (dz A dz A Gja)
ik

(by Lemma 4.3) =—éz (dz; v dz ) Adzy A 90— dzy A (dz; V dZy ) Adja + dzy A dZg A (dz; V Gjat)
jk | T~ —

= =51
i i
=0+ Ezk:dzk/\aka—aw/\;dzj\/aja

=idat+wA 3 a
where we have used Lemma 4.5. Thus we see

[5*,L]a=i8a+w/\5*a—w/\5*a=i8a
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as required. O

Theorem 4.1 (Kihler Identities). For X a Kdhler manifold we have

G [0 ,L]=id
(i) [8*,L]=—id
(iii) [A,5]=—i5*
Gv) [A,8]=i0

Proof. (i): As w is Kéhler, around any x € X 3 coordinates z,, ..., z, in which w = w, +0(|z|?), where

wq is the standard metric on C". Now as [5*, L] only involves the metric and the first derivative of
its coefficients, (i) follows from the result on C" (Lemma 4.6).

(ii): Follows from (i) by conjugation and using the fact that w is real.

(iii) + (iv): These follow from (i) and (ii) by taking adjoints.

Theorem 4.2. On a Kdhler manifold (X, w) we have Ag =245 = 2A.

Remark: This is not true on arbitrary complex manifolds.

Proof. We claim that
99+09 =0 and 8*9+99*=0.
Indeed, the Kéhler identities give 7 = —i({[A, 2] and so
99+089 =—i[A,310—id[A,d]
=iAJ00 +i0A0 —i0AND +idIA
=0 asd*=0.

Similarly we have 8*3 + 83* = 0 (either proof in same way or just take adjoints).

Next we show that Ag = Aj + Az. Indeed,

Ag=d*d +dd”
=(@*+3)2+3)+(3+3)3*+3)

=As+ Ag
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as several terms now cancel by the previous observation. Finally we show that A; = Az. By the
Kéhler identities:

Ay =00"+0%0 =id[A,0]+i[A, 010
=i0AND —i0O0A+iNDO —iOAD

and
A;=030 +9 9 =—id[A,3]—i[A, 3]0
=—i0Ad +i00A—iNOD +idND
=A,
since 9 = —83. So we are done.
O
Lemma 4.7. Let a € .o/P~ 197 1(X), B € o/P9(X). Then,
g(C(La: /5) = gC(aa Aﬁ)
Proof. We have
gc(La,B) dvol = (La) A (xf3) by definition of *
=(wAa)A(xf) by definition of L
=aAwA(xp) as A is associative and graded commutative
= gc(a,* 1L+ B)dVol by definition of % again
= gc(a, AB) dvol by definition of A.
O

Theorem 4.3 (Kéhler Identities II). Let (X, w) be Kdhler. Let T : ,dc* — ﬂfé be the projection,
and define

2n
H= Z(n —k)m,  (the counting operator).
k=0

Then:

(1) H,A,L commute with Ayq
(i) [A,L]=H, [H,L]=-2L, [H,A]=2A.

Proof. We first consider commutators with H. By linearity, it suffices to prove these results for some
a € P where p +q=k.

For such a we have

[H,Aqla =H(Aga)— Aq(Ha) =(n—k)Aga—(n—k)Aqa =0
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and so H commutes with Ag. Also,
[H,Lla=H(La)—L(Ha)=(n—(k+2))La—L(n—k)a =—2La
i.e.
[H,L]=—2L
since L : /P9 — P19t Then taking adjoints and using that H = H* (ie. gc(Ha,p) =

gc(a,HpP) always) gives
[H,A]=2A.
Showing that L commutes with Ay, i.e. [L,A4] = 0, is equivalent to asking Ajw = O (from the

definition of L), i.e. we need to show that  is harmonic. Showing this is an exercise on Example
Sheet 3.

Also since Ay = Az is self-adjoint, we also see [A, A4] = 0. Thus we have shown H, A, L commute
with Ad'
Lastly we need to show [A,L] = H, that is, if a € .o/P-? then:

[A,L]Ja=(n—p—q)a.

This involves no derivatives, and so it holds for (X, w) if it holds for C" w.r.t the standard Kahler
metric. We check this explicitly. When n =1 we have

A (ég(z)dz A dE) =g(2)

and so the identity holds. In general, write L = Zj L;, where Lja = édzj A dz; A a, and write
A= Zj Aj, where Aj= L;.‘ removes dz; A dz; if a has a dzj A dEj term and if not Aja =0 (up to the
appropriate dimensional constant).

Then [L;, A;]=0if j #, and so this reduces to (a small variant of) the one dimensional case, Then
by linearity one reduces to

i — .
a=—dzj/\dzj/\a
2

where & € ./P~1971, Then [A;, L

i»Ljla=(n—p—q)a, as in the one-dimensional case.

O

Remark: See Huybrechts, Proposition 1.2.26 for a proof of Theorem 4.3 which carefully keeps track
of the constants.
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5. HODGE THEORY

We wish to understand the Dolbeault cohomology groups Hg’q(X ) and how they compare with

H*(X,C) (the singular cohomology), where k = p + q. We begin by picking canonical represen-
tatives of cohomology classes.

Definition 5.1. Given an oriented Riemannian manifold (X, g), we define the space of harmonic
forms of degree k to be:

XX, g) ={ae F*X): Aga=0}.
Each element a € #%(X, g) is called a harmonic k-form.

Remark: On R" with the Euclidean metric, if f € C°°(R"), then Ayf = Af, where A is the usual
Laplacian on R". So A4f = 0 if and only if f is harmonic in the classical sense.

Lemma 5.1. For (X, w) a compact Kdhler manifold (without boundary always!) we have

Agazo = 5(125*01:0.

Proof (<):1fda=0= 3" a, then Aza = 0 by definition of Az.

(=) : Conversely, if Aza =0, then:
0=(Aza,a)2 = ((5*5 + %*)a, )2
=(0a,da);: + <5*a,5*a)
= [3al?, + 13" all?,

and so we must have ||5a||Lz =0= |I5*aI|Lz, ie.da=0 a=0.

If (X, w) is Kahler then we can show:
Aga=0 — Aza=0 < Aza=0.

So let
%%p’q(X,g) ={ae.gPUX): Aza=0}.

Recall from Differential Geometry the Hodge decomposition:

Theorem 5.1 (Hodge Decomposition for Riemannian Manifolds). Let (X, g) be a compact ori-
ented Riemannian manifold. Then there is an L?-orthogonal decomposition

ARX) 2 X)) e d (X)) @ dF K T(X).

In particular the spaces #*(X) of harmonic forms are finite dimensional.
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Remark: Another way to write this result is:
ARX) = A X)) @ Ag( (X))

since

Ag @ (X) =dd* . F*(X) & d*d.*(X) = do* L (X) @ d* " (X)
where we have used the Hodge decomposition above to show dd*.&/*(X) = d.o*"1(X) and d*d.&z*(X) =
d*.7**1(X) (e.g. for the first equality, one inclusion is clear, namely dd*.&*(X) ¢ d.&#*~1(X) since
d*.7*(X) ¢ .&*"1(X), and then for the other inclusion suppose a € d.Z*~1(X), then we can write
a = dp for some B € .*~1(X), and thus from the Hodge decomposition 8 = ; + f5 + B3 where
B, € #1(X), B, € A" 2(X), B € .#*¥(X). Then we have dff = dps, because df3, = 0 clearly and
dp; = 0 by a similar argument to Lemma 5.1. Thus a = df8 = df; = dd*y for some y € .&/*(X) by
definition of f33, i.e. a € dd*.&7*(X) as we wanted).

Proof of Theorem 5.1. None given (uses the theory of elliptic PDEs). O

Theorem 5.2 (Hodge Decomposition for Kihler Manifolds). Let (X, w) be a compact Kdhler
manifold. Then there is an L?-orthogonal decomposition:

APUX) = AP (X) @ 0PI (X) @ T P (X)
=7 (X) @ 0.7 (X) @ % P H(X)

where by L2-orthogonal we mean orthogonal w.rt the L2-inner product (a,B)2 =
[ gc(a, B) dvol.

Proof. None given. The proof uses techniques from Elliptic PDE theory (see Griffiths-Harris, §0.6 for
a discussion). O

Note: We always have
;1 (X) = A (X) = A (X)

since Ag = 2Az = 2A, using the Kahler condition (Theorem 4.2).

Corollary 5.1. Every Dolbeault cohomology group has a unique harmonic representative, i.e. the
map %af’q(X ) — Hg’q(X ) sending o — a is an isomorphism.

Note: This map is well-defined as Aza =0 < da=0=0 a.In particular if Aza = 0 then da=0
and so a does define an element of Hg’q (X). So what this theorem tells us is that if da = 0, 3& with

[@]=[a]and dd = 2 a= 0, i.e. we can change representative to assume wlog 2 a =0 as well.

Proof. First note that this map exists/is well-defined, since if Aza = 0 then da=0.

First we show surjectivity. So let a € .o/P9(X) satisfy da = 0. By the Hodge decomposition we may
write _ .
a=p1+Ps+7 P3
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with 3; harmonic. Thus we have
0=3a=0+0+303 Bs.
But then this implies
==+ —x = —x
0=(90 PBs,B3)12=(0 3,0 P3)2=10 /53”%2
=0
and so we need 3 B3 = 0. Thus we actually have
a=p;,+3B,.
Hence [a] =[B;] € Hg’q(X ), with 8; harmonic. Thus this map is surjective.

We now show injectivity. Suppose a € Ji%p’q(X ) is harmonic with 0 = [a] € Hg’q(X ). Then a = 8p
for some f. But a is harmonic, and so 0 = 3 a= 0, which gives
2°9p=0.

Hence just as before in the proof using the same L%-inner product argument we have 88 = 0, and
thus a = 0. Thus this map is injective and so is an isomorphism.

O
Corollary 5.2. THe map %Ck(X )—H §R(X ,C), a— a, is an isomorphism. That is, each de Rham
cohomology class is represented by a unique harmonic form.
Proof. Same as Corollary 5.1. O

Remark: The vector space s#P9(X) (2 Hg’q (x )) admits the following operations:

(i) Conjugation a — @ sends harmonic forms to harmonic forms (since, e.g. da = (da) by
Kahler identities), and hence conjugation induces an isomorphism

FPIUX) = TP (X).

This is not true for arbitrary compact complex manifolds as we are using the Kéhler identities
(namely Aja =0 & Aza=0) - e.g. it fails for the Hopf surface.

(i) The Hodge star operator @ — *a sends harmonic forms to harmonic forms, since, e.g.
d*(xa) =—x* da = 0 if a is harmonic, and thus * induces an isomorphism

H2NX) = s PTX).

(iii) (Serre Duality) Consider the pairing %af’q (X) x %gn_p ™1 — C defined by

(a,B)— J aAf.
X
Then if a # 0, then (a, xa) — fx aA(xa)= ||oc||%2 > 0, and thus this gives an isomorphism:

AP = [HEP 0|
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(RHS is dual space). These isomorphisms induce symmetries and pairings on Dolbeault
cohomology groups using the canonical isomorphism %g’q(X ) = Hg’q (X) (from Corollary

5.1).
(iv) The map L : o/PI(X) — .&P*H1*1(X), L(a) = w A a, satisfies [L, Az] = 0 (by the Kahler
identities, Theorem 4.3(i)) and thus L descends to a map

L: o200 — 72T (X),

Now write hP*4 := dim (Hg’q(X )), the dimension of a vector space. This is finite as X is compact.
The Hodge diamond is a convenient way to represent the above isomorphisms:

hn,O . hO,n
hn—l,n—l
hn,n—l hn—l,n

R

The rows are symmetric by conjugation. The columns are symmetric by the Hodge star operator.

Theorem 5.3. Let (X, w) be a compact Kdhler manifold. Then there is a decomposition

Hk.(X,0)=H'X,0)= P Hg’Q(X)
p+q=k

and this decomposition is independent of the chosen Kdhler metric.

Proof. The decomposition is induced by the Hodge decomposition:
k ~ kv Py P.q
Hiy(x,0) 2 x) = (P #2900 = P HYX).
p+q=k p+q=k

Thus we just need to show that this decomposition is independent of the chosen w. It suffices to
show that if a; € %gp’q(X,a)l), a, € %g’q(X,wz) have [a;]=[ay] = Hg’q(X), then [a;] =[a,] in

HE (X, C).

Sosince [a;—a,] =01in Hg’q(X), we have a, = a,+3d7 for some y. Now since ay, a, are d-harmonic
we have
d(dy) =d(a; —ay)=0.

Next note that 5)/ is L2-orthogonal to #P4(X, w) be the Kihler Hodge decomposition theorem.
Then as %;(X ,W) = %dk(X ,w) (and the latter is independent of w by definition of harmonic as it
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only depends on the matrix) we have that dy is orthogonal to .%”dk(X ,w). Thus we have

(0y,d*¢) = (ddy,p)=0
=0

and so this shows 8 is orthogonal to d*.**". Thus the Hodge decomposition gives 8y € d.oZ*~1(X),
and thus [a;] =[a,] in H§R(X,(C).

O

Now we move on from Hodge theory and look at vector bundles and curvature.
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6. HERMITIAN VECTOR BUNDLES
Let E — X be a complex vector bundle over a complex manifold X.

Definition 6.1. We define the complexified k-forms over E, ﬂfé(E ), by:
FSEE)U) := FE(U) ® C(E)(U)
where C°°(E)(U) denotes the smooth sections of E.

Then from the splitting ﬁé = @Dp+q=k -1 we have a splitting

AEE)= P F2UE).
p+g=k

Definition 6.2. A hermitian metric h on E is a smoothly varying hermitian metric h, on the fibre
E, over x € X.

If e1,...,e, is a local frame for E (so rank(E) = r) then (hj; ), where hj; = h(ej, e;), is a hermitian
matrix for each x € X, whose coefficients vary smoothly with x. A partition of unity argument
produces hermitian metrics on any complex vector bundle.

Exercise: If E,F have hermitian metrics, then E® F, E ® F, E*, AJE all admit natural hermitian
metrics.

We now take E to be holomorphic as well.

Proposition 6.1. There is a natural C linear operator 9 : Jz{(g’q (E)— ﬂf/’é’qH(E ) satisfying:

Op(a®s)=(0a)®s+a® (@) VYae.d2IU(U), seC™(E)V).

Proof. In a local holomorphic frame (e, ...,e,) we define
dp(a® ej) = (Ba)® ej.

To see this is well-defined suppose we have this for one frame (e;.)j, and let e; = erzl ;e define
another local frame (¢;);, so that the ¢;; are local holomorphic functions. Then

dp(a®e;)=0; (a ® Z cpﬂe{) and by definition of 3 z(¢;; ® @),

= Z cpﬂga ® e{ as the p;; are holomorphic so 5%1 =0

65



Complex Manifolds Paul Minter

and so this is true independent of the choice of local frame, and thus it can be defined/extended to
all of ﬂfé’q(E ) as we wanted.

O

Definition 6.3. A connection of a complex vector bundle is a sheaf morphism
D: F2(E) - A (E)
such that D(fs) =df ®s+ fDs for all f € C*®°(U), s € «°(E)(U).

Now if eq,...,e, is a local frame for E, this gives rise to a connection matrix via:
De]- = Z @jlel
[

where © = (@ﬂ) ;1 is a matrix of 1-forms (i.e. we can just write De 5 in the basis).

Definition 6.4. Let E be a holomorphic vector bundle. We then define D' : ./ 2(E) — szcl’o(E ), D" :
ﬁg(E) - .,Qf(g’l(E) to be the projections of D onto the components sz(é (E)= ﬂé’o(E) ® ﬂf(g’l(E),
ie.

D=D'+D".
We then say D is compatible with the holomorphic structure if D" = 3 : sz(g (E)— Jzig’l(E ).

Proposition 6.2 (Local characterisation of connection and holomorphic structure compatibil-
ity). Let D be a connection on E. Then we have:

D is compatible with the <=  For all local holomorphic frames, the connection

holomorphic structure matrix (©;);; is given by a matrix of (1,0)-forms.

Proof. (=): Suppose D is compatible. Then the (0, 1)-part of (©;;);; vanishes, since De; = > Ojie
and the e; are holomorphic (i.e. vanishing locally gives vanishes globally).

(<) : Conversely, if (e;,...,e,) is a local frame and a; € C*°(U) then

J

J

Then projecting onto the (0, 1)-part (as the connection matrix only has (1,0)-forms and so do not
need to worry about De; term) we get

D" (Z aje]-) = Zgaj ®e;
j j

but this was our local definition of 5,5. Thus we are done.
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Definition 6.5. Let (E, h) be a hermitian vector bundle. Then we say D is compatible with h if:
d[(a:ﬁ)h]:(Da;ﬁ)h+(aaDﬁ)h Va,ﬁEﬁO(E).

Proposition 6.3 (Characterisation of connection and metric compatibility). Let D be a connec-
tion on E and suppose h is a hermitian metric on E. Then:

D is compatible with h <= for every unitary frame (e,...,e,) the connection matrix is

skew-hermitian, i.e. ©; = -9, o

Proof. (=) :1f (ey,...,e,) is a unitary frame, then (e;, ), = 0;;. Then,

0 =d(ej,e;)n = (Dej, e) + (ej, Dey)y

= (Z ejkek;el) + (%Z@Mek)
k h k h
= G)jl + elj
and thus © is skew-hermitian.

(<): Conversely suppose (©;;);; is skew-hermitian in any unitary frame. It suffices to show:

d(a:ﬁ)h = (Da)ﬁ)h +(a:D/5)h
holds locally (as this then implies it holds globally). But by the proof of the (=) direction (just

reversed) we see that this does hold when a, 8 € {e;,...,e,}.

Thus it suffices to show that d(f a, ), = (D(f @), B)i + (f a, D);, for any smooth function f (as any
such element can be written as a sum of the e; multiplied by smooth functions). But the LHS of this
is:
d(faaﬂ)h = df ® (anﬁ)h +fd(a:[j)h
=df ®(a,B) + f (Da, By + (a, D)p)
and the RHS is:

(D(fa), Bn + (fa,DB)y = (df ® a, ) + (f Dat, B) + (f @, D)y
=df ®(a,f)p+ f(Da, B+ f(a,DB)y

and thus the two sides agree and we are done.

Now we shall see given a hermitian and holomorphic vector bundle (E, h), there is a unique connec-
tion which is compatible with both the hermitian metric and the holomorphic structure (compare
this with the Levi-Civita connection from Riemannian geometry).
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Proposition 6.4. Let (E,h) be a hermitian and holomorphic vector bundle. Then 3! connection
compatible with both structures.

Definition 6.6. This connection in Proposition 6.4 is called the Chern connection.

Remark: In practice one typically has a hermitian holomorphic vector bundle, and the Chern con-
nection is the “canonical” extra information.

Proof. We begin with the uniqueness. Let (e, ..., e,) be a local frame, and set hj; = h(e;, e;). Write
De; = @fek
where we are using summation convention (with upper and lower indices). Then,
dhj) = dh(ej, ex) = (Dej, ex ) + (e}, Deg)p
N !
= (@jel, ek)h + (ej, @kel)h
—

= @_ljhlk + ekhﬂ'
Now as D is compatible with the holomorphic structure, the matrix (@;) is a matrix of (1, 0)-forms
(by Proposition 6.2). So,

= —
Ohjy.=Ohy and Ohj =6y

Thus ©® = 8h-h™!, and so © is completely determined locally by the hermitian metric, and thus so

is D. Hence we have uniqueness.

This also constructs such a connection on each trivialisation. Then by uniqueness, these local con-
nections glue to a connection on all of (E,h) and so we are done.

O

Now we see some more results which have a familiar feel from Differential Geometry:

Lemma 6.1. If Dy, D, are two connections on a complex vector bundle, then D; — D, is linear over
%8 (X), and hence D, — D, gives an element of ﬂé (End(E)), for End(E) the endomorphism bundle

(ie. Dy — Dy : A (E) — AL (E)).

Moreover if D is a connection on E and a € ,dé (End(E)), then D + a is also a connection.

Proof. We have
(D1 —Dy)(fs) = fDis— fDys = f (D1 — Dy)(s)

using the definition of a connection as the df ® s terms cancel out. Thus the linearity over Jz{(g (X)is
clear.
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Now if a € szcl (End(E)) then a acts on .&/°(E) by multiplication in the form part and evaluation in
the E component (E x End(E) — E). Then,

(D+a)(fs)=D(fs)+a(fs)=(df ®s+ fDs)+ fa(s)=df ®s+ f(D + a)(s)

and thus this shows D + a is a connection.

O
Note that a connection D extends to a map D : ,cfé (E)— ﬂé +1(E ) via:
D(a®s):=da®s+(—1)’aADs forac ﬁ(g(U), s € C*®(E)(U).
Definition 6.7. The curvature of the connection D is the map Fp, :=DoD: 42%(8 (E)— ,cfé(E ).
Lemma 6.2. Fj, is linear over C*°(X,C).
Proof. For any f € C*°(X,C) and s € .&/2(E) we have:
Fp(fs)=D(df ®s+ fDs)= d*f ®s—df ® Ds+df ® Ds+fD?s
~—~— ~
=0 cancel
= fD?%
= fFp(s).
]
Corollary 6.1. Fj, is induced by an element of Jz{é(End(E)), i.e. the curvature is a matrix of
2-forms.
Proof. By the above. O

It is often useful to have a local expression for the curvature in terms of the connection matrix. Let
ey,...,e, be alocal frame. Then connection matrix is given by:

—_ ok
@ej—G)jek

where the @;‘ are 1-forms. Given a local section s = s’e i we have:

Ds=ds' ® ej +sj®;.‘ek.
We write this relation as: D = d 4+ ©. In this notation we then have
Fps =D%s=(d+©)(d+©)s
= d%s + (d©)s —O©(ds) + ©(ds) + © A Os
=(dO+0OA0)s
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i.e. F, =dO + © A ©. However as the next lemma shows, we get more information about F;, when
we know more about the structure of the connection.

Lemma 6.3 (Properties of the Curvature). We have the following:

(1) If (E,h) is hermitian and D is compatible with h, then
h(Fps;,s) + h(s;, Fpsp) =0
i.e. Fp is skew-hermitian.

(ii) If D is compatible with the holomorphic structure (so E holomorphic here), then Fp has no
(0,2)-component, i.e.

Fp € 42°(End(E)) @ /" (End(E)).

(iii) If D is the Chern connection, then Fy, is a skew-hermitian from in .szé’l(End(E)).

Proof. (iii): Comes just from combining (i) and (ii), since if the (0, 2)-component vanishes being
skew-hermitian implies that the (2, 0)-component also vanishes (since conjugation changes (2,0) «

(0,2)).

(i): The statement is local, so it suffices to prove it locally. Let (e;,...,e,) be a local unitary frame,
soD=d+© with®' =—© (F being the hermitian conjugate). Then we have:
Fl=(de+enre) =(de) -o're'
=d@")-e're’
=—dO—0O A0
=—Fp

as required.

(ii): We know D : ./%(E) — .#¥*1(E) splits as D = D’ + D", where D’ : ./2Y(E) — .o7*"(E) and
Uy C C p C c
similarly for D”. Then D” = 3 by hypothesis. Thus,

DoD=(D'+035)o(D'+3;)=D' oD +D 08, +3z0D+3500
o ( g)o( E) ol O0f E° ECCE

=0 maps into (1,1) =0

and so the (0, 2)-component vanishes. O

Now if (L, h) is a hermitian holomorphic line bundle and if D is the corresponding Chern connection,
the above gives Fj, € ﬁé’l(End(L)) is skew-hermitian, and thus Fy, is a real (1, 1)-form (as L is 1-
dimensional over C so is End(L)). In this we have ® = h™'dh = 3 log(h) (from before - see proof of
Proposition 6.4) and so

Fp, = 20 log(h).

If X = P" and L = 0(1), there is a natural hermitian metric on @(—1) = C*"'\{0} — P" arising
from the usual hermitian metric on C™*!. This induces a hermitian metric on L = @(1). Then on
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Up =1{[20: " :2,] |20 # 0} we have the Fubini-Study metric,
_ L3 2
wFS—%aalog(1+ZJ:|z]| )

(as zg = 1 by scaling), which is just ﬁF p, Where F, is the curvature corresponding to the natural
hermitian metric on &(1).

Definition 6.8. We say that a line bundle L is positive if there is a hermitian metric h on L such
that 5-Fp, is a Kdhler metric on X (where Fp, is the curvature of the Chern connection of L).

Exercise: (See Example Sheet 4) Show that [ﬁF D] € H?(X,C) is equal to ¢;(L), the first Chern
class of L (the image of H'(X, 0* = Pic(X) — H%(X,Z)).
Moreover this exercise shows:

L is positive <= ¢;(L) is a K&hler class.
[Recall that a Kahler class was one such that 3w € ¢;(L) which is Kahler. ]
On projective space, the line bundle ¢(1) — P" admits a hermitian metric hyg with curvature

i i =
wpg = ——Fp = — 0337 log(hgs)
21 21

(hpg Fubini-Study) which is Kihler. Thus @(1) is a positive line bundle.

Now more generally if ¢ : X — Y is a morphism and (E,h) — Y is a hermitian and holomorphic
vector bundle, then the pullback (¢*E, p*h) is a hermitian and holomorphic vector bundle on X.

Moreover, if E = L is a line bundle, then Fj, = 88 log(h) and
©*Fp = ¢*33 log(h) = 38 log(¢*h)

(as pullbacks commutes with 8, and then by definition of the pullback on functions being evalua-
tion).

Now if X (C P") is projection and i : X < P" is the inclusion, then we obtain i*@(1) = €(1)|x on
X. Moreover if hgg is the Fubini-Study hermitian metric then i*h|zg has curvature i*wpg = wpgly (Up
to a factor of ﬁ). But we showed previously that the restriction of a Kdhler metric is also a Kéhler
metric (see Proposition 4.1) and so wgg|x is a Kdhler metric on X. Thus €(1)|x < X is also positive.

We now turn to the algebro-geometric analogue.

6.1. Ampleness.
If X is a compact complex manifold, one cannot embed X in C" for any n, as X has no non-constant
holomorphic functions (essentially by Liouville’s theorem). So instead the idea is to use (holomor-

phic) sections of line bundles to embed X instead in some P".

So let L — X be a holomorphic line bundle.
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Definition 6.9. A trivialisation of L over U C X is a £ € 0*(L)(U), i.e. a nowhere vanishing
section (recall 0*(L) is non-vanishing sections, not the dual!).

Soletsy,...,s, € H°(X, L) be global sections and suppose for all x € X, there is an s; with s;(x) # 0.
Let & be a trivialisation of L over some U C X. So then s; = &fj, for some f; € 0(U). Then note for
each x € X, for some j we have s;(x) # 0, and so as & is never zero, we also have f;(x) # 0 for some
j. Hence:

[folx): -2 falx)] € P

as not all the s ; are 0.

We claim that this element of P" is independent of the choice of £. Indeed, if € is another trivialisation
then £ = g& for some g € 0*(U), and then

[fo(x): -2 fo(0)] = [g(x)folx) -+ g (x)fr(x)]
and this shows that the point is independent of £. We will denote this point by:

[sg:---:sy(x)]eP.

Definition 6.10. We say that L is basepoint free if for all x € X, 3s € H°(X, L) with s(x) # 0.

Thus if L is basepoint free, after choosing a basis (s;)[_, of H 9(X, L) we obtain a map p; : X — P"
given by:
er(x) :=[so(x) -+ 1 5,(x)].

Definition 6.11. We say a holomorphic line bundle L is very ample if ¢; is an embedding (for
some choice of basis of H(X, L)).

Definition 6.12. We say L is ample if L® = L ® - -- ® L is very ample for some k € Z-,,.
Ly ple if ry ample fc >0

k times

Note: These are independent of the choice of basis: any two bases are related by an element v of
GL(n + 1). Then v induces a biholomorphism of P", and X — v*X using the two bases.

When L is very ample, using the embedding ¢, we have ¢70(1) = L (indeed, if 2, is viewed as a
global section of ©(1) — P", then ¢}z, is a global section of L). Hence:

Lisvery ample <= danembeddingi:X — P"withi*¢0(1) =L

(this is how ampleness with defined earlier - see Definition 4.1).

Thus L is ample if L®* has enough global sections such that (for k > 0):
(i) L® is basepoint free
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(i) ek is injective: if x # y € X, s € HO(X, L&) with s(x) # s(y)
(iii) d¢yek is injective (the usual thing for an embedding).

(By the inverse function theorem, this is equivalent to X being biholomorphic to a submanifold of
P™).

Lemma 6.4. If L — X is ample, then L is positive.

L®k

Proof. If L is ample then is very ample for some k > 0, and hence L&k = ¢ e O(1) with e :

X < P" an embedding. Hence L® is positive, i.e. has a hermitian metric h with curvature ﬁ being
Kahler (just from pulling back that on P").

So we just need to show: L& positive = L positive. Indeed, let £ be a trivialisation of L over U C X.

Then £®X is a trivialisation of L&X. Then define a metric on L by:

1/k
&Ly == 188K %

This characterises h, as £ is a trivialisation (i.e. any other trivialisation differs by a non-zero function,
and this is linear in the correct way).

The curvature is ﬁF D= ﬁ?a log(h) (as working with line bundles) for h is relative to the curvature
5= Fy )y of h'/k by:

i i — 1 i-=
—F, . = —20a0log(ht/*)==.—350 log(h
o Fue= o og(h'/*) o og(h)

which is seen clearly in a trivialisation (as the metric is determined by functions). Lastly, note that
% - 5= Fp is Kahler, so we are done.

O

We are working towards the following result, which is the converse to Lemma 6.4. It tells us exactly
when a compact complex manifold is projective.

Theorem 6.1 (The Kodaira Embedding Theorem). Let X be a compact complex manifold, and
L — X a positive line bundle. Then L is ample.

Proof. We will build up to this. (I

This then has the following important corollary:

Corollary 6.2 (Characterisation of Projective). Let X be a compact complex manifold. Then:

X is projective <= X admits a line bundle L with c,(L) a Kdhler class.
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Proof. Follows from Theorem 6.1. O

To prove these, we need to return to the cohomology theory of line bundles, via Hodge theory.
So let (X, w) be a compact Kdhler manifold and let (E, h) be a hermitian holomorphic vector bundle.
We then obtain a hermitian metric on AP¢T*X through w and hence on AP4T*X ® E. We denote

this metric by (-, -).

h also gives a conjugate linear map (or isomorphism - via the natural pairing) and so h gives E = E*
(although this is not an isomorphism in our strict sense earlier).

Definition 6.13. Define a Hodge star operator x; : APIT*X ® E —» A" P"1T*X @ E, defined

by:
*p(p ®s) :=%p ®h(s) = *p ® h(s)

We then have (a, )dVol = a A (x5 3), where here A means the wedge product on the form part of
a,*gf3 and the evaluation E ® E* — C on the bundle part (i.e. this is how we define A on elements
of APAT*X ® E).

Definition 6.14. We define 52 : ﬂé’q(E ) — ﬁé”q_l(E) by:

* - = -
aE = _*EaE*E.

When E = @ is trivial, these definition agree with the previous Hodge star operator, since then
k() =%p =*p
and so
8,(p) = —0x(p) = =3 (rp) = —H(@ » p) = —(x3%)¢p
as desired. Then we can define harmonic forms with respect to 52, 5,5 analogously to before:

Definition 6.15. Set Ay := 525,5 + 5,552. We say that a € ﬁé’q(E) is harmonic if Apa = 0.

We write 5#P4(X,E) := {a € 2Y(E) : Apa = 0}.

Then ﬁé’q(E ) admits an L2-inner product via:

(a, B) 2 ZZJ (a, B) dVol.

We now see how we can mimic all the Hodge theory from before to Hodge theory of bundles.
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Lemma 6.5. 52 is the L2-adjoint of 5}5, and Ay, is self-adjoint. Moreover,

Apa=0 <& Jza=0 and 52(1:0.

Proof. Similar the the case before (which was essentially just when E was the trivial bundle & - see
Lemma 4.2 and Lemma 5.1). (Il

Theorem 6.2 (Hodge Decomposition for Bundles). 3 an L?-orthogonal decomposition:

ALUE) = #PI(X,E) @ 05 dLT (E) @ 3,27 (E).
Thus 5¢P9(X, E) is finite dimensional.

Proof. Similar to the case when E is trivial (see Theorem 5.2). O

Definition 6.16. The Dolbeault cohomology classes with respect to a bundle E are:

ker (5,5 : ﬂg’q(E) - ﬁé’q+l(E))

HPYX E):= — - .
g Image(aE : ﬁg’q_ (E)— sz(g’q(E))

Theorem 6.3 (Dolbeault’s theorem for bundles). We have Hg’q(X ,E) = HY(X,QPF ® E), where
QP is the sheaf of holomorphic p-forms.

Proof. Similar to the case when E is trivial (see Theorem 2.2). O

Lemma 6.6. The natural map 5#¢?1(X,E) — Hg’q(X ,E), a — a, is an isomorphism. Thus any

(p,q)-Dolbeault class with respect to a bundle has a unique harmonic (p, q)-form representing the
class. Thus:
FPA(X E) = Hg’q(x, E)=HI(X,0P ® E).

Proof. Similar to the case when E = 0 is the trivial bundle (see Corollary 5.1). Once again note that
this map is well-defined because if we have Apa =0, then d ;a = 0 (from Lemma 6.5).

As before this Lemma 6.6 is how we can use Hodge theory to understand Dolbeault cohomology.
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Now let D be the Chern connection associated to (E, h). Then in a local holomorphic frame, D = d+,
for ©® a matrix of (1, 0)-forms.

Proposition 6.5. Given x € X, 3 a holomorphic frame (e;); and coordinates (z;); such that

(ej(2), ex(2)n = &5 + O(Iz*).

Proof. None given - similar to the proof of Proposition 4.3. See Demailly “Complex Analytic and
Differential Geometry”, Proposition 12.10, Chapter VI. O

Definition 6.17. The (e;); found in Proposition 6.5 are called a normal frame.

Thus for the Chern connection, one can find a holomorphic frame which is orthonormal to first order.

Definition 6.18. Define L : /% (E) — ﬂgﬂ’qH(E) by: for ¢ € S2Y(X) and s € /°(E):
Llp®s)=(wAp)®s=L(p)®s
where in the last expression L is the Lefschetz operator from before (Definition 4.12).

Similarly define A : ﬁg’q (E) > ﬂé_l’q_l(E) by:
Alp ®s)=(A(p)) ®s
where A is the inverse Lefschetz operator as before (Definition 4.12).

i.e. this is just saying we can extend our previous definitions of L, A to this case by just acting on the
first component.

Recall the Kahler identities: [A,L] = (n— (p + q))id, [A, 2] = —id . The first extends directly to
bundles, but the second changes as follows:

Lemma 6.7 (Nakano Identity). Let D be the Chern conection. Then
[A,05]=—i(DY0)"

where D0 := —%ED;?;O *g and where D;;O is the projection of the Chern connection on E* onto the
(1,0)-component.

Proof. Let T € ./21(E) be given in a normal frame as:
T= Z (pJ ® ej
J
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where @; € ﬁg’q(U ). Then one checks

D7 = dy;®e;+0(|z])
J

and so
dps =D%Ls =Za¢j ®ej+0(z)
j
and

(Dl’o)* T = Z d*pj®e;+0(|z])
J
as xp = * + _O(|z|), using that the frame is normal. The result then follows from the usual Kéhler
identity [A, 9] = —id*.

O

Remark: Huybrechts’ proof of this (which is Lemma 5.2.3 in his book) seems incorrect as it uses a
holomorphic orthogonal frame (instead of a normal frame) which in general does not exist.

Lemma 6.8. (Dl’o)* is the L2-adjoint of D'°, i.e.
<(D1’0)* a,[5> 0 = <a,D1’0ﬂ> 5
L L

Proof. Similar to the case when E = @ is trivial. (I

Lemma 6.9. Let a € 5P1(X, E) be harmonic. Then:

() i{((FpA)(a),a)2 <0
(i) i {(AFp)(a),a);2 > 0.

Proof. (i): We have Aa € ﬂg_l’q_l (E)and so FpAa € ﬁé’q (X, E), and so the statement makes sense.
Here Fj, acts on a by wedging in the form part and evaluation End(E) x E — E on the bundle part.

As D is the Chern connection, Fp = D98, + 3 ;D™°. But a is harmonic and so @ za = 0, 5Za =0.
Thus

i(FpAa,a)2 =1 <D1’05EAa, a>L2 +1i <5ED1’OA0L, a>L

2

=— <5EA, i (Dl’oyk a>L2 +1 <D1’0Aa, 52a>

L2

=0 as 52a=0
= <5EA0L, [A, 5E]a>L2 by Nakano identity

=—[|azAal?, <0 as dpa =0
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where in the second line the negative sign on the first term comes from the inner product being
conjugate linear in the second component.

(ii): Similarly we have

(iNFpa,a);» = i<[A, EE]DI’O(X, a>L2 +i <5EAD1’OOL, a> using that 5Ea =0

L2
=1 <—i (Dl’o)* D0q, a>L2 +1 <AD1’Oa, 5za> using the Nakano identity
T omaa
= ID™al?,
>0
and so we are done. 0

Theorem 6.4 (Kodaira Vanishing Theorem). Let L be positive. Then for p +q > n we have
HI(X,0F ® L) = {0}.

Proof. Since L is positive we can find a hermitian metric h on L such that ﬁF » is Kahler. Thus
La=s-FpAa.

So let a € #P4(X,L). Then [A,L] =—H. So by Lemma 6.9,

0< <i[A,FD]a , a>L2 = ([A L]a] =, @) = (n— (p + @)l

and thus if p + ¢ > n we must have a = 0. Since 5#P1(X,L) = {0} here. But then we are done as
HPA(X,L) = HY(X,OF ® L) by Lemma 6.6.

O
Another useful vanishing theorem is “Serre vanishing”:
Theorem 6.5 (Serre Vanishing). Suppose E — X is a holomorphic vector bundle, and suppose
L — X is positive. Then for all k sufficiently large we have:
H/(X,E ® L®) = {0}.
Proof. The proof uses similar techniques to the Kodaira vanishing theorem. O

6.2. Blow Ups.

Definition 6.19. The blow-up of a complex manifold X at a point p € X is a complex manifold
7 : Bl,X — X with Y (p) X P! =: E a divisor and T : (BIPX) \E — X\{p} an isomorphism.
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Let A be the unit disc in C". Let 2y, ...,2, be coordinates on C" and [ =[[; : --- : [,,] homogeneous
coordinates on P" !,

Define then:
BloA :={(2,1) : 2l = 2l; for all j,k} C A x Pl

This consists of pairs (z,1) with z € [, since z € [ if and only if 2 Al = 0 (the wedge product of vectors
in C", i.e. this just says z is parallel to the line [ if and only if the wedge product z Al vanishes).

If one replaces A with C", this is exactly how we constructed @(—1) — P!, and so as (—1) is a
complex manifold, we see by the same reasoning that BlyA is a complex manifold.

The map 7« : BlyA — A is given by (z,1) — 2. Noting that a non-zero point z is contained in a unique
line, we have that 7 : Bl,\{r"1(0)} — A\{0} is an isomorphism. Moreover t~1(0) consists of all
lines, and so is isomorphic to P"L.

Now more generally, let X be a complex manifold and p € X. Then we know we can find local coordi-
nates so that z : U — A C X is a biholomorphism, i.e. a neighbourhood of p in X is biholomorphic to
a disc in C". The restriction 7 : Bl,A\E — A\{p} gives an isomorphism between a neighbourhood
of E in Bl,A and of p in X. So we can construct Bl X as:

BLX = (X \{p}h)| JBl,A

i.e. it is obtained by replacing p with Bl,A. One obtains 7 : Bl,X — X with the desired properties.

Definition 6.20. We call E = n~(p) = P"! the exceptional divisor.

We will quickly show that the exceptional divisor E is independent of the choice of coordinates on
A (this was z above).

So let (zJ’.) is zJ’. = f;(2) be another choice of coordinates with f;(0) = 0 (so the origin/ image of p is
preserved). Let BlyA be the blow up in these new coordinates. Then the isomorphism

f :BI,A\E > BLA\E
extends to an isomorphism f : Bl,A — Bl, A by setting f(0,1) := (0, [), where

[ = 37 240)

l
J P 32]

[Exercise to check the details of this]. Similarly the identification E = P (TpX (1’0)), sending (0,1) —
> il j%, is independent of the choice of coordinates (i.e. the intuition here is that for the blow up
J

at p we simply replace p by all the tangent vectors at p). Thus as this f is an isomorphism we see
the blow up is independent of the choice of coordinates z.

O

Now let ¢(E) be the line bundle associated to the divisor E. Then @(E) can be identified with
U(z,l) [ — Bl,A (LHS being a disjoint union as we want to count all zeros in the lines separately), as
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this admits a section

tz,1) =((1,2),2)
which vanishes along E with multiplicity one. Thus 0(E) = p*(€0(—1)) where p : BL,A — P is
the natural projection, since Bl,A ¢ C" x P"L. It follows that &|; = @(—1), which is then true for
any complex manifold.

Now O(E)* = 0(—E) has fibre over (z,1) € BL, A given by the space of linear functionals on the line
[ ¢ C", and so @(—E)| is the hyperplane bundle &(1) on P !. Then as E = ]P’(TPX(LO)) we get an
isomorphism

&) H® (E, 0(—E)|) = T;x 0.

Now if f € 0(A) vanishes at p (= 0 in coordinate chart), the function ©*f vanishes along E, and so
it can be considered as a section of 0(—E) — Bl,A. The isomorphism (¥) is then

H(E, 0(E)|g) r TP*A(LO) sending ~ 7*f — df),.
Thus the diagram:
HO(Bl,A, 6(~E)) — HO(E, 6(=E)|y)

pullbackT ET

d
0 P (1,0)
HO(A, 9,) ——— T/X
commutes, where ry is the restriction to E map. Here .¢, is the ideal sheaf of p, i.e.

#U):={f €o@): f(p)=0}

i.e. the sheaf of holomorphic functions vanishing at p.

Proposition 6.6. Let F be any line bundle on X and let L — X be positive. Then for any integers
di,...,d; >0, for all k sufficiently large the line bundle

(L% e F)® 0 (—Z djEj)

is positive on Bl, . X, where the E; are the exceptional divisors corresponding to blowing up at
bj-

In particular this is true for F = O the trivial line bundle.

Proof. In a neighbourhood p; € U; C X, the blow up is Blpj U; cUj x P! and
O(E;) = pi(0(-1)).

We give O(E;) a metric via the pullback of the Fubini-Study metric on P"1. Using a partition of
unity, this produces metrics (by tensor products) on ¢ (Z i —d;E j).

Locally near Ej, the curvature is —dj(2ni)pjfcoFS. Thus this metric is strictly positive on E; (i.e. on

vectors tangent to E;) and semi-positive locally. So let ﬁFD be the curvature, and let w be the
curvature of a positive metric on L (e Kéhler in particular). Let a be the curvature of a metric on F.
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Then 7*w is trivial along the exceptional divisor E, and positive everywhere else. Thus
i
' (kw+a)+ —Fp
21

is Kahler for all k sufficiently large, and this is the curvature of a metric on the desired line bundle,
which shows that it is positive.

O

Exercise: For a complex manifold X set Ky := A"T*X(1-0), Then show that

KBIPX = TL'*KX ® ﬁ((—n + 1)E).

6.3. The Kodaira Embedding Theorem.

Theorem 6.6 (Hartog’s Extension Theorem). Let U C C" be open, and n = 2. Let f : U\{z; =
29 = 0} — C be holomorphic. Then 3 a unique holomorphic extension f : U — C of f.

Proof. None given - see Huybrechts Proposition 2.16. O

Exercise: Let L € Pic(X) and let Y C X be a submanifold of codimension > 2. Then show that
the restriction H°(X, L) — H°(X\Y, L) is an isomorphism. [This is just a geometric form of Hartog’s
extension theorem. ]

Now onto one of the main results of this course, which we mentioned earlier:

Theorem 6.7 (The Kodaira Embedding Theorem). IfX is a compact complex manifold and L — X
is positive, then L is ample.

Proof. Let N, +1 =dim (HO(X, L®k)). We need to show that 3k > 0 such that

(i) For all x € X, 3s € HO(X, L&) with s(x) # 0.
(ii) For all x,y € X, 3 a section s € HO(X, L®) with s(x) # s(y).
(iii) For all x € X, d(@ex), : T, X = T,

01 ()P 18 injective, where ¢ :jex: X — P is the map

wrek(x) :=[so(x) : -+ sy (x)] € PNk

defined previously (recall Definition 6.11).

So let Lfk be the fibre of L® at x € X. (i) asks for H°(X, L&) — Lfk to be surjective. We know that
there is a short exact sequence

0 — L% @9 — 1% — 1% — 0
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where L®* ® ., denotes sections of L& which vanish at x. Then from the corresponding long exact
sequence in cohomology we see that v} is surjective if H'(X, L®¢ ® .#) = {0}.

Similarly the short exact sequence
0 — 1% 04, — L% — 1% L% — 0

is related to (ii).

We will prove (ii), and then (i) is very similar. We pass from points to divisors (and hence line
bundles) by blowing-up. We have lots of vanishing theorems for divisors, so this is where we are
heading to try and prove these cohomology groups vanish.

Let X be the blow-up of X at x and y, with exceptional divisors E.,E,. Set E =E, +E,, and let

I = m*L, where m : X — X is the natural map (if dim(X) = 1 then we set 7 = id and X = X as
the divisors are just points and so we do not need to blow up points to divisors as they are already
divisors).

Consider the pullback 7* : HO(X, L®%) — HO(X, L®), which is injective. But then any o € H°(X, L®*)
induces a section o € HO(X\{x, y}, L®), since X\{x, y} = X\E, inducing o € H°(X, L®*). Thus in
fact t* is an isomorphism. [We have used Hartog’s theorem here].

By construction, L8 is trivial along E,, E,,ie.
7 ®k ~ k 7 ®k ~ k
L®p, 2E xL3" and L®g =E, x L3~
So HO(E, L®|,) = Lf’k ® L;’?k. Then if ry, is the restriction HO(X, L®%) — H°(E, L®¥|;) we have that
the following diagram
HO(X, 18%) —5 HO(E,L®¥|p)
0 ®ky _ ¥ ®k 4 1 ®k
HO(X,L%%) —— 1% e L®
commutes. Thus it suffices to show that ry is surjective to obtain (ii). So choose k such that
L' :=[®*®K} ® 0(-E)
~ n*(L®* ® K} ) ® 0(—nkE)

is positive (can do this by Proposition 6.6: here n = dim(X)). Then by the Kodaira vanishing theorem
(Theorem 6.4) we have

HY(X,1% ® 0(—E)) = H'(X,L' ® Kz) = {0}.

So considering:

0 — [®k@@o(—E) — [®k £y fok. 3 0

we see that rp : HO(X, L®%) — HO(E, L®¥|};) is surjective, which proves (ii) near x, y.

So now we can use compactness to get a global statement. If ¢;er is defined at x, y and ¢ er(x) #
¢rex(y), then the same is true for nearby points (by continuity). Thus we get an open cover of X
and so by compactness a finite open cover, and then we can apply the above (choosing a k on each
of the finitely many sets of the cover) to see that we can find N such that for all k > N we have L&
is basepoint free and injective, and so (ii) is established.
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We now prove (iii). Let ¢, : U, x C — L®|;; be a trivialisation of L®*. Then
d(pren)s 1 TeX = Ty (P isinjective &= ¥v* e Tix™0, 35 € HO(X, L®%) with
Sq = @58, s(x) =0, ds,(x) =v*
(here we view (e locally as (for sy(x) # 0) a map X — CM, y — (s1(y),... »sn (Y))).

More intrinsically, let L®% ® .%, be as before. Then if s € L% ® .4, (U), ¥q, $p are trivialisations of

L® over U, and if s, = VoS, 55 = Lp}’;s, then we have

Sa = PapSps ds, = dsﬁ “Pap T dtpaﬂ “Sp = d5/5 *Pap
——
=0 as sﬁ(x)=0

which gives rise to a sheaf morphism d, : L% ® ., — T:X(19 ® L% (extra L®* from ¢qp)- Then
(iii) states that

d, : HO(X, L% ® .9,) > T*xX1D @ L2 is surjective for all x € X
(or equivalently H!(X, L% ® JXZ) = {0} for all x € X).

Now if o € HO(X, L&) then o(x) = 0 if and only if m*c = & vanishes along E (by Hartog’s extension
theorem), where X = Bl X (i.e. & corresponds to the blow up at x). Thus 7t* induces an isomorphism

H(X,L%* ® .9,) - H'(X,[®* ® 0(—E)).
We can identify
H°(E, (L®* ® 0(-E))|,) = L2 @ H(E, 6(—E)|g)
_ 1ok 1,0
= 1% @ T x(10)
as L®K|; is trivial. Moreover the diagram
HO(X, 1% ® 0(-E)) — HO(E, (L ® 0(-E))|,)
i A
dy
HOX,L%% ® 9,) ———— L2 @ T;x10

commutes. Hence to prove d, is surjective, it is enough to prove that rp (the restriction map) is
surjective.

So taking k sufficiently large such that H' (X, L®* ® 0(—2E)) = {0} (by positivity and Kodaira van-
ishing), rg is surjective. Then one obtains a k which works for all x € X by compactness, just as

before. Hence we are done.

O
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7. CLASSIFICATION OF COMPACT COMPLEX SURFACES

Remark: The book by Beauville is the recommended reference for the contents of this section and
for the classification of surfaces.

Definition 7.1. A Riemann surface is a compact complex manifold of dimension 1.

Let S be a Riemann surface. Then any (1, 1)-form on S is closed (as dimg(S) = 2 so higher cohomol-
ogy groups vanish) and so S is Kihler, and H2(S,Z) = Z. Let a € H?(S, Z) be Kihler with a = ¢;(L),
So by Kodaira embedding we know L is ample and so by Corollary 6.2 S is projective.

By Riemann-Roch, a line bundle L — S is ample < deg(L) = fs w= fs c1(L) > 0 for w € ¢;(L).
Then Riemann surfaces are classified by their genus g:

\_

\ 3’-1‘ form a 33‘3
‘? , Un"\\n.

Classi Gial \,\3 \')-'\a‘ﬂ\rlu\'\' Limensione) {'"-“3 (M'A"h
jec sf“"'l M3) .

E\\'\‘,\"\c wa,s_ c//\\

Then:

e For P!, K%, is ample, 0(—1),¢;(S) = ¢1(K}) is Kéhler.
e For elliptic curves Kg = 0 and ¢;(S) = 0.

e For genus g > 2, K is ample and ¢, (S) is Kéhler.

We wish to see if we can get similar classifications in higher dimensions.

7.1. Enriques-Kodaira Classification of Surfaces.

Let X be a compact surface. Set:
Li-Ly= f w1 Awy = f c1(L1) — ¢1(L2)
X X

for w, € ¢1(Ly), w4 € ¢1(Ly). Then if @(D) = Ly, so Z(s) = D for some s € H’(X, L), then

D'LZZJ Cl)]_/\WzZJ C]_(Lz):f wy.
X D D
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If E C BL,X is the exception divisor, then

E-E:J ﬁ(E)|E:f o(-1)=—1.
E Pl

Given X, we can blow-up to get Bl,X, a new compact complex surface. Conversely, the following
result tells us how to invert a blow up:

Theorem 7.1 (Castelnuovo). IfIE"1 =ZCCXhasC-C=-1, then Y withX = Ble and C is the
exceptional divisor of this blow-up.

Proof. None given. 0

In practice, we classify minimal surfaces, which are those surfaces with no such C (i.e. those X
which are not the blow-up of something else).

Definition 7.2. We say ¢ : X — Y is meromorphic if p : X\Z — Y is holomorphic for Z an
analytic hypersurface.

Definition 7.3. We say X,Y are bimeromorphic if there is a meromorphic ¢ : X — Y with
meromorphic inverse.

It turns out that all bimeromorphic maps between surfaces are compositions of blow-ups and blow-
downs.

Set P, := dim¢ (H ox ,Kfé’r)), called the plurigenera. These are a bimeromorphic invariant. We
define the Kodaira dimension K(X) to be the growth of P, in r. So:

K(X)=—o0 if P, =0 for all r.

K(X)=0if P. € {0,1} for all r sufficiently large.
K(X) =1 if Ic with P, < cr for all r sufficiently large.
K(X) = 2 otherwise.

In general we have:

log (dim¢ (HO(X,K®"
K0 = timenp BEM(HOCLIET) o)
00 log(r) r—oco log(r)

Let us look at each case of K(X).

e If K(X) = —o0: All of these X are projective. The possible classes are:
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(i) Rational surface, P2,P! x P! and %, with  : 3, — P! such that 7!(x) = P! for all
x € P!, In particular 3, hasa C ¢ %,,, C = P! with C - C = —n (this is what makes %,
distinct from %, for m # n).

Remark: If Ky is ample, then X is called Fano (— del Pezzo surfaces), e.g. P2, P! x P,

Blpl,m’pg]P’2 for arbitrary distinct p,,...,ps.

(i) Ruled surfaces of genus > 0: these have a map 7 : X — S with 7~ !(x) = P! for all x,
with S a Riemann surface of genus > 1.

e If K(X) = 0: Not all of these are projective. The classes are:

(i) Abelian surfaces (complex tori), C2/A. These are projective if and only if the Hodge-
Riemann relations hold on A. Here Ky = 0y, H°(X,0yx) = 1. These can have no
divisors.

(ii) K3 surfaces: Kx = 0. In general Ky = 0Oy is Calabi-Yau. Sometimes these can be
non-projective (they form a 20 dimensional family, and a 19 dimensional subspace is
projective).

Example: V(f) C P2 where f has degree 4.

(iii) Enriques surfaces: have K?z = 0y, but Ky = 0x. These are of the form Y /Z, for Y a
K3 surface.

e If K(X)=1: There is only one class here, of (some) elliptic surfaces, So 7 : X —» S (S a

Riemann surface) such that 7~!(x) is an elliptic curve for S\{ps,...,px}. The other fibres
can be singular (and non-reduced). Here Ky - Ky = 0.

Not all elliptic surfaces have K(X) = 1 though, e.g. P! x E, for E an elliptic curve. Some
elliptic surfaces can be non-projective as well.

Aside: For mw : X — B and F a general fibre, the Litaka conjecture is that we have k(X) >
k(B) + k(F).

o If K(X) = 2: These are “surfaces of general type”. These have Ky - Ky > 0, and they are wild
and difficult to study/ They do have a nice moduli space (generalising .#,) by Giesecker
(the Kollar-Shepherd classification).

We don’t know, e.g. what their topology is (in general).

Now we quickly look at the non-Kéhler case.

7.2. Non-Kihler Surfaces.

If b; = dim(H?(X,R)) is even, then X is Kihler. Thus wlog we have b; being odd.

e If K(X) = 1: Can have non-Kihler elliptic surfaces.

e If K(X) = 0: Two classes are:
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(i) Primary Kodaira surfaces. We construct these via taking an elliptic curve S and L — S
with deg(L) # 0. Write L* = L\{0-section}. Then we have X = L*/q” for qZ an infinite
discrete cyclic subgroup of C.

(ii) Secondary Kodaira surfaces. These are of the form Xecondary = Xprimary/ G- i-€. quotient
of a finite group G acting on a primary Kodaira surface X

o If K(X) = —o00: Then b;(X) = 1. Then we have:

primary*

(i If b, = 0, then have Hopf surfaces and C2\{0}/G for G a discrete group which acts
freely on C?\{0}. In one, these are (C x H)/G, for H the upper half-plane and G a
solvable discrete group. These have no divisors.

(ii) by = 1: these were classified by Nakamura (1984) and A Teleman (2005).

(iii) b, > 1: still an open question! (as of March 2019). There is a guess however.

For dim(X) > 3, we try to reduce to Ky or Ky ample, or Ky = 0 (this is the “minimal model
program”). For Ky ample the minimal model program is basically complete (Birkar-Cascini-Hacon-
McKernan paper).

“Most” 3-folds are not projective. “Most” complex 3-folds are not Kdhler. The minimal model pro-
gram fails for non-Kdhler 3-folds (example by Pelham Wilson).

End of Lecture Course
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