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1. INTRODUCTION

Algebraic topology concerns the connectivity properties of topological spaces. Recall that:

Definition 1.1. A topological space X is connected if we cannot write X = U UV, where U,V are
non-empty, open and disjoint subsets of X.

Example 1.1. R is connected (with its Euclidean topology) whilst R\{0} is not.

The first basic result we usually see about connectedness is:
Corollary 1.1 (Intermediate Value Theorem). If f : R — R is continuous and f(x)> 0, f(y) <

0, then 3z between x and y such that f(z) = 0.

Proof. If f(z) # O for all z, then R = f ~}(—00,0) U f ~1(0, 00) is a disjoint union of non-empty open
subsets of R, which contradicts the fact that R is connected. O

For ‘nice’ spaces, connectedness is equivalent to path connectedness.

Definition 1.2. A topological space X is path-connected if Vx,y € X, 3y : [0, 1] — X continuous
such that y(0) = x and y(1) = y.

Informally, this just means that any two maps of a point to X can be continuous deformed into one
another (as we can just follow the path).

K

FIGURE 1. Path connectivity.

In this course, a map will always mean a continuous function.

Definition 1.3. If X,Y are topological spaces and f,g : X — Y are maps, then f is homotopic to
g if 3F : [0,1] x X — Y continuous such that F|pxx = f and F|{j34x = &-

We write f ~ g, or f ~g.
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F

¢

FIGURE 2. Schematic of a homotopy.

Note: So path connectedness just says that any two constant maps (or maps from a point into X)
are homotopic.

Definition 1.4. A path-connected space X is simply connected if any two continuous maps S* — X
are homotopic

i.e. if any two loops in X can be continuously deformed into one another (in X).

Here, S" := {x € R""! : ||x|| = 1} is the n-dimensional sphere. So S! = circle c C.

Example 1.2. R? is simply connected, but R*\{0} is not. In fact, continuous maps y : S* — R?\{0}
can be assigned a number deg(y) € Z, called the degree of 'y, which turns out to be invariant under
homotopy (this is just the winding number of y).

[If y was differentiable we could set deg(y) = Zim fY dz/z€Z.]

So to see that R?\{0} is not simply connected, consider v, : S* — R2\{0} defined by t > e2™"¢,
Then we can show that deg(y,) = n, and so since the degree is homotopy invariant this shows that,
e.g. 71 % Yo, and so R?\{0} is not simply connected.

A classical result which is a consequence of simply connectedness is the fundamental theorem of
algebra.

Corollary 1.2 (Fundamental Theorem of Algebra). Every non-constant complex polynomial has
a root.

Proof. Let f(z) =2"+ alzfl_l +---+a, be a complex polynomial, and suppose f(z) # 0 for all z € C.
Then let yx(t) :=f (Rezmt). So as f # 0, we have yg : S' — C\{0} = R?\{0}.

Clearly v, is the constant map, and so y,(0) = 0. So hence by homotopy invariance of degree,
deg(yg) = 0 for all R > 0. [Indeed, the homotopy can be taken to be F : [0,1] x S — R?\{0},

(7, t) = vr:(1)].
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But then if R > ). |q;|, we can consider f;(z) = 2" +s(a;2" ' +--- +a,) for s € [0,1]. Then on the
circle t — Re?™! we have f,(2) # 0, and so f, is also valued in R?\{0} on this circle. So if

YR,s(t) = fs(Rezmt)

then yr 1 = 1, and clearly all yg ; are homotopic for different s. But then yg : z — 2™ has degree
n, and so by homotopy invariance of degree,

0 = deg(yo) = deg(yr) = deg(ygr 1) = deg(yro) =n

i.e. n =0 and so f must be constant.

So we have shown if f is never O it must be constant, and so hence if it is non-constant it must have
a root.

O

Fact: Any two maps S™ — R"! are homotopic. But maps f : S — R"*1\{0} have a degree deg(f) €
Z, which is invariant under homotopy. Moreover, deg(constant map) = 0 and deg(inclusion map) =
1.

Corollary 1.3 (Brouwer’s Fixed Point Theorem). Let B" = {x € R" : ||x|| < 1}. Then any
continuous map f : B"™ — B" has a fixed point.

Proof. Suppose f has no fixed point. Then let y : S*™! — R™\{0} be the map v — Rv — f(Rv), for
R€[0,1]. Note y is valued in R"\{0} since f has no fixed points. Then clearly v, is a constant, so
deg(y() = 0. So by homotopy invariance (since F(t,v) := y,(v) is continuous) we have deg(y;) = 0.

Now let y; (v) :=v—sf(v), fors € [0,1] and v € S™1. Note that 71, has image C R"\{0}, since
if s = 1 then this is because f has no fixed points, and if s < 1 then 1 = |v| > |sf (v)| for v € "1,
since |f(v)| <1 as f maps into B".

Therefore as all the y; ; are homotopic and y; = y;;, we would have deg(y;) = deg(y;1) =
deg(y1) =0. But y1 4 : S" ' — R"\{0} is the inclusion map, which has degree 1. Hence we have a
contradiction and so we are done.

O
Definition 1.5. We say topological spaces X,Y are homotopy equivalent if 3 maps f : X = Y
and g : Y — X such that go f ~idy and f o g ~idy.

We write X ~Y.

Note: If X and Y are homeomorphic, i.e. X =Y, then clearly X ~ Y. So homotopy equivalence is a
weaker condition than homeomorphic.
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Example 1.3.

e R" ~ {0} = a point; a space which is homotopy equivalent to a point is called contractible.

o R™\{0} ~ S™L. Indeed, if v : S*! — R™\{0} is the inclusion and p : R"\{0} — S" ! is
the projection, v — v/||v||, then p ot = idgn, and t o p : v — v/||v||, which is homotopy
to idgn\ (o via the homotopy

F:R™\{0} x[0,1] > R™\{0} , (v,t)—tv+(1—0)v/|V|.

Algebraic topology is just the study of {Topological Spaces}/Homotopy equivalence via looking at
{Groups}/Isomorphism.

The first naive attempt to do this was via homotopy groups. Loops (by which we mean continuous
maps S' — X) with a common base point can be concatenated, and this induces a group structure on
the set of homotopy classes of maps (S, %) — (X, x,) [by which we mean continuous maps S* — X
preserving the base point, i.e. * — x;]. A based homotopy F : f ~ g of two such maps is a
homotopy such that F|gi, sends x — x, for all t.

¥
~8~ S

FIGURE 3. Illustration of circles with common base point and the different loops they
can form in the image.

This group is what is known as the fundamental group, denoted (X, xg). This leads to the gen-
eralisation S" instead of S', where concatenation becomes one-point wedge product of n-spheres.

Again, there is a group structure on the set of based homotopy classes of maps (S™,*) — (X, xg),
denoted 7,(X, x,), the n’th homotopy group of X.

—  [x,2)
D3

FIGURE 4. Wedge of two n-sphere’s with common base point.

Fact: These homotopy groups are hard to compute - not even {7,(52,x)},>; is known. Indeed,
there is no simply connected manifold of dimension > 0 for which all 7, are known.

So as homotopy groups are hard to compute, we will instead focus on homology theory, and more
precisely singular (co)homology. We will obtain invariants of spaces in a two-step process:

6
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(i) Associate to X a chain complex (or cochain complex), done geometrically
(ii) Take (co)homology of that complex.

These will be rather computable for simple spaces. We will mostly focus on studying manifolds.

Definition 1.6. A chain complex (C,,d) is a sequence of abelian groups and homomorphisms

dn dn—l
...—)Cn_)cn_l__)cn_z-)...

(indexed by N or Z) such that d,_; o d, = 0 for all n.
So the arrows go downward, decreasing the index, in a chain complex. Note that the condition
d,—; od,, = 0 implies Im(d,,) € ker(d,_;) are subgroups of C,_;, and so we define:

Definition 1.7. Given a chain complex (C,,d), the n’th homology group H,(C,,d) is:
ker(d,)

H,(C,,d) := ——=
D )

(i.e. a quotient of subgroups of C,).

Similarly we can have a complex where the arrows go the other way, which is a cochain complex.

Definition 1.8. A cochain complex (C*,d) is a sequence of abelian groups and homomorphisms

dnfl qn
”__)Cn—l_)cn_)cn+1_)_”
such that d" o d"*! = 0 for all n.
The n’th cohomology group H"(C*,d) is:
ker(d™)
H'(C*,d) := ———=.
(€%d) Im(d"1)
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2. SINGULAR (CO)CHAINS
We want to define a simplex in an arbitrary topological space. First we must define one in R".

Definition 2.1. A n-simplex o in R™*! is the convex hull of (n + 1)—ordered points vy, ..., Vv, in
R™1 such that {v; — vy : 1 < i < n} are linearly independent. We write

o =[Vg,erVp]-

The standard n-simplex is A" := {(t,...,t,) € R™™ : 37 t; = land t; > 0 Vi}, i.e. the
convex hull of the standard basis of R"™L.

(oc '\ - \ L

A (90 A

’ (°.|,o)

r 4

(1,0) (1,0,0)

FIGURE 5. Illustrations of the A! and AZ2.

Note: Any n-simplex in R"*! is canonically the image of A™ under a linear homeomorphism A" — o,
via (ti)i — Zi tiVi €0.

Definition 2.2. An n-simplex in a topological space X is a continuous map o : A™ — X (or from
any n-simplex in to X).

Note: Any n-simplex has faces, denoted A?‘l Cc A", defined by {t; = 0} (i.e. ignore the v; direction).
This then defines a corresponding face of any o via the image of {t; = 0} (i.e. the face) under the
map A" — o above.

We write the i’th face of o = [vy,...,v,] as: [Vg,..., Vi,..., V] C [Vo,..., V], i.e. @ hat over a vertex
means we omit it.

The edges of any simplex are canonically oriented via “v; —» v;” if i < j.

Definition 2.3. If X is a topological space, then the singular chain complex C,(X;Z), or just
C.(X), is defined as follows. We have

N
C,(X):= {Zhiai : NeNsg, h; €Z, 0;: A" = X is an n-simplex inX}
i=1
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FIGURE 6. Orientated simplexes.

is the free abelian group on n-simplices in X, and the boundary map d : C,(X) — C,_;(X) is
defined by

n

do := Z(—l)ial[vo ..... BV
i=0
where o = [vy,...,V,], and this is then extended linearly to all of C,(X).

Example 2.1. We have d([vy, V1, V5]) = [Vg, V1] — [V, Vol + [V1, Vo]

Lemma 2.1. (C,(X),d) as above is indeed a chain complex, i.e. d> =d,_;od, =0 forall n> 1.

Proof. We have

n n
Mowwrn%Ekqﬁm%ﬁi%J=§}4fdﬂm ..... ..... ..... n])
i=0 i=0

Now when taking d again, we will either by removing a vertex before or after the one already
removed, and so naturally we get two sums

=D Y0yt F DD (O o

..... iseees
j<i j>i

where the factor of (—1)~! in the second sum comes from the fact that since v; has been removed,
when removing v;, for j > i, this is the (j — 1)’th vertex in [vy, ..., V;,...,v,]. So hence

(dOd)(U)ZZ(—l)i+jU|[VO ..... TR Vn]—Z(—l)”jath ..... TSR B
j<i j>i

So noting that if we swap i < j in the second sum we get the same as the first sum, and thus these
two sums cancel. So d? = 0.
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The resulting homology theory we get from this chain complex, denoted H,(X) or H,(X,Z), is called
singular homology. The Z keeps track of the fact that we had h; € Z, however we could similar
define C,(X; G) and H,(X; G) for any abelian group G.

Note: To define H,(X;Z) we only used continuous maps into X, and thus H,(X;Z) only depends on
the topology of X. Thus H,(X; Z) is tautologically a homeomorphism invariant of X.

So what is the intuitive picture behind the definition of the boundary map d above? THe idea is that
d a region covered by simplices to its boundary, i.e.

d(simplices) = boundary of covered region.

In the above diagram, we see that we have four simplices, 0,...,04, which are line segments.
Thus d(o;) will give the boundary of o, i.e. the difference between the endpoints of the line (so if
o =[vgy,v;1], then d(o) = v; — V). Thus we see that

d(o,+0y+03+04)=0 ie. o01+0,+05+0,€ker(d).

Motivated by this picture, we make the following definition.

Definition 2.4. Elements of ker(d : C;(X) — C;_;(X)) are called i-cycles, or just cycles.

Now consider the collection of simplices shown below.

Here we have 2-simplices 74,...,T4. When we consider d(7; + T4 + T3 + T4), we are just left with
01+ 0,5+ 03+ 0, (i.e. the boundary), since the internal edges connecting the outer vertices to the
inner vertex cancel out in the alternating sum (i.e. they have ‘opposite orientations’ if you will). So
hence

d(Tl+T2+T3+T4):O'1+O'2+O'3+O'4

10
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and coupled with what we saw above, this shows that o, + 05 + 03 + 04 € ker(d) N Im(d). Once
again, motivated by this picture we define:

Definition 2.5. Elements of Im(d : C;(X) — C;_1(X)) are called boundaries.

So singular homology is cycles modulo boundaries.

Definition 2.6. The singular cochain complex of a space X, denoted C*(X,Z) or C*(Z), has
cochain groups

C"(X) := Hom(C,(X),Z)
(i.e. the dual space of C,(X)), and boundary maps d* : C"(X) — C""1(X) defined by

(d*y)(0) :==(do)

(i.e. usual dual map).

Observe that
(d*(d*¥)) (o) = (d*¥)(do) = (d*c) =(0) =0
and so (d*)? = 0.

So indeed, (C*(X),d*) is a cochain complex, simply because it is induced by a chain complex. The
associated cohomology H*(X,Z) or H*(X) is called singular cohomology.

Note: H*(X,Z) # Homy(H,.(X,Z),Z) in general (i.e. the cohomology group is not just the dual of
the homology group).

Clearly if f : X — Y is continuous and o : A" — X is a n-simplex in X, then we get an n-simplex in
Y via f oo : A" — Y. Hence we get a map

fi i GX) = C(Y) ie. fo:C(X)— Cu(Y) Vn
defined by

N N
f. (Zhioi) =Y h(foo))
i=1 i=1
which is clearly a group homomorphism. In particulay, f,o =f o0o.

The key observation is that d f, = f.d, since (by linearity suffices to check on a simplex o)

(f*d)(O'):f*(Z(—l)iﬁl[vo ..... Diyeens vn])

i=0

n
= Z(—l)if (O'|[V0 _____ Direres vn])
i=0

= Z(—l)l(f © O-)l[vo ..... ViseresVn]
i=0
= d(f*O')

11
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where the third line follows from the second just because faces are mapped to other faces by conti-
nuity.

This tells us that a continuous map f : X — Y induces a chain map of chain complexes, by which we
mean:
= Cun () = () — G (X) —
1 1 1
= Cua(Y) = G (Y) = G (V) — -

such that all squares commute (and the f, are group homomorphisms). In general:

Definition 2.7. A chain map of chain complexes is a sequence of vertical maps between corre-
sponding groups in the complexes which are group homomorphisms such that all squares commute.

A simple algebraic result then is:

Lemma 2.2. If C, and D, are chain complexes and f, : C, — D, is a chain map, then f, induces
homomorphisms on homology, i.e. we get induced homomorphisms f, : H;(C,) — H;(D,) for all i.

Proof. Let a € H;(C,) = ker(d; : C; = C;_;)/Im(d : C;;; — C;). So we know a is represented by
some i-cycle a € C; with da = 0 (i.e. a = [a] is this equivalence class). Then

0= f.(da) =d(f,a)
i.e. f,(a) €ker(d; : D; = D;_,) is a cycle in the D, chain complex, and so hence it defines an element

[f.a] € H{(D,) =ker(d : D; = D;_;)/Im(D;;; — D;).

Set b = [f,a] and define f, : H;,(C,) — H;(D,) by: f.(a) := b, as above. Then we must show that
this is well-defined and is a group homomorphism.

To see this is well-defined, suppose a = [a] = [a’], so that both @ and a’ are representatives of a.
Then we know [a —a’] = 0 € H;(C,), i.e. a —a’ is a boundary, and so a — &’ = d;,(y) for some
Y € Ci41- Then:

fil@)—f(a@) = fla—a) = f(dy) = d(f.y)
i.e. f.(a)and f.(a’) differ by a boundary, and so [f,(a)] = [f.(a’)] in H;(D,). So hence the image
is independent of the choice of representative and so this map is well-defined.

To see this is a group homomorphism, suppose a;,a, € H;(C,). Then if a; is represented by a; €
ker(d), we have a; + a, represents a; + a,. So hence as

[filar + ax)] = [fular) + fulax)] = [fila)] + [filas)]

this shows that it is a group homomorphism and so we are done.

12
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The upshot is that if f : X — Y is a continuous map of topological spaces, then it induces a map on
homology f, : H;(X) — H;(Y), for each i, via

flla]) = [fla@)].

Lemma 2.3. Suppose X L Y LN Z are continuous maps of topological spaces, with induced maps
f+, g, on homology. Then:

(gof).=g.of, and (id), =id.

Proof. We have
(gof)[ad) =[(goflla)]=[g(f(a))]=g.([fila)]) = g.(f.([a])
ie. (gof)i=gsofi
Also,
id,([a]) =[id(a)] = [a]

ie. id, = id.

0

In category-theoretic language, the association X — H,(X) is a functor from the category of topolog-
ical spaces (and homeomorphisms) to the category of graded abelian groups (and graded isomor-
phisms).

Note: If f : X — Y induces f, : C.(X) — C,(Y), then this has an adjoint map f* : C*(Y) — C*(X)
on the cochain complex. This again induces a homomorphism on cohomology groups
f*H*(Y)—> H*(X).

Note that this homomorphism goes ‘the other way’, from cohomology of Y to that of X. [Exercise
to check the details. ]

2.1. First Computations.

Lemma 2.4. We have
Z ifx=0

H.(point) = {0 otherwise

Proof. For each n > 0, there is a unique n-simplex in X = {point}, namely the constant map o, :
A™ — {point}. So the chain complex (C,({point}), d) is as follows:

e — C(X) — G (X) P > Co(X) — Ci(X) — Go(X)
~7 ~7z x>z >z >z
where each group is isomorphic to Z since they are the Z-free group over a point/one element.

13
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So in general we have C,(X) = 0,Z, i.e. generated by the single n-simplex as above. So we have

n ‘ & ) if n is odd
d(0,) = D (1) Oulpuy.styp] = Tnt P (1) = {

""" pron o,—1 ifniseven.
=0,_; always
So in terms of the Z groups, the maps are either the identity or the 0-map. So hence the above chain
complex becomes

0 id 0
> 7 S 7 —% 7 > 7 .

Hence we see
Colfpoint}) . 2z
Im(d; : C; — Cp) B {o}

and if i > 1, then either ker(d;) = {0} or d;, is surjective (so = Z) and so

=7

Ho({point} =

 (point)) — ~ > (0}.
({point}) Im(dj4; : iz — Cy) 7 ifniseven o

ker(d; : Ci(X) — C;_1(X)) {{Zi} if n is odd
Z

Lemma 2.5. For any topological space X, Hy(X) is the free abelian group generated by the set of
path-components of X.

Remark: The set of path-components of X is often written as 7y(X) (the 0’th homology group). So
this result tells us:

HX)= P z.

aemny(X)

Proof. We know that X =11,X,, is a disjoint union of path-components of X,.

Now any simplex o : A' — X must have (by continuity) image inside a single X, and then the faces
of o have image in the same X,. From this we see

(€,X),d)=EP(C.(Xy), do)

just because C,(X) is the free abelian group (over Z) generated by the simplices in X, and thus we
can decompose each such sum into sums over simplicies in each X,.

Hence it suffices to prove that Hy(X) = Z if X is path connected.

So assume X is path-connected, and define ¢ : Cy(X) — Z by:

E no;— E:ni’
i

i

where o; is a 0-simplex (= point) in X. Thus clearly if X # @, then ¢ is onto.

Now suppose 7 is a 1-simplex in X. Then dt = v;—v, (the endpoints of 7), and so ¢(d7t) =1—1=0.
So by linearity we see that Im(d : C; — C,) C ker(¢).

14
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Now suppose conversely that ). .. n;0; € ker(c). Then fix a base point p € X, and for each i
choose a path (= 1-simplex) 7, : [0,1] — X such that 7,(0) = p and 7;(1) = ;. Then

d(z niTi) :Zni(dTi):ZniUi_(Zni)p:Zniai
finite i i 1_0 i
since ), n;0; € ker(o). So hence we see Y, n;0; € Im(d : C; — Cp), and so ker(y) € Im(d : C; —

Co)-

FIGURE 7. An illustration of the 7; maps.

Hence we see ker(¢) =Im(d : C; — C;), and so the first isomorphism theorem applied to ¢ gives
CoX) o GoX)

ker(¢) Im(d:C; — Cp)
as required. O

Z=1m(p) = =: Ho(X)

Remark: If X is path-connected, then we see that in fact Hy(X) = Z is generated by a point (any
point in fact) of X.

As an informal conjecture, it turns out for reasonable spaces, we cannot compute anything else
directly from the definition. For example, for manifolds of dimension > 0, each C;(X) is uncountably
generated. This makes it very hard to work from the defintion.

So instead, we need other ways to compute homology. The tools developed are used to compute the
homology of a more complicated space from the homology of small spaces which the bigger space
can be decomposed into, or are homotopic to.

Digression. Suppose X is compact and Y has a metrisable topology, and pick a metric dy on Y
which induces the topology on Y. Then Maps(X,Y), the set of continuous functions X — Y, inherits
a metric via:

d(f,g) := supdy(f (x), g(x)).
xeX

[This is the compact-open topology. In fact, the resulting topology on Maps(X,Y) is independent
of the choice of dy.]

A knot is an embedding S* — S3. Most of classical knot theory is computing Hy(Emb(S?,S3%)). If M
is simply connected and dim(M) > 4, then H,(Homeo(M )) (homeomorphisms M — M) is unknown.

The point is that computing homology groups can still be hard, and is a major research area in maths.

However homology is rendered (moderately) computable via the following two results:

15
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Theorem 2.1 (Homotopy Induces Maps on Homology). Suppose f,g : X — Y are homotopic
maps of topological spaces X,Y. Then we have f, = g, as maps H (X) — H,(Y), and similarly
f*=g*as maps H*(Y) —» H*(X).

So this result just says that homotopic maps induce the same maps on homology and cohomology.
This essentially says that homology is “insensitive to inessential” deformations of a space.

Proof. Later. O

Corollary 2.1 (Homology is invariant under Homotopy Equivalence).

Let X,Y be topological spaces which are homotopy equivalent. Then we have H,(X) = H,(Y) and
H*(X)Z H*(Y).

Proof. By definition of homotopy equivalence, we know 3 maps f : X — Y and g : Y — X such that
fog=~idy, gof ~idy. Hence by Theorem 2.1,

f* 08 = (f o g)* = (ldY)* = idH*(Y) and Simﬂarly 8 Of* = idH*(X)
where f, : H(X) - H(Y) and g, : H(Y) — H,(X). Hence these maps are bijections and homo-
morphisms, and thus we get H,(X) = H,(Y).

We can do the same thing for H*(X) = H*(Y).

Corollary 2.2. We have
Z ifx=0
0 otherwise.

H*(Rn) = {

Proof. We know that R" ~ {point} are homotopy equivalent. Hence the result follows from Corollary
2.1 and Lemma 2.4.

O

So homotopy equivalence preserving homology is one way we can compute homology of more com-
plicated spaces. Another is the Mayer-Vietoris Property, which enables us to compute the homology
of a space by decomposing it into smaller parts.

16
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Theorem 2.2 (Mayer-Vietoris (MV)). Let X = AUB be a union of open subsets. Note that we have
a natural diagram of maps

ANB <3 A
[
B2 X
of inclusion maps. Then 3 boundary maps, called Mayer-Vietoris boundary maps, o,y : H;(X) —
H;_1(ANB) for all i > 1, such that the sequence

(ia,-ip,) jax—JB
-+ — H;11(ANB) — H;1(A) @ H;(B) ]—J$ Hi1(X) j

. . 7
Ja, B Mv

(in.sis,)
[—> H(ANB) —222% .(A) @ H(B) — s ...

is exact.

Proof. Later. O

Definition 2.8. A (co)chain complex is exact if it has zero (co)homology,

i.e. if ker(d;) =Im(d;,) Vi for homology (and similar for cohomology).

We then have some addenda/consequences to MV:
(i) We have Mayer-Vietoris on cohomology; i.e. 3 maps J,;,, : H {(ANB) — H(X) such that

. . iy . 3y .
... — Hi(A)@H!(B) 2> H'(AnB) /% HI(X) j

G Jg)

. . i —i . o
[_> Hl+1(A)®Hl+1(B) M> Hl+1(AﬂB) %

is exact.

(ii) The MV sequences are natural: by this we mean that if X = AUB and Y = CUD, and
f :X — Y is such that f(A) C C and f(B) C D, then we get a map of MV sequences

aMV

S Hyy (X) 2y H(ANB) —— H,(A)® Hy(B) —— H;(X) -2 ...

lf* lf* \Lf* \Lf*

v v
~+ — Hi1(Y) — H{(CnD) — H{(C)®H{(D) — Hi(Y) — -

and all squares commute.

We similarly have such a naturallity property for cohomology MV, with f*, etc.

17
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(iii) (What the MV map does) Suppose Z € H,(X) is represented by an n-cycle of the form
z=a+ b, with a € C,(A), b € C,(B) (n-chains). So:

dz=0 = da=-—db

and so asda € C,_,(A), db € C,_,(B), we see that da € C,_,(A)NC,_;(B) = C,_,(ANB). So
hence as d? = 0, we see that da defines an element in H,_;(ANB), i.e. [da] € H,_;(ANB)
is defined.

Then J,,y is defined by:
oyv(2) :=[da] ie. Jyy(a+b):=[dal=[db]leH,_(ANB).

Note: At the moment, we haven'’t justified that z = a + b!

FIGURE 8. Illustration of dividing a space.

We will come back and prove homotopy equivalence invariance of homology and MV later. For now
we will use them to see what we can prove, in the spirit of if you get a new toy, you first play with it
before taking it apart to see how it works.

Lemma 2.6. We have
Z ifx=0,1
0 otherwise.

H,(sY %{

Proof We can write S' = X = AU B, where A, B are open intervals, as shown.

Hence we clearly have A, B ~ {point}, and AN B is a union of two open intervals, and so AN B ~
{point} 11 {point} ~ {p} 11 {q}, as shown.

Homotopy invariance of homology then implies that H,(A), H.(B) and H,(A N B) are only non-zero
at x = 0. So the MV sequence for i > 2 gives:

H;(A) ® H(B) — H;(S") — H;1(ANB)
~— —— ~———
{0}e{0}={0} =0

and this sequence is exact. Hence this implies H;(S!) = {0} for i > 2.

18
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'P

FIGURE 9. Computing homology of S*.

For i = 1, the MV sequence gives exactness of:

Hy(ANB) — Hy(A)® Hy(B) —— Hy(S') —5 Ho(ANB) —%3 Ho(A)® Ho(B) — Ho(SY).
~— | ~—— ~—

=0 =0 ~7(p)oZ(q) ~707
Note that we know Hy(S') = Z by Lemma 2.5 since S! is path-connected.

In the above sequence, a = (iy,,iz+), and so we have (since p,q are in both A, B)
a(m,n)=(m+n,m+n)

where by (m, n) we mean m copies of the point p and n copies of g, and so the total number of points
in A/B is m + n (just from what i,,, etc, are).

Exactness of the sequence at Hy(ANB) gives ker(a) = Im(f) and exactness at H, (S!) gives ker(f3) =
{0}. So B is injective, and so by the first isomorphism theorem,

Hy(SY) = Im(B) =ker(a) =Z((1,—1)) ZZ(p—q) = Z

and so we are done.

O

Note: This does give an explicit generator for H;(S'), namely p—q. This will be useful in the future.

Exercise: Show similarly using the MV sequence for cohomology that

Z ifx=0,1
H* S]. — ?
(57) {0 otherwise.
Lemma 2.7 ((Co)Homology of S™). For n = 1 we have

Z ifx=0,n
0 otherwise

Z ifx=0,n

d H*(S")=
an (5% {0 otherwise.

H,(S") = {

19



Algebraic Topology (Part III) Paul Minter

Proof. For a bit of variety, we will show the cohomology calculation this time. We will prove this by
induction on n. We have already proven the n =1 case.

Write S"™ = AU B, where A, B are the open hemispheres defined by x, > —¢ or x,, < ¢ respectively,
for some £ > 0. So hence as these are hemispheres we have A, B ~ {point} and ANB ~ S" N {x, =
0} ~s™ 1.

Then consider the MV sequence, which says the following sequence is exact:

H{(S") — H'(A)®@H'(B) — H'(AnB) —— H*1(s") —— H*'(A)@ H'*'(B).

If i > 1, this then becomes:
0 H Hi(sn—l) H Hi+1(Sn) H 0

is exact, i.e. H{(S"™ ') = H!*1(S") for all i > 1. Hence by induction we have found H!(S") for all
i>2.

If i = 0, then this becomes

Ze&Z —— HOS" 1) SN HY(S™) — 0
N——

27 by induction

where the map a is (p,q) — p —q. Clearly this map is surjective. Hence by exactness, we see
that ker(8) = Im(a) = Z. Hence f is the zero map, and so by exactness at H'(S") we then get
H'(S™) =Im(B) = {0}. Hence by induction, H'(S™) = {0} for all n > 2.

Clearly by path-connectedness and Lemma 2.5 (the corresponding result for cohomology) we know
that H°(S') = Z, and so we are done.

O

Corollary 2.3 (Topology sees Dimension). We have

™ = R" are homeomorphic < m=n.

Proof. («): Clearly true (take the identity map).

(=): Suppose ¢ : R™ — R" is a homeomorphism. Then it induces a homeomorphism R™\{0} —

R™\{¢(0)}. So hence as R¥\{point} = S*~1 in general, we see that this gives a homeomorphism
s™1 — §"1 Hence these spheres are homotopy equivalent, and so by Corollary 2.1 we have
H,(S™ 1) = H,(S™!) for all . Then from Lemma 2.7 we see this implies m = n.

O

2.1.1. Order of maps S™ — S™.
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Suppose f : S™ — S™ is a continuous map. Then it induces (in the usual way) a homomorphism
f. : H(S") - H,(S™). Clearly the only map of interest here (as either the groups are zero, or at
x = 0 the map is just the identity since it maps a point to a point) if f, : H,(S") — H,(S"), since
H,(S™) £ Z, we see that we get a homomorphism f, : Z — Z. Hence f, must be multiplication by
some integer. We then define:

Definition 2.9. For f : S™ — S™ continuous, we define the degree of f by the integer deg(f) € Z
such that f, : H,(S™) — H,(S™) is multiplication by deg(f).

This degree is well-defined if we use the same isomorphism H,,(S") — Z. Equivalently, since Im(f,) =
deg(f)Z we have

Z
Im(f,)

deg(f) = ‘

Lemma 2.8 (Properties of deg(f)). We have:

(1) deg(f o g) = deg(f)deg(g),
(i) deg(id) =1,
(iii) deg(constant map) = 0.

Proof. (i): This is simply because (f o g), = f, o g, and so
deg(f o g) = (f 28).(1) = £.(g.(1)) = f.(deg(g)) = deg(f) deg(g).

(ii): Simply because id, = id.

(iii): If ¢ : S™ — S™ is constant, then we can write ¢ = 10 @, where ¢ : ™! — {(¢(1)} is the constant
map and ¢ : {¢(1)} <= S™! is the inclusion. This is just saying that ¢ factors through

s — {point} — S*°!
¢

So hence taking * of this diagram we see that ¢, factors through H,,({point}) = {0} (as n > 0), and
hence deg(y) = 0.

O

Lemma 2.9. Suppose A€ O(n+1). Then A: S™ — S™ acts on H,(S™) by multiplication by det(A),
ie.
deg(A) =det(A) (==+1).

Proof. O(n + 1) has two connected components, distinguished by the sign of the determinant (£1).
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For the {det(A) = +1} component, we have A~ T € O(n+ 1), and so A, = id, = id is the identity
map. Hence A, is multiplication by deg(A) = deg(id) = 1 = det(A), and so in this case we are done.

So it suffices to show that if A is a reflection in a hyperplane (i.e. det(A) = —1) then deg(A) = —1. So
let A be a reflection in the hyperplane H, and write A = refly. Then notice that the hyperplane will
divide S" into two equal hemispheres, both of which are invariant under the action of refl;. refly
also induces a reflection on the middle line J L via reflection in the plane H' = HN7(JL) (projection
onto H), which is ~ S"! since in some basis this is equivalent to having {x" =0} N S" ~ §" 1,

FIGURE 10. An illustration of the reflection map and application of MV. The two
invariant hemispheres give rise to an S"! via their common boundary, shown in
green.

So hence applying Mayer-Vietoris to the two (closed) invariant hemispheres whose intersection is
H ~8" ! we get a diagram (recall the addenda of MV)

0 — H,(S") — H,_1(S"™1) — 0

\L(reﬂH)* \L(reﬂH)*

0—— Hn(Sn) — Hn—l(Sn_l) — 0
and naturality of Mayer-Vietoris tells us that this diagram commutes.
Then by induction on this diagram, it shows that it is sufficient to prove the n =1 case.
So consider the n = 1 case, shown in Figure 11. Recall that when we compute H;(S') = Z, we found

that the generator was (p — q). But then reflection in H swaps p and g, and so gives the generator
(g—p) = (—(p—q)), i.e. this acts by —1.

FIGURE 11. The n =1 case.
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Corollary 2.4. We have

(i) The antipodal map a,, : S™ — S™, a,(x) := —x, has degree (—1)""'.
(i) If f : S™ — S™ has no fixed point, then f ~ a,.
(iii) If G acts freely on S? then G < Z,.
(iv) [Hairy-Ball Theorem]

S™ has a nowhere-zero vector field < n is odd.

Proof. (i): a, is the composite of (n + 1)—reflections (the coordinate axes), and thus Lemma 2.9 and
Lemma 2.8(i),

deg(a,) = (1) (=1)---(=1) = (=1)"*%.

(n+1)—times

(ii): In fact we will prove a stronger result, which says that if f, g : S" — S™ have f (x) # g(x) for all
x €8" then f ~a,o0g.

Indeed, consider the map ¢, : S* — S" for t € [0, 1]:
tf (x)—(1—1t)g(x)
lef (x)—(1=1t)g(x)ll
Note that this is well-defined, since the denominator never vanishes. Indeed, if t # 1/2, this is

because if we ever had tf(x) = (1 —t)g(x), then taking modulus’, since f (x), g(x) € S™, we would

have t = 1—t, i.e. t = 1/2, a contradiction. However when t = 1/2, this never vanishes since
f(x)# g(x) for all x € S™.

X —

Thus we have f = ¢; ~ ¢y =a,°g.
The result we are after follows by taking g = idgn.

(iii): Suppose G acts freely on S%*. Then for all g € G\{e}, g has no fixed point and thus by (ii)
we know g ~ asx, and so by (i) we have deg(g) = —1. Thus if we define a map F : G — Z, by
F(g) := deg(g)(= —1), then this is a homomorphism (by Lemma 2.8) and has no kernel by the
above (as nothing maps to +1), and thus is injective. Hence by the 1st isomorphism theorem we

have
G

G =
ker(F)
[Contrast this with S, which acts freely on $2"*! c Ck*! by rotation. ]

~ Im(F) < Z,.

(iv): A vector field on S™ is a continuous map v : S" — R™! such that for all x € S™ we have

(x,v(x)) = 0 (Euclidean inner product on R"*1).

(<): If n is odd, we can write down such a vector field explicitly. Indeed, define

V(Xo,yo,---,xk,Yk) = (.yO’_XO’yl,_xlﬁ"',yk9_xk)
where n + 1 = 2k. Clearly v has (x,v(x)) = 0 for all x € S, so this is an example.
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(=): Suppose a nowhere zero vector field on S™ exists, and call it v. Then consider the map F : S™ —
S™ defined by F(x) = v(x)/||v(x)||. Then consider the family of maps ¢, : S* — S" for t € [0, 1]
defined by

@e(x) :=(cos(t))x + sin(t)F (x).
Hence idg» = ¢ ~ ¢, = a,, the antipodal map. So hence

(=1)"! = deg(a,) = deg(idg.) =1 = nisodd.
O

Now we finish with one final calculation before going back to prove the homotopy invariance of
homology and Mayer-Vietoris.

Lemma 2.10. Let K be a Klein bottle. Then:

Z ifx=0
HK;Z)={7eZ, ifx=1
0 otherwise.

Proof. We know that K = Mob Uz Mob, where Mob are Mobius strips and the union means we
glue them together along a common boundary. Thus we can write K = AU B, where A,B are
the Mobius strips plus an ‘extra bit’ to make them overlap. Thus we have A, B ~ S! and ANB =~
boundary of a Mébius strip ~ S!. The situation is as in Figure 12.

N\
>>

y N
k = M }“?‘

AN é
N\

FIGURE 12. An illustration of the Klein bottle, with the sets A, B identified. Notice
that the sides of the square are identified in the usual way, and thus A, B are both
Mobius strips. Due to the ‘opposite orientation’ being used on the top and bottom
sides, when attaching them to one another this causes the side to flip, and thus the
LHS of the top side will attach to the RHS of the bottom side, etc, and thus after this
identification we see that AN B is one connected component and is ~ S*.

So applying Mayer-Vietoris gives
0 — Hy(K) — Hy(ANB) -5 Hy(A)® Hy(B) — Hy(K) — Ho(ANB) — Hy(A) ® Hy(B).
Filling in the groups we know from the identifications of A, B,AN B with S!, we have

0 — HyK) —> 7 VS 202 —3 Hy(K) — 2 -2 207
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So what are the maps v, p? ¢ is induced from the inclusion of AN B into A and B, mapping points
to points. Hence on ANB — A, this is just p — p, and on B this map is the same, and so Hy(ANB) —
Hy(A) ® Hy(B) is given by p — (p, p), i.e. in terms of Z, thisis ¢ : 1 — (1, 1).

For the v map, the maps are induced by the inclusions of circles in AN B into A or B. Let us draw
what is happening to work out what %) is.

A

727 0 .

v ‘A Molbigheby,
A= = 1
-

'\

1 |

] .

e

FIGURE 13. Anillustration of calculating the ¢ map. We have a circle in ANB, which
is the two strips shown. The two blue lines representing the circle are in fact just 1
S! due to the opposite orientation on the top and bottom sides - it just ‘wrap around’
twice before getting back to the start. When including this into A (say), we get left
with the same two lines. Then when we identify A ~ S! both lines become one and
overlap each other - which gives a circle with multiplicity 2. Hence we have one
circle becoming two, and thus (i4),.(1) = 2. But the same thing can be said for B,
and thus we get (i5),(1) =2, and so Y (1) =(2,2).

Thus we see (1) = (2, 2) and with this we can calculate the homology groups. We therefore have
ker(ip) = {0}, m(p)=Z, ker(y)={0}, Im(yh)=2Z.
The first isomorphism theorem at H,(K) gives
Hy(K)/ ker(Hy(K) — Z) = Im(H,(K) — Z)
and so using exactness we get
Hjy(K) = Hy(K)/Im(0 — Hy(K)) = Hy(K)/ ker(Hy(K) — Z) = Im(H,(K) — Z) = ker(yp) = {0}
Then using exactness at the Z after H,(K) we get
Im(H,(K) — Z) = ker(¢) = {0}
and thus the isomorphism theorem gives
Hy(K)/ker(H;(K) — Z) = Im(H,(K) — Z) = {0}
and so by exactness and the first isomorphism theorem we have
H,(K) 2 ker(H,(K) » Z) 2 Im(Z & Z — H,(K))
=ZoZ/ker(Z®Z — H.(K))
=Z®Z/Im(y)
=Zo7Z/(2,2)
EVAY/IR

The % = 0 case is then just from path-connectivity of K, and the higher groups are 0 from MV. So we
are done. O
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Exercise: What is H,(K,Z,)? Clearly something is different if we work in a group where 2 = 0,
since then the 1) map above is = 0.

We now go back and prove homotopy invariance of homology and Mayer-Vietoris.

2.2. Homotopy Invariance of Homology.

Let C, and D, be chain complexes. Let f, and g, be chain maps C, — D,.

Definition 2.10. We say that f, and g, are chain homotopic if 3 maps P, : C,_; = D, forn € Z
such that:
dP+Pd=f,—g,.

Pictorially this means that we have

d

/Cl+2 /Cl+1—>c—>cll—>

s / 7 le / s / A

/Dl+2 /Dl+1—>D _>Dll_>

and thus the above condition is asking for a certain type of commutativity of the slanted parallelo-
grams

¢ —45 ¢y

aard

Diyn —7 D
The key point is that chain homotopic maps induce the same maps on homology.

Lemma 2.11. Suppose f, and g, are chain homotopic. Then, f, = g, as maps H(C,,d) —
H(D,,d).

Proof. Let a € H,(C,) and suppose a € C, is a cycle representing this class. Then we have

fila)—g.(a) = (dP + Pd)(a) = d(Pa)

since da = 0 as a is a cycle. Hence we see that f,(a) — g,(a) is exact, and hence [f,(a)] =[g.(a)] €
H,(D,). So as f,([a]) :=[f.(a)], this tells us f.(a) = g,(a) and so f, = g,

O

Theorem 2.3 (Homotopy Invariance). Suppose f,g : X — Y are homotopic. Then f, = g, as
maps H,(X) —» H (Y).
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Proof. We will show that f, and g, : C,(X) — C,(Y) are chain homotopic, and so we are done by
Lemma 2.11.

As f ~ g, we know IF : X x [0,1] — Y such that F|x, o} = f and F|x,(;; = g. Then let
ip: X =X x[0,1] be iy(x):=(x,0)

and
i1 : X > X x[0,1] be i1(x):=(x,1).

Then we have f : Foiyand g = F oiy, and so f, = F, o (iy), and g, = F, o (i1),-

So in fact we only need to be able to show that (iy), and (i;), are chain homotopic. We will show
this by defining a prism operator, which cuts A" x [0, 1] into (n + 1)—simplicies.

FIGURE 14. An illustration of the prism operator in the cases n =1, 2.

In general, consider A" x [0,1] € R™! x [0,1] ¢ R"2. Label the base n—simplex A" x {0} =
[vo, - - -, V,] and the top n—simplex A" x{1} = [wy,...,w,]. Then consider the n—simplicies [vy, ..., V;,
Wit1,-..,Wy,] and the (n + 1)—simplicies [vg,...,V;,w;,...,w,] (imagine these geometrically, using
the above diagrams).

Claim 1: The (n + 1)—simplicies [vy, ..., vy, W;, ..., w,] exactly fill the prism A" x
[0,1].

Proof of Claim 1. Consider the map ¢, : A™ — [0, 1] given by:

@iltg,. s tp) =tig1 + -+t

Note that all the vertices [vy,...,V;,W;11,...,W,] lie on the graph graph(y;), and
so these span an n—simplex inside A™ x [0, 1], which projects homeomorphically to
the base. Clearly

@) $i<p;q andso 0=, <@, 1<--<p =1
The region between graph( ;) and graph(p;_;) is exactly [v, ..., v;,w;,...,w,] and
this is an (n + 1)—simplex: the fact that w; ¢ graph(y;) shows this set of vertices

does satisfy the linear independence condition of being an (n+ 1)—simplex in R"*2,

Then with () this shows these (n + 1)—simplices fill A™ x [0, 1], as required.
O
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Now define P : C,(X) — C,41(X x[0,1]) by

o — > (=10 X i)ty
i

[Geometrically this says that the boundary of the prism A" x [0,1] is the disjoint
union of the prism on the boundary, the top, and the base. ]

Proof of Claim 2. We have (from the definition of P and d, splitting up the cases
where d throws out a v; or w f index):

dP(0) = > (=1 (=1)(0 X id)ryy...5,....veawesmn]
j<i

+ > (D=1 (o xid)lp,,

j=i

.....

v v
j=i=0in 1st sum j=i=nin 2nd sum
+Z(...)+Z(...)‘
j<i j>i

~
turns out to be —P(do’) - Exercise to check

The first term here is the top of the prism, i.e. (i;),0. The second term is the base,
i.e. (ip),0. So thus we get

d(PU) = (il)*a - (iO)*U - P(dO’)

and so we are done.

With this the proof is completed.

O

Remark: For cochain maps of cochain complexes C* and D*, we say that f*,g* : D* — C* are
cochain homotopic if 3 maps P* : C'*! — D, i € Z, such that

dP*+P*d = f*—g*.
In this scenario, the usual prism operator P : C,(X) — C,,1(X % [0,1]) dualises to:

P* : Hom(C,;1(X x[0,1]),Z) —>£{om(Cn(X), 7))

>Cn+tl (}(’x[o,l]) %(?”r(X)

and taking duals, we have
dP+Pd=f,—g, = dP*+P'd=f"—g".
Given these observations, one sees that singular cohomology is also homotopy invariant, i.e.

iff~g, then f*=g* asmaps H*(Y)— H*(X).
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Remark: Proofs for cohomology will tend to just be as above: once you have the result for homology,
you just dualise everything and observe that the same proof works. We will stop spelling out the
details for cohomology explicitly unless there is something crucially different.

2.3. Mayer-Vietoris (MV).

Before proving the Mayer-Vietoris (MV) property, we need a bit more algebra. Recall that a chain
complex was said to be exact if it has trivial homology, i.e. H.(C,,d) = 0, or equivalently if ker(d,) =
Im(d,,) for all n € Z.

Definition 2.11. A short exact sequence (s.e.s) is an exact sequence of the form

0—sa-—2sp-Pyc o

Lemma 2.12. In a s.e.s, a is injective, f3 is surjective, and 8 induces an isomorphism B/A— C.

Proof. Exercise. O

Definition 2.12. A s.e.s of chain complexes 0 — A, — B, — C, — 0 is a diagram

d d d
~ ~N /3 N
a
0 > Ana > Bpyr —> Cyg — O
d d d
~ ~N /5 N
0 > A, —— B, > C, > 0
d d d
~ ~N ~N
a a
0 > An—1 ?»Bp1 —> Cp.1 —— 0
d d d
~ ~N ~N

such that all squares commute, the columns are chain complexes (i.e. d?> = 0) and the rows are
exact (i.e. ker(f) =Im(a) for all n).

Proposition 2.1. Given a s.e.s of chain complexes 0 — A, — B, — C, — 0, 3 an associated l.e.s
(long exact sequence) in homology:

o — HyA) =% Hy(B,) — H(C) —2 Hi1(A,) — Hi1(B,) — -+

i.e. 3 such maps 9 such that this sequence is exact.
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Note: This is similar to MV: 0 is a ‘boundary map’, which lowers the degree.

Proof. The technique for this proof is so-called “diagram chasing”.
We shall construct d and leave verification of exactness for the 1st example sheet.

Let y € H,(C,) be represented by a cycle ¢, € C,,, which is a cycle in the C,-chain complex. From the
s.e.s of chain complexes we have the following diagram.

Cn

v O\

0 —— Ay —* By —— G, — 0
Jo (o :

0 > Apq “>Bn_1i>cn—>o.
anflK_/

db,
By exactness we know thar f is surjective, and so 3b,, € B,, such that 3(b,) = c,,. But then we have

B(d(b,)) = d(B(b,)) =d(c,) =0

since c,, is a cycle, and so db,, € ker(8) =Im(a). So da,_; €A,_; such that a(a,_;) =db,.

Now, a(da,_;) = d(a(a,_;)) = d(db,) = 0 since d> = 0. So as a is injective, this tells us that
da,_; =0, and so a,_; defines a homology class [a,_;].

Then we define:

olen]:=lapa] (=l dB ()

Note that we made a choice of b, in the first step of the above. If we change that to b/, say, then
a,—; changes to a,_; + da,, where b/ = b, + a(a,). So as [a,_; +da,] = [a,_1], this shows that
d[c,]is independent of the choice of b,,.

So it remains to check:

e 0 is independent of the choice of cycle c, representing [c, ].
e The resulting map J : H,(C,) = H,_;(A,) is a homomorphism.

e The resulting l.e.s is exact (need to check this in 6 places of the diagram).

These are left as exercises to check. Then the proof is complete.

We can use Proposition 2.1 to generate canonical homologies.
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Example 2.2 (Relative Homology). Let X be a topological space and A C X a subspace. Then we

have C,(A) c C,(X) is a subspace, and moreover C,(A) C C,(X) is preserved by d. So there is an
induced quotient complex
C.(X)

Cu(X,A) =2 @

with the inherited differential.

Then by construction we have that
0 —> C.(A) — C.(X) —> C.(X,A) —> 0
is a s.e.s of chain complexes. So applying Proposition 2.1, we get an associated l.e.s
- — Hi(A) — H{X) — H;X,A) — H;i,(4) — -
called the l.e.s of the pair (X,A). This gives rise to the relative homology groups, H;(X,A).

Notation: We write H,(X,A) := H,(C.(X,A),d).

Note: How should we think about relative homology? A cycle in relative homology is a chain in X
whose boundary lies in A.

A X

(=

3

FIGURE 15. An illustration of what can happen with relative homology. Here 7 is
a cycle in C(X,A) despite not being one in C;(X), since relative homology kills off
these curves with endpoints in A.

Note: H,(X,A) is natural for maps of pairs. By a map of pairs f : (X,A) — (Y,B) we mean a map
f :X - Y, with f(A) c B for Ac X, B C Y. By naturality, we mean that if we have such a map of
pairs then f induces a map f, : H.(X,A) — H,(Y, B) in the natural way.

Example 2.3 (Bockstein Homomorphisms). An exact sequence of abelian groups
0—>G, > G, —>G3—0
induces maps on chain complexes, and we get a s.e.s of chain complexes
0 - C,(X,Gy) = C.(X, Gy) = C,(X, G3) — 0.
E.g. the s.e.s’s
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and

Xm
\ \ \
0 S Zom S Lo S Zom

~
o

yield boundary maps (for the l.e.s in homology) H;(X,Z,,) — H;_;(X,Z) and H;(X,Z,,) —
H; (X,Z,,) respectively, which are homomorphisms. Such maps are known as Bockstein homo-
moprhisms.

Example 2.4 (Mayer-Vietoris). Let U = {U, : a € A} be an open cover of X, or more generally a
cover of X by subspaces whose interiors cover. Then let:

N
C,(X,U):= {Zhiai :N€N, h; €Z, 0;: A" > X has image Im(0;) C Uy for some a(i) GA} .
i=1

So this is the subgroup of C,(X) comprising of chains, each of whose constituent simplicies lie wholly

in some set belonging to U. This is a subcomplex of C,(X).

To prove Mayer-Vietoris, we shall use Example 2.4 as well as the small simplicies theorem.

Proposition 2.2 (The Small Simplicies Theorem). The inclusion C,(X,U) — C.(X) of chain
complexes induces an isomorphism

=5

H(C.(X,U)) = H(C,(X)) =: H,(X)

Proof. Momentarily. 0

Given this result, let us quickly see how it proves Mayer-Vietoris. Let U = {A, B} be a cover of X by
two (open) sets. Then these is an obvious [Exercise to check] s.e.s of chain complexes:

0 — C.(ANB) —3 C.(A) @ C.(B) —3 C.(X,U) — 0

where ¢(o0) = (0,0) and ¥ (u,v) = u—v. [Surjectivity on the RHS uses that we only consider
C.(X,U) c C.(X).]

Hence this induces a l.e.s on homology by Proposition 2.1, which is the Mayer-Vietoris sequence,
since H,(C,(X,U)) £ H,(X), by the small simplicies theorem.

Remark: The construction of the map @ : H,(C,(X,U)) — H,_;(ANB) exactly fits our description of
the MV boundary map &,y .

Remark: If U is a cover of X and V is a cover of Y, and f : X — Y takes each set in U wholly into
some set of V, then the map f, : C,(X) — C.(Y) preserves the subcomplexes, i.e.

f{(CX,U)) c CY, V).
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This then gives [Exercise to check] the naturality of the MV sequence under maps of pairs, mentioned
before.

Thus once we have proven the small simplicies theorem we will have proven MV and the associated
comments/addenda.

To set up for the proof, we shall first construct a barycentric subdivision operator, which will be chain
homotopic to the identity via a prism operator.

If o =[vp,...,V,] is a simplex, then set
1 n
by, = V;
7 n+1 ; '
called the barycentre of the simplex (just the centre of mass of the vertices). Write b, € R"*! for
the barycentre of the standard n-simplex A" C R"*!,

We will construct a subdivision operator

inclusion
-~ <
s N

“ \
C.(X) == C,(x,U)
which is a chain map such that 3D : C,(X) — C,,(X) with
dD + Dd =1 —(inclusion o ¢).

— T ————

— >

FIGURE 16. An illustration of how we want the barycentric subdivision operator to
work. The top image shows the subdivision of a 1-simplex, whilst the lower im-
age shows the subdivision of a 2-simplex. Note we generate new 2-simplicies, 1-
simplicies, and 0-simplicies.

i.e. given a n-simplex, to generate new subdivided n-simplicies we subdivide the boundary and then
‘cone off’ the result to the barycentre.

More formally, let o : Al — A" be an i—simplex in A", i.e. a generator of C;(A™). Then we define
the coning operator by

ConeiAn(a) : AL 5 AM sending  (tg,...,ti1) = tob, +(1— to)o(

(t1,--., ti+1))
1—tg '
which is just a convex combination of the barycentre and the simplex.
Extending this operator linearly, we obtain a map
ConeiAn 1 C(A™M) - Ci (AT

and so the describes how we obtain (i + 1)—simplicies from i—simplicies.
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One can then check [Exercise] that
d (ConeiAn(o)) = {

where ¢ : Co(A™) — Z sending D, n;p; — >, ;.

o —ConeiA_nl(da) ifi>0

o —e(o)b, otherwise

FIGURE 17. An illustration of the coning map. We take a simplex and form the ‘cone’
with the barycentre, i.e. we ‘cone off’ to the barycentre.

Thus if we define c, : C,(A") — C,(A") by:
__|Je(o)b, ifx=0
c.(0):= {O otherwise
then with the above we see that
d (ConeAn) + Cone, (A") od =idg, an) — ¢,

which is looking good for a chain homotopy.

We now want to define the full barycentric subdivision operator on general simplicies X and not just
A", i.e. construct cpff : Cp(X) — C,(X). We do this inductively. First we set (p‘())( = id¢,(x)- Then for
n > 0 we define:

Lpff 10— 0, (ConenA_n1 (apf_nl(dbn)))

id
where t,, : A" 5 A" (so 1, € C,(A") and o, : C,(A™) — C,(X). Thus simply says that we subdivide
the boundaries cone them off in A" just as above, and then map the results under o into X.

Definition 2.13. We say that a collection of chain maps (¢x)x (one for every space X), ¢* :
C.(X) — C.(X), are natural if whenever f : X — Y we have:

fiopX=¢"of,.

In particular naturality says that:
(o) = ¢y (0.()) = 0.(y (tn))-

Similarly we have a notion of a natural family of chain homotopies, P* : C,(X) — C,;(X).

Continuing with our construction of the subdivision operator, define inductively prism maps P, via:

n

P,:o0— 0, (ConenAn (cpfn(bn) —, —PnA_l(dLn))).

Geometrically, we take A™ x [0, 1], subdivide the top A™ x {1} and boundary, and join A™ x {0} and
JA™ x {1} to b,, € A™ x {1}. [See Hatcher’s book for pictures.]
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The key lemma is then:

Lemma 2.13. ¢* : C,(X) — C,(X) is a natural chain map.

Moreover, PX : C,(X) — C,.1(X) is a natural chain homotopy from X to the identity, i.e.
def + Pf_l od = goff —id¢,(xy  for all spaces X and all n.

Proof. Omitted (it doesn’t add to understanding to check the details live in a lecture - all the details
to check this have been provided though) [Exercise to prove].

O

To prove the small simplicies theorem we need two more results about what happens in the subdivi-
sion.

Lemma 2.14. Let [v,,...,v,] C RN be a simplex with Euclidean diameter (defined in the normal
way) diam([ vy, ..., v,]). Then each simplex of c,onAn([vo, ..., V1), i.e. of its barycentric subdivision,

has diameter < -2 - diam([vy, ..., v,]).

Proof. Exercise. O

So the above tells us that if we barycentric subdivide, all resulting simplicies get smaller in diameter
and we have this fixed bound on how much. So if we were to repeatedly subdivide, we could ensure
that all simplicies were eventually so small that they lie a given set of our cover U. This is exactly
what the following result says.

Corollary 2.5. We have

() If o € C,(X,U), then ¢X(0) € C,(X,U).
(i) If o € C,(X), then dk > 0 such that (Lpff)k(a) € C,(X,U).

Proof. (i): Obvious - if the image of the simplex already lies in some U; in the cover of U, then since
subdividing can only make the simplex smaller (without shifting it), the subdivided o must still lie
in Ui‘

(ii): If o0 € C,(X), then o is a finite sum of n—simplicies and so it suffices to consider the case
o: A" X.

Thenif U = {U, : a €A}, then as X c | J, U, we have that {o7Y(U,) : a €A} is an open cover of A",
which is a compact metric space.
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So hence this open cover has a Lebesgue number, i.e. 3¢ > 0 such that any e—ball in A" is contained
k

nL-i-l) — 0 as k — 0o, by Lemma 2.14 we can choose k > 0

such that each simplex in the barycentric subdivision has diameter < ¢, and so lies in some o~ }(U,)

of the cover, which then implies that the simplex in X lies in some U,, i.e. (cpff (o) € C (X, U).

[Here (¢*)* means ¢* composed with itself k times.]

in some set of the cover. But then as (

O
Now we can prove the small simplicies theorem.

Proof of Small Simplicies Theorem. Let % : H(X,U) — H,(X) be the natural map coming from the
inclusion C,(X,U) < C,(X) as a subcomplex. We will show that this is a bijection.

Now let [c] € H,(X). By Corollary 2.5, 3k > 0 such that (¢*)(c) € C,(X,U). Now as ¢* is chain
homotopic to the identity (via the prism operator - see Lemma 2.13), and since chain homotopy
equivalence is an equivalence relation [Exercise to check], we see that (¢*)* is chain homotopic to
the identity.®

So hence 3F* such that:
dF* + Fkd = (¢X)F —id.
So evaluating this at ¢ we get (since dc = 0)
(@Y @Q=c+dF () = [(¢))=[c]
i.e. ¢ is homologous to (¢*)¥, and so hence [c] lies in the image of % since (cpff)(c) e C,(X,U).

Hence this shows that %/ is surjective. So all that remains is to show that %/ is injective.

Suppose that [c] € H,(X,U) and U([c]) = 0. Then 3z € C,,,1(X) such that dz = c. Again by
Corollary 2.5, 3k > 0 such that (¢*)¥(z) € €1 (X, U), and so

(PX '@ —z=d(F @) +FXdz) = d((¢%,)=))—d(FXd2))=dz=c

v v
EC11+1(X:U) eCn+1(X:U)

i.e. c € C,11(X,U), where we have used the naturality of the prism operator P and FX.
So hence this shows [c¢] = 0 in H,(X, U) and so % is injective and thus is an isomorphism. So done.

O

So we have now honestly proven everything we have claimed up to this point. Our next goal is to
prove excision, which will help us calculate relative homology groups.

Die. pXoX ~ p¥oid = ¥ ~id.
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3. EXCISION

Homology groups of pairs/relative homology carry more information than homology itself, since
H,(X,0) = H,(X). More fundamental than the Mayer-Vietoris theorem is the idea of excision, which
is all about when removing subsets does not change the relative homology. Before the statement of
the result, we need another algebraic lemma.

Lemma 3.1 (The 5-Lemma). Suppose we have a commuting diagram of abelian groups

d d d d

A > B > C > D > E
L
A/ d/ > B/ d/ > C/ d/ > D/ dl > E/

such that the rows are exact. Then if a, 3,0, € are isomorphisms, so is 7.

Proof. Exercise in diagram chasing. We will show here that y is injective and leave the rest as an
exercise.

So let ¢ € C have y(c) = 0. Then by commutativity we have

0=d'(y(c)) = 6(dc)
and so as 6 is an isomorphism it is injective and so dc = 0, i.e. ¢ € ker(d) = Im(d : B — C) by
exactness. So b € B such that db =c.

By then again by commutativity we have

d'(B(b)) =y(db) =y(c)=0

and so B(b) € ker(d’) =Im(d’ : A" — B’). So hence 3a’ € A’ with 3(b) = d’a’. But then since «a is
an isomorphism (and so surjective), 3a € A with a(a) = a’. But then by commutativity,

B(da)=d'(a(a))=d'(a’) = B(b)
and thus as f is an isomorphism we must have da = b. But then
0=d?a=db=c

i.e. ¢ =0 and so y is injective. Surjectivity is then very similar.

mc dc=0
A > B C > D ——> E
a(lﬁ(b)gl l
A \ B

!
K

S

\
I4

/ / /
> C > D > E

An illustration of the diagram chase for injectivity in the 5-Lemma.
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The fundamental result is then the following.

Theorem 3.1 (The Excision Theorem). Let X be a space and Z,A C X with Z C Int(A). Then the
inclusion of pairs (X, Z) — (X,A) induces an isomorphism:
H,(X\Z,A\Z) = H,(X,A)

and similarly for cohomology.

Proof. Let B=X\Z. Then X = AU B is a covering by sets whose interiors cover. We then have two
s.e.s’s of chain complexes (here U = {A,B}):

y GXU) \

0 — C.(A) — C(X,U) — %55 > 0

L

C.(X) N

where we note that C,(X)/C,(A) =: C,(X,A). Thus we get l.e.s’s in homology, with natural maps
between them:

Hi(4) — H(X,U) — H(%%) — B () — H, (X, U) — -

oo

H;(A) —— H;(X) — H;(X,A) — H;_;(A) —— H;,1(X) —— -+~

where the maps H,(X,U) 5 H,(X) are isomorphisms from the small simplicies theorem. Thus the
5-Lemma gives that the middle map must be an isomorphism as well, i.e. the map
&) _aXU)  CX)
C.(AnB)  C.(4) C.(4)

induces an isomorphism on homology. So in fact the inclusion induces isomorphisms

H,(B,ANB) = H,(X,A).
Noting that H,(B,ANB) = H,(X\Z,A\Z), we are done.

O

Exercise: Suppose that A C X has an open neighbourhood A C V C X such that the inclusion A — V
is a homotopy equivalence, then (show that)

H,(X,A) > H,(X,V)

via the natural map of pairs (X,A) — (X, V). [Hint: This is an exercise in using the 5-Lemma. ]

This is just saying that if nothing interesting happens between A and V which distinguishes them,
then we may as well work with the larger set V /smaller set A as appropriate.
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Definition 3.1. A pair (X,A) is a good pair if 3 an open neighbourhood ACV C X of Ain X such
that:

(i) AcV (although we will assume A is closed - see below)

(ii) The inclusion A — V is a deformation retract',

Note: It is safer to assume that A itself is closed in the definition of a good pair, since we want
the map X\A — (X /A)\(A/A) to be a quotient map. However if X (and hence U) is Hausdorff, our
original definition actually forces A to be closed.

The key point about good pairs is that there is not special information in them, and so we can shrink
A to a point without changing relative homology (i.e. cycles in A are already boundaries). The
following makes this precise:

Proposition 3.1. Suppose (X,A) is a good pair. Then the natural map
H,(X,A) — H,(X/A,A/A) = H.(X/A {point}) = H.(X/A)

is an isomorphism.

Proof. Momentarily. O

Remark: For any space X, its reduced homology is defined by:
H,(X) := H,(X, {point}).

It is often defined as the homology of the augmented chain complex:

e — G(X) b S (X)) — Co(X) =5 Z —— 0

i.e. the usual chain complex with the addition of ¢ : Cy(X) — Z, which is defined by
€: Znipi r—)Zni.
Concretely this tells us:
e

although the isomorphism is non-canonical.

Example 3.1 (Important Class of Good Pairs). Let X be a smooth manifold and let A C X be a
closed smooth submanifold (closed = compact without boundary). Then the tubular neighbourhood
theorem = (X,A) is a good pair.

e IH:V x [0,1] — V such that Hly o = idy, H|yx(1y has image A, and H|,,(,) = id, for all t € [0,1], i.e. we can
shrink the neighbourhood down to A whilst never moving A.
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Proof of Proposition 3.1. Homotopy invariance says H,(A) — H,(U), and then the 5-Lemma gives

H*()S JA) & H,(X,U) [here A — U is a deformation retract as in the definition of a good pair, so
ACACU c X with U open in X].

Then since A — U is a deformation retract, it induces a deformation retract {point} = A/A — U/A,
and so we also get an isomorphism
H,(X/A,AJA) = H,(X /A, U/A).
Then we have:
H,(X,A) —— H,(X,U) <— H,(X\A,U\A)

Excisio

| b

H,(X/A,AJA) — H,(X/A,U/A) +— H,(5\4,4\4)

EXxcision
where the red arrow is an isomorphism since the projection X — X /A induces a homomorphism of
pairs, (X\A, U\A) = (5\%, 5\4)-

So following this diagram around we see that the map H, (X /A,A/A) — H,(X,A) is an isomorphism
and so we are done.

O

Lemma 3.2. Let M be a connected manifold, and x € M. Then:

Z if x = dimg(M)
0 otherwise.

H,(M,M\{x}) g{

Proof. By definition of being a manifold, we know 3 an open neighbourhood U € M of x in M with
U = R". Via excising M\U, excision then says

H,(M,M\{x}) = H, (U, U\{x}).
Now as U = R", we have
H,(U,U\{x}) = H,(R",R"\{0})
and we know N
H (R",R"\{0}) = H,_;(R"\{0})
from the l.e.s of a pair, for * > 1. Thus we are done since R*\{0} ~ S" !,

O

Remark: Later we will define orientations of manifolds as coherent classes of generators for these
groups H, (M, M\{x}).

We now want to understand how to compute degrees of maps of spheres, as this will be used when
working with cellular homology.
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4. CELL COMPLEXES AND CELLULAR HOMOLOGY

4.1. Degree Revisited.
Let f : S™ — S" be a map. Assume that 3y € S” with f ~'(y) = {x1, ..., x,,} is finite. Then 3 a disjoint

collection of open discs U; with x; € U; for each i, and an open disc V > y such that f|y : U; = V.

Definition 4.1. The local degree of f at x;, denoted deg, (f), is the degree of the induced map
Hy(U;, U\ {x;}) — Ho(V,V\{y})

JZ; J/g

Z

Note: Both of the groups in the above are identified with H,(S",S™\{point} = H,(S™) (with this
isomorphism coming from the l.e.s). So hence deg, (f) is well-defined, and not just up to sign.

Proposition 4.1 (Local Degree Formula). In the above setting, we have

k
deg(f) = deg, (f)
i=1

i.e. this global invariant can be found via a sum of local behaviours.

Proof. We have (where black arrows are the maps we have, whilst the red arrows are other things
we know we can include between the black arrows to help us):

1

excision

x degy, (f)
H,(U;, U\{x;}) —— Hy(V,V\{y})

\l/i excision\l/%

H(S7, 8™\ {x,}) é—— Hp(S™,S™\{x1, ..., x}) —3 H,(S™,S™\{y})

a1 s

d
Hy(s") —28 o g (sm)

le.s
Thus we have

k
Hn(Sn,Sn\{Xl, e )xn}) . g Hn (HiUi: H(Ul\{xl})) = @Hn(UiJ Ui\{xi})
xcision i1
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so I is the inclusion of each summand. Also we know (1) =(1,..., 1) since the bottom left square
commutes. But then since the bottom right part of the diagram commutes, we have

k
deg(f) = (1) =D £.(0,... 1, ....0)

i=1 i’th place

and then this equals Zle deg, (f), by commutativity of the top right square of the diagram. So
done.

0

Remark: If M,N are smooth compact n-manifolds and f : M — N is smooth, then Sard’s theorem
says that for almost all y € N (and so in particular a dense set of y), f ~(y) is indeed finite.

Example 4.1. Let p(z) be a complex polynomial. Then p extends to a continuous map p : CU
{oo} =52 — §%2 =CuU{oo}, with deg(p) = deg(p).

Remark: The formula deg(f) = Zle deg,. (f) in particular says that f is surjective if deg(f) # O.
So the local degree formula, coupled with the above, can be thought of as a generalisation of the
fundamental theorem of algebra.

Proof (Sketch) If p(z) = z* + a;2" 1 + -+ a;_12 + a;, then p ~ ¢ on S¥, where ¢ is the map
z — 2K [recall ideas from the start of the course].

Then we know ¢~ 1(1) = {&1,...,Ex} are the roots of unity, and near each &;, ¢ is a local homo-

morphism, and those homomorphisms differ by a rotation of S2. Indeed near each &;, ¢ is well
approximated by dg|¢,, which is a C-linear map. Recall that if we showed that if A € GL,(R), then

Aacts on H,_;(S"') = H,(R", R"\{0}) by det(A).
Now a C-linear map has determinant > 0 when viewed as an element of GL,(R), and thus all

the local degrees are +1. Hence deg(y) = k, and so we are done (by homotopy invariance of the
degree).

4.2. Cell Complexes.

In all of our computations so far for S", %, CP¥k, Klein bottle, etc, we have found that H,(X) has
finite total rank, even though C,(X) is indecently large. For nice spaces, there is a smaller chain-level
model which simplifies computations, called a cellular complex.

Definition 4.2. A cell complex X is a space defined inductively as follows.

(1) X, is a finite set,
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(ii) Given Xy_,, define
— k
X=X 0 DF,

JEI
where DJ].‘ is a closed k-dimensional disc, I, is an index set, attached via maps 8DJ’.‘ — X,

(so by this union we mean the images of DJIF under such maps)

(iii) X = Ukzoka with the weak topology, i.e. U C X is open if U N X} is open in X for all k.

We call X;. the k — skeleton of X.

Remark: We say that X is finite-dimensional if there are only finitely many different skeletons, i.e.
if X = Xy for some N.

We say that X is finite it is has only finitely many cells, i.e. if X = Xy for some N and |I;| < oo for
all0<j<N.

For us we will always have |I;| < oo for each j, i.e. we only attach finitely many cells at each stage,
unless we say otherwise.

Notation: If X is a cell complex with finitely many cells of dimension k, we call this number n,.

Example 4.2. Since S™ = {point} U D", where D" is attached via a constant map D" =S" —
{point}. Thus S™ is cell complex with 1 O-cell and one n-cell.

Example 4.3. The second diagram in Figure 18 shows that ¥; = T? is a cell complex with 1 0-cell,
2 1-cells, and 1 2-cell. Similarly, the third diagram in Figure 18 enables us to work out the cell
decomposition of T, or more generally 3, (which has 1 0-cell, 2g 1-cells, and 1 2-cell).

Fact: If M is a smooth closed manifold (at least if dim(M) # 4), then M admits the structure of a
cell complex (this can be proved via Morse theory).

\ 4
\ 4

\_ 5
77

s° T I, = 1

FIGURE 18. Illustrations of the cell complexes discussed in Example 4.2 and 4.3.
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Example 4.4 (Wedge Products). Suppose X,Y are cell complexes, and p € X, q € Yy. Then we

can form X VY via

X1y
XVY i =——

p~q
i.e. glue X,Y together at p and q. Then clearly X V'Y is another cell complex, and the complexes
of X VY are simply those of X and those of Y (i.e. total number is the sum of those in X and those
in Y), except for the O-cells when we get one less, as we have glued to points (which are O-cells)

together.

SvT

FIGURE 19. An illustration of a wedge product.

Example 4.5. Suppose X,Y are cell complexes. Then X x Y has a product cell structure, with
the open cells being the products of those in X,Y [here the open cells are the interiors of the D]’.‘.
Thus a cell complex is, by definition, the disjoint union of its open cells .

We now work towards finding suitable abelian groups to define the cellular chain complex.

Lemma 4.1. Suppose X is a cell complex and A C X is a subcomplex. Then the pair (X,A) is a good
pair.

In particular, H,(X,A) = H,(X /A), by Proposition 3.1.

Proof. See Example Sheet 2. O

Proposition 4.2. Let X = Uy>oXy be a connected cell complex. Then:

(D) Hi(Xy,Xi—1) is a free abelian group on the k—cells, and H;(X;,Xx—1) =0 if i # k.
(i) H (X)) =0if x> k.

1R

(iii) The inclusion map X; — X induces an isomorphism H;(X;) — H;(X) for i < k.

Note: If X is a finite cell complex, then an easy induction shows that H,(X) is of finite total rank.
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Proof. (i): We have X;_; C X is a subcomplex, and thus by Lemma 4.1 we have
H,(X)j, X—1) = H, (X /X—1)-

But then we have (from how the k—skeletons were defined),

X
koo \/ gk

X1

a€Ely

where I, indexes the k—cells (this is simply because if we crush X;_; to a point we crush all bound-
aries of the attached k—cells to a point. But then as they are all attached to X;._;, the are all attached
at a point after this crushing - think of crushing the boundary of a 2-disc in R3 to see this).

Now (i) follows from an easy application of Mayer-Vietoris.

(ii): Let us consider the l.e.s of the pair (X, X;_1):

o > Hipg (X, Xp1) —> Hi(X) — Hi(Xy) — Hi(X, Xpy) —> -
If i > k, then this comes
0 — Hi(Xp—1) — Hi(Xz) — 0
and thus by exactness H;(X_;) = H;(X;). Applying this equality by induction gives
Hi(Xy—1) = Hi(X)—1) = = H;(Xo) =0

and so done.

(iii): Similarly to the above, if i < k the l.e.s of the pair gives
Hi(X ) =H X)) = - =HXy)

induction
for N > k. So if X is finite dimensional, then we're done as X, = X for some N. But even if X is
not finite dimensional, an element of Hy(x) is a finite sum of simplicies, and so is represented by a
chain with compact image in X. From Example Sheet 2, this means that it comes from an element
in H;.(Xy ), for some N. But then our finite dimensional case says this is independent of N for large
enough N, and so H;(Xy) — H;(X) is onto for N > i. Hence we are done.

O
Corollary 4.1. We have
(D) If X is a finite dimensional cell complex, then
H;(X)=0 for i¢{0,1,...,dimg(X)}.
(ii) For any sequence by, b,,...,€N, 3 a cell complex with H;(X) = Z> for all i.
Proof. (i): Clear by Proposition 4.2.
(ii): Take a suitable wedge of spheres of different dimensions to see this (i.e. b; copies of SH).
O
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4.3. Cellular (co)homology.

We are now ready to define the cellular chain complex. To do this, we use the maps from the l.e.s of
the pairs (X, Xy_1), which are shown in red in the diagram below.

Definition 4.3. Let X be a cell complex with finitely many cells of each dimension. Then the cellular
chain complex C:eu(X ) has cellular chain groups given by

CeNX) i= Hp (X, Xx1) (2 Z™ if X has ny k—cells)
with the boundary map defined via the Le.s of the pairs (X, X—_1)x:

H (Xy)

dcell
v ——— Hj 1 (X1, X3) ————> Hil(X, Xp—1)

Hpy1(Xgy1) Hy_(Xy—1)

i.e. the LHS red diagonals are from the Le.s of (Xj.1,Xx), the blue diagonals are from the Le.s of
(X, Xx_1), etc, and both colours are used when they meet. So here 9, are the boundary maps from
those Le.s’s whereas the i are the natural inclusion map from the Le.s. Thus we define d**!! by what
makes this commute, i.e.

dl‘ieu :=100.

Note: d°! o d°!l = 0 as the composition includes two successive maps in the Le.s of (X;,Xx_1), i.e.

diellodiiﬂl:ioak°i°3k+1:i°O°8k+1:0

both from blue line above

since the le.s of the pair (X,X;_1) is exact. Thus we can define the cellular homology via the
homology of this chain complex, i.e.

H:ell(X) = H* (C:ell(X)’ dcell) )

Proposition 4.3. Cellular homology agrees with singular homology, i.e.
He(X) 2 H,(X).
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Proof. From Proposition 4.2(ii), we know that H,(X;) = 0 if x > k. Hence if we look at the l.e.s of
the pair (X, Xy_1), we have at x =k,

Hi (X)) — Hi(Xy) —— Hi(Xp, X5—1) — Hp1(Xpq)
-0

and then from Proposition 4.2(iii), we know H,(X) = H,(X) if x < k, and so looking at the l.e.s of
the pair (Xj.41,Xy) we have

Hyp1 Xpy1, X)) — H(Xy) —— Hi(Xpy1) —— Hie(Xpq1,X5)
—_—— —_———

~H(X) =0

where on the last erm we have used Proposition 4.2(i). Hence inserting this into the defining diagram
for d:e“, we have the following diagram:

/ "
Hi(Xx—1)=0 Hi(Xy41) = H(X)
Hi(Xy) )
"
dcell dcell
Hjy 1 (Xpet1,Xx) > Hi (X, Xi—1) > Hyq (Xp—1,Xx—2)
Hy_1(Xy—1) (*)
Hi_ 1(Xx_3)=0

Working along the diagonal arrows (which we know are exact) and using the first isomorphism
theorem, we have (since several groups as shown as zero):

Hy (X))
Im(Gpy1)
_ {(H (X))
Im(i © G y1)
_ ker(é’k)
- Im(dE)
_ ker(io 3k)
"~ Im(del)
ker(acell)

()

=: H¥(X)

H,(X) = H (X)) = by exactness
since i is injective at () (by exactness)
by exactness of the pair (X, X;_;)

since i is injective at (x) (by exactness)

since i o g = dce11

and so we are done.
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Remark: C:eu(X ) is not naturally functorial under continuous maps. Instead, the continuous maps
which are functorial here are called cellular maps. C:en is functorial under such maps.

Definition 4.4. Amap f : X — Y of cell complexes is called a cellular map if it preserves the
cellular structure, i.e. if f(X;) C Yy for all k.

[The thing with cell complexes is that we have natural spaces to consider, namely the relative homol-
ogy of one complex with respect to another. This is what we use to form the cellular chain complex
and thus define cellular homology. ]

Corollary 4.2. Let X be a cell complex. Then:

() Uf X has a cell structure with finitely many k-cells, then H;(X) is a finitely generated
abelian group of rank < ny, (recall that n; was the number of k—cells in X).

(i) If H(X) # 0, any cell structure on X must have n; > rank(H, (X)), i.e. at least this many
k—cells.

(ii)) If X is compact, H,(X) is a finitely generated abelian group, and H,(X,Q) is a finite-
dimensional vector space.

(iv) If X has a cell structure X = UkzoX « With only even-dimensional cells, then

H,(X)= Cieu(X ) [for the given cell structure].

Proof. These are left as exercises. O

Note: CP" is a space as in (iv) above. Similarly the complex Grassmannians, Gr(k,C"), are as well.

So how do we compute d°!'? It turns out we can use what we know about degrees of maps S™ — S"
to do this.

Lemma 4.2. Let k > 2. Suppose X is a cell complex with n, k—cells for each k. For d! :
leeu(X )— C,fe_ul (X), let [Df‘] be a k—cell. Then we know (as we have a basis) we can write

di([DK) = D dap - [DF ]
B
where the sum is over (k — 1)—cells. Consider the following composite of maps

k—1 attachin « X1 N k—1 k—1
S, X X ? X > Vet S — Sp

map of D§ -

where the final map is just collapsing all other (k — 1)—cells except the 3’th. Thus this gives a map
S (’;_1 -8 ;;‘1, and so has a degree. This degree is d,g.
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Remark: For d,g to be well-defined (and not just up to a sign) we need to fix isomorphisms
Hk_l(S(’;_l) = Z, and similarly for 3. For instance, if 8D§ >~ gk=1 ¢ Rk is a given isomorphism,
we can use this to get a canonical generator.

Proof. We can write down the following diagram, with black spaces/arrows being ones we know and
red ones being ones we include to help us.

=7

~ Xda
Hy/(DX,8Df) ——— Hj_1(8D%) ———— Hi(Sk™)

\L « l#’abDlI; collapse/]\

Hi(Xj, Xg—1) — > Hie1 (X)) —— Hyoq (X1 /Xp—2)

~ | I

Hj (X1, X3—2) — Hi ()%, {point})

where the bottom right red isomorphism is because for k > 2 reduced homology is just the homology.
Here ¢, is the attaching map of the k—cell. Then one can see that this diagram commutes, and then
this proves the lemma.

O

Example 4.6 (Real Projective Space). We have RP" = RP" ' UR" = --- = R*UR" 1 U---U
{point}, and thus this has a cell structure with 1 cell of each degree for degrees 0 < k < n.

Note that S™/{£1} = hemisphere/{%1 on d (hemisphere)}. So the cell complex is:

cel: 0 52> Z - -5Z—->7Z—-0
* deg n n—1 1 0

and
where the red map is generically 2:1 (as it comes from the canonical double cover), and the local
maps at the two pre-images are homeomorphisms differing by the antipodal map of 8D§.

Using the expression of the degree of a map of spheres as a sum of its local degrees (Proposition 4.1)
one sees:
&z -z

is multiplication by 1 + (—1)* (up to a sign). So hence we have two different situations depending

on the parity of n:
+2 0 0 +2 0
n even: 0—-Z—Z—---—Z2Z—7Z—>7Z—0

0 _ +2 0 _+2 _ 0
nodd: 0—-Z—>Z—:-+—Z—Z—>Z—0
where the numbers are the degrees of the maps, and thus we see

Z ifx=0and n odd
H,(RP")=1{Z, if0<=x<nandxodd
0 otherwise
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whereas we see

. Z, if0<x<n
H,(RP";Zy) = .
0 otherwise.

Hence working with homology over a different abelian group can make things simpler.

Remark: There is also cellular cohomology. Here, C ckeu(X ) := H*(X;,,X;_1)- Then:

(i) There is a differential dfeu :C CkeH(X )—>C fgﬁl (X) obtained in an analogous way for the l.e.s of

pairs, and the identification between H,(X) and H*(X) follows in the same way [Exercise
to check/think about].

(i) Again, H}, is natural only under cellular maps at the cochain level.

(iii) One can check that (as in the above example)

Z ifx=0
H,(RP%Z)=H,(Z-57 —0)=47, ifx=1
0 otherwise

whilst
Z ifx=0
. 9 wr 20 .
H*(RP*;Z)=H"(Z «— Z «—Z)=1Z, ifx=2
0 otherwise

and thus we see we have an example where H* # H, .

If we look at the above remark (iii), we see that the cohomology doesn’t always agree with the
homology. However we do see that there is a relation - the torsion group Z, from the homology
is bumped up a degree in the cohomology. It turns out that this is true in general for finite cell
complexes: to find the cohomology (w..t Z) H'(X,Z), we take the freely generated part of H;(X,Z),
and the torsion part of H;_;(X,Z) and combine them. Put another way, look at the homology, fix
all parts of the form Z", and shift all other torsion parts up one place. This is what the following
proposition tells us.

Proposition 4.4 (Relation between homology and cohomology (over Z)). Let X be a finite cell

complex. Then:
Hi (X, Z)

H'(X,2) = ===
Torsion

® Torsion(H;_,(X,Z)).

Note: Recall that for a finitely generated abelian group G we have
Torsion(G) = {subgroup of elements of finite order}
eg ifG=Z®Z, & -®Z,,thenTor(G) =Z, & O Z,.

Proof. We break the proof of Proposition 4.4 up into two steps.
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Step 1: We first claim that the cellular chain complex is the dual of the cellular chain complex.

A question on example sheet 2 gives that for all spaces X and pairs (X,A), 3 a natural surjective

homomorphism H"(X,A) SN Hom(H,(X,A),Z). Then we consider the cellular cochain complex and
the dual of the cellular chain complex, with the 1 maps providing a means to travel between the
two:

dk

cell

HE (X, X)) ——— HY) ————— H (X1, X3)

= I =

Hom(H (Xy,Xy—1); Z) — Hom(Hy(Xy),Z) —> Hom(Hj1(Xy11,Xk), Z)

o5y

i.e. the top line is the cellular cochain complex, whilst the bottom is the dual of the cellular chain
complex. The 1 maps enable us to travel between the two. We know that the outer 1 maps are
isomorphisms since they are always surjective and since H(X,A) is a free group in these cases [from
Proposition 4.2(i) ].

We want to show that this diagram commutes, as then we will be done. The left hand square com-
mutes by naturality of 1. The right hand square commutes by naturality of the l.e.s of pairs and the
construction of 7. Hence the whole diagram commutes, and so we see

H*(X}) = Hom(Hy (X}), Z)
which finishes step 1.
Step 2: We claim that whenever C, is a chain complex with finitely generated chain groups, and

C* =Hom(C,, Z) (as we now know this is true) is the dual cochain complex, then the conclusion of
the proposition holds.

We split C, into collections of s.e.s’s:

0 > Bn > Zn > Hn(C*) —> 0

0—>2, —»C, —>B,_, —> 0

where B, = Im(d,,) and Z, = ker(d,). In the latter s.e.s, all groups are free and so we can (non-
canonically) split it, i.e. 3 maps v, : B,_; — C, such that d, o, =id|g_,. Such a splitting induces
isomorphisms C,, = Z, ® B,,_;. Now C, can be written as

drl dn
Znt1 ® By — Z,®Byp 14— 2, 1®B;, 5 — "

51



Algebraic Topology (Part III) Paul Minter

and then we can see that the map d,,,; : Z,,,1 ®B,, — Z,,®B,_; reduces toamap d,.,; : B, = Z, (as
it is zero on Z,,; = ker(d,;) and maps B,, = Im(d,) to Z,).

Hence C, breaks into a direct sum of two-term complexes of the form

0 —> B, —% 7, 5 0.

Smith-normal form then says that 3 a Z—linear change of basis such that a,, has matrix (as chain
groups are finitely generated):

[dl O cor eee s 0\

0

where d;|d,, dy|d3, etc. So now C, break into a sum of complexes of the form

0 d
0-Z—>7Z—>0 or 0-Z—>7Z—-0

for d € Z. From these, we see that H,(C,) and H*(Hom(C,),Z) are related in the required way

d
[Exercise to check - dualising the latter equation to 0 « Z « Z « 0 and using properties of d shows
that the torsion is shifted one degree up.]

O

Remark: The universal coefficients theorem says 3 a split exact sequence

0 — Ext(H, 1(X),G) — H"(X;G) —— Hom(H,(X),G) — 0

where
{s.e.ss0—>G—>J - H — 0}

natural notion of isomorphism of s.e.s’s’

Ext(H,G) :=
Remark: The above Proposition 4.4 is true if we just assume that the H,(X) are finitely generated
(so this wouldn’t work for, e.g. C,(X)), but this takes more work to show.
We now talk briefly about the Euler characteristic, since no discussion about cell complexes would
be complete without it.
4.4. Euler Characteristic.

The Euler characteristic is the simplest homotopy invariant quantity which is computable from cell
complexes.

Let X be a finite cell complex.
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Definition 4.5. The Euler characteristic of X is:

200 = > (=1

k>0
where n; = number of k—cells in X.

Lemma 4.3. We have

7X) = (1) ranks (He(X, 2)) = > (~1)" dimg (Hi(X, F))

k=0 k=0
for any field FF.

In particular, as these ranks are homotopy invariant, so is y (X), and thus the Euler characteristic
only depends on the homotopy class of X and not the particular cell structure of X we use to compute
it.

Proof. Recall from the proof of Proposition 4.4 we had
0—-»B,—»Z,—-H,(C.)»0 and 0—-Z7,—-C,—B,_;—0

which were s.e.s’s into which C)feu(X ) split. Then we have from exactness in the latter s.e.s:

n; = rank(C; ) = rank(Z; ) + rank(By_;)
and exactness in the first s.e.s gives

rank,(H(C,)) = rank(Z,) —rank(B;.)
and so if we write g, = rank(Z;), b; = rank(B;), then these say

n,=2,+b_, and ranky,(H,(C,)) =2 — Dby

and so writing b_; = 0, we get

2 =D (=1 = > (1 G+ brs)

k>0 k=0
= > (DrE—by)
k=0
= Z(—l)krankZ(Hk(C*))
k=0

as desired.

For working over a general field, just do as above, noting that rank(C) = dimy(C; ® F).

Example 4.7. We can calculate that y(S*) = 2 and y(CP?) = 3, and thus by the homotopy
invariance of y (X) above, we have S* % CP2.
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Note: Using the original definition of y(X) in terms of an alternating sum of numbers of cells of
each degree, just by counting cells we get that

¥(AxB)=x(A)x(B) and x(AUB)=x(A)+ x(B)—x(ANB)

if A, B are subcomplexes of X (e.g. X = AUB). Thus simple counting on the level of cell complexes
gives something non-trivial on the level of homology.
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5. AXIOMATIES

Definition 5.1. An assignment h, : (X,A) — h,(X,A) of pairs (X,A) (with X a space and AC X a
subspace) to graded abelian groups h,(X,A) is called a generalised homology theory (GHT) if it
satisfies the following properties:

() Functorality: if f : (X,A) — (Y, B) is a map of pairs, then it induces a map f, : h.(X,A) —
h,(Y,B) in such a way that

(ld)*Zld and (fog)*zf*og*

(ii) Homotopy invariance: if f : (X,A) — (Y,B) and g : (X,A) — (Y, B) are homotopic as
maps of pairs, then f, = g, as maps h,(X,A) - H, (Y, B).

(iii) Exact sequences: writing h,(X) := h (X, 0), where ( is the empty subspace, then there is
ale.s

o= hi(A) = hi(X) = hi(X,A) = by (A) = b (X) — -
which are themselves functorial under maps.
(iv) Excision: if Z C Int(A), the inclusion map induces an isomorphism
h,(X\Z,A\Z) = h,(X, A).
(v) Unions: if X =11,X, is a union of path-components, then

h, (U X,) = @ h(Xq)

Intuitively, a generalised homology theory is one which obeys these 5 properties which we know
hold for singular homology.

Proposition 5.1. Let h, and k, be generalised homology theories, and let ® : h, — k, be a natural
transformation™. Then if ®(poine} : h({point}) — k.({point}) is an isomorphism, then ®y 4) is
an isomorphism for all pairs (cell complex, subcomplex, etc).

Note: This does not mean that h,({point}) formally determines h,(X,A) from the axioms, but rahter,
two theories agreeing on a point have the same indeterminacy.

Proof. Let X be a cell complex. Then if dim(X) = 0, X is a finite or discrete set, and the unions axiom
(v) says that &, is an isomorphism.

Inductively, assume that ®(x 4) is an isomorphism for all cell complex pairs, where dim(X) < n—1.
Then take X = X,, be n-dimensional. Consider the diagram (from the exact sequences axiom, using

(i e we have ®(x 4 h(X,A) — k,(X,A) for all pairs (X,A) and this map is compatible with all the structure.
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the & maps to pass between them):
h*+1(Xn’Xn—l) — h*(Xn—l) — h*(Xn) — h*(XnJXn—l) — h*—l(Xn—l) —_—
l/q) E\L@ \L{) \L‘P E\L@
k*+1(Xn:Xn—1) — k*(Xn—l) — k*(Xn) — k*(Xan—l) — k*—l(Xn—l) —_—

where the red isomorphisms we know by induction. Thus if we can show that if the blue ¢ maps,
ie. & x ), are isomorphisms, then the middle map would be an isomorphism by the 5-Lemma,
and so we would have proven the rest for all finite cell complexes by induction.

Thus it suffices to show that &y x y: h, (X, Xp—1) = k. (X;;,X;,—1) is an isomorphism. But by the
excision axiom (iv) and the unions axiom (v) we have

(iv) ()
h(Xp, X)) = h, (11,D",11,8D") = (Ph, (D", D7)
a

and similarly this holds for k,. So hence if we just work with each term in this direct sum, to show
that &y y . is an isomorphism it suffices to prove that ®(pn 5pn) is an isomorphism.

But now:

h.(éD") — h,(D") — h(D",0D") — h,4(8D") —— h,1(D") —— ---

=|o Sk l =|o =|o

k.(0D") — k. (D") — k,(D",9D") — k,1(8D") — k,—1(D") — -

where the red isomorphisms are by induction, as dD" is an (n — 1)-dimensional cell-complex, and
the blue isomorphisms are by the homotopy invariance axiom (ii). Thus by the 5-Lemma we see that
®(pn gpny is an isomorphism, and so this proves the result for finite cell complexes by induction.

For a general cell complex we just need to use that: “H;(X,) — H;(X) is an isomorphism once n > i”
to reduce to the finite dimensional case. Then we are done.

O

Remark: A generalised cohomology theory is an assignment (X,A) — h*(X,A) such that:

(i) itis contravariant functorially: i.e. f : (X,A) — (Y,B) induces amap f* : h*(Y,B) — h*(X,A)
with the standard properties

(ii) Homotopy invariance
(iii) Existence of a l.e.s
(iv) Excision holds

(v) For unions we have

(UXe) =] [r* )

(notice that we have a direct product here instead of a direct sum which is what we had for
homology).

Note that then an analogous proposition for generalised cohomology theories to the above holds.
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Example 5.1. Singular (co)homology is an example of a generalised (co)homology theory, and we
have
Z ifx=0

0 otherwise.

h,.({point}) := {

Example 5.2 (K-Theory). Consider the group:
Ky(X) 1= ({Vector bundles on X'} @)

Isomorphism
so that & is the group law. Then define:

K;(X) := Ko(E'X)
where ¥ is the suspension operator, and ¥! = S o---0%. Then this is a generalised homology
~—_————

i times

theory, called K-Theory, and we have

Z if % is even
0 otherwise.

K.({point}) = {

Example 5.3 (Stable Homotopy Theory). There are natural maps
cor = (X)) = 1 (BX) = Tpo(E2X) — -
which eventually become isomorphisms. Then we can define
(X)) = kl_lglo ik (ZFX).

However, %" of spheres is unknown!

Remark: Ifh (X,A)is a homology of a chain complex, then it is singular homology modulo something
silly (like multiplication by —1), i.e. it is

(singular homology) ® h,({point}).
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6. THE CUP PRODUCT

The key feature of cohomology as opposed to homology is that cohomology naturally has a ring
structure, whilst homology just has a group structure. This is essentially because we can multiply
linear maps together. The multiplicative structure is called the cup product. We first define it on
elements of the cochain group before seeing that it in fact defines a map on cohomology.

Definition 6.1. If ¢ € CX(X) and v € C'(X), we define their cup product, ¢ - € C*(X)
(sometimes denoted ¢ — 1) by:

(0 - PIvo, - > Vil := 0 ([vo, -, vieD) - P ([vis -5 Vi -

Arguably the cup product has a very natural definition. The cup product will give the multiplicative
structure on cohomology to make it into a ring. More generally, C*(X;R) can be made into a ring as
above if R is a ring - multiplication on the RHS is jsut multiplication in the ring. We will always take
R to be a commutative ring in this course.

Lemma 6.1 (Leibniz Rule for Cup Product). For any ¢ € CX(X), v : C!(X) and d* : C* — C**!
we have:

d*(p - ) = (d*¢) -y + (=1 ¢ - (d*y).

Proof. We have:

(T) ((d*(p) : 1.[)) [VO’ ceey Vk+l+1] = Z(_l)iQP[VO, ey {)i’ ey Vk+1:|¢[vk+1, ey Vk+l+1]

and
k+1+1 ‘

() D (- d* W) Vos - Viesrp1] = @lVos -+, vk Z D vis s Ve Vi -
i=k

The last term in (1) and the first term in (i) cancel: they have signs (—1)’“rl and (—1)" respectively.
All the remaining terms yield:

d* (¢ P[5+ s Vw411 = (9 =) (Z(—l)i[vo, R Vk+l+1]) .

Corollary 6.1. The cup product descends to a map on H*(X), i.e. it induces a well-defined product
operation

H*(X) x H'(X) - H*(X)
which makes H*(X) into a graded, unital ring.
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Proof. If ¢ € C*(X) and 1) € C!(X) are closed, then certainly by the Leibniz rule for the cup product
we have

d*(¢-)=0
and so ¢ - 1 defines an element of H**!(X).

One can then check that this only depends on the cohomology class [¢] € H(X) and [+] € H/(X).
So hence this is a well-defined product on cohomology, making it into a ring.

Moreover, if 1 € C°(X) is the cochain such that 1(p) := 1 for all p € X (recall that C,(X) is the free
abelian group on points) then we see d*(1) = 0, and so 1 is the unit for the cup product (at the chain
level - and so descends to the unit in cohomology). So hence (H*(X), -) is unital.

O

Remark: The cup product is associative: if p € C*, v € C! and § € C", then:

@ (P-8)=(p )5 €Ck.

Remark: If f : X — Y, then the induced map f* : C*(Y) — C*(X) satisfies
flo-P)=r1*e)- f )
ie. f*:H*(Y)— H*(X) is a unital ring homomorphism.

Both of the above remarks can be checked immediately from the definition [Exercise to check].

Given X, Y, we can define a cross product x : H*(X) ® H/(Y) —» H**{(X x Y) by:
(v, 9) — (pry ) - (pryyp)

where pry : X XY = X, pry : X XY — Y are the projections.

In particular, if A : X — X x X is the diagonal map x — (x, x), then we have a composition

A*
H*(X) ® H'(X) = HF(X x X) — HK(X)

which is the cup product [Exercise to check]. Hence the cup product is a special case of a cross
product.

Essentially, contravariance of cohomology (instead of covariance for homology) and the existence of
a god-given map A : X — X x X (as there is no god-given map X x X — X - which projection do we
take?) is what enables us to define the cup product and make cohomology into a ring. Cohomology
therefore is in some sense a deeper object than homology.

Theorem 6.1 (Kiinneth Theorem). Let X,Y both be a compact cell complexes, and suppose also
that H'(Y) is free for each i. Then the cross-product induces an isomorphism H*(X) @ H*(Y) —
H* (X xY), ie.

P HI(X)® HI(Y) > H'(X x V).
i+j=n
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Proof. Regard Y as fixed, and consider the two functors of pairs (X,A) given by:
(X,A)— h*(X,A) :=H*(X,A)@ H*(Y)
(X,A) —> k*(X,A) :=H*(X x Y,Ax Y).

Now if ¢ € CK(X) N Ck(X,A), i.e. ¢ vanishes on C,(A), and if 1 € C!(Y), then ¢ x ¢ € CKH(X x Y)
and ¢ x 1) vanishes on A x Y (since we feed the front k—face into ¢, and that lies in A (or at least,
projects to A). So hence we see ¢ x ) € C**!(X x ¥,A x Y). [So crossing with a relative cochain
gives another relative cochain. ]

Therefore we see that the cross-product defines a map
H*(X,A)® H*(Y) > H*(X x Y,Ax Y).
Write @y 4) for this cross-product induced map h*(X,A) — k*(X,A).

Now if (X,A) = ({point}, @), both h* and k* give H*(Y), and the map ®((poinr} gy i an isomorphism.

So if h* and k* are both generalised cohomology theories and ®((,int},g) is @ natural isomorphism,
then by the cohomology variant of Proposition 5.1 we see that &y 4) is an isomorphism for all (X, A).

It is easy to check [Exercise] that all the generalised cohomology theory axioms are satisfied for k*.
For h*, one needs to be careful with the l.e.s axiom. The key point here is that ®(free module) (i.e.
tensoring with a free module on a l.e.s) does preserve exactness, and similarly

(l_[Ma) ®N = l_[(Ma ®N)

agree when N is finitely generated and free. To hence h* is a generalised cohomology theory.

Finally, to see that ¢ is natural, we know the cup (and hence cross) product behave well with respect
to maps of spaces. One therefore reduces to checking that the diagram

H*(A) @ H((Y) —— H*'(X,A) @ H(Y)
J# J#
H(AxY) —— HM*I(X xY,AxY)

commutes [Exercise to check]. Then we are done.

O

Remark: If we work over a field F, H*(Y, F) is automatically free and so the Kiinneth formula always
applies.

The other key feature of the cup product (aside from the Kiinneth theorem) is that it is graded
commutative.

Proposition 6.1 (Graded Commutativity of Cup Product). Suppose ¢ € H*(X) and ) € H'(X).
Then:

o=y eHX).
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Note: The cup product is associated at the chain level, but the above identity only holds on cohomology.

Proof. Momentarily. 0

Example 6.1. Consider the cohomology of S, which we know to be

Z ifx=0,1
0 otherwise.

H*(SY) ={

Let x be a generator of H'(S'). Then x? = x-x = O since x-x € H*(S') = {0}. [Recall 1 € H°(S!)
is a unit. |

By the Kiinneth formula,
Z if¥x=0,2
H*S'xsSh={zez ifx=1
0 otherwise
which is naturally H*(S') ® H*(S'). Label the degree 1 generators of the two H'(S') factors
here x;,x5. Then we know that xf = x% = 0 by naturality, and x; - x5 = —X - X1 by graded

commutativity (Proposition 6.1), and this is non-zero and generates H*(T?) = H?(S! x §!) =
HY(SYH®H(SYH.

The upshot is that we have a nice generating set:

*
H*(T?) = <x1,x2 | xl_z =0, XX = —x2x1> = /\(thz)

and this is an exterior algebra.

The generalisation turns out to be:

H*(T™) = /\(xl,...,xn) = /\Hl(T").

all in degree 1

Corollary 6.2. Let n > 2. Then if f : S™ — T" is any map, then f has zero degree, i.e. f induces
the zero map H"(T"™) — H"(S™).
=~ =

Proof. This is hard to show before we have a ring structure on cohomology. But now that we do, we
know from the above example that the generator of H"(T™) is x; - x5 - - X, with x; € H}(T™). But
then we know f* : H'(T™) — H'(S") is a ring homomorphism, and as n > 2 we have H!(S") = {0}
and so f*(x;) = 0 for each i. Hence

freq - xp) = (xq) - f*(xn) =0
and thus f*: H"(T™) - H"(S™) must be the zero map.
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Exercise: Show that there are maps T" — S™ of non-zero degree.

Proof of Proposition 6.1. This is a variant of the proof of homotopy invariance, but instead using a
“twisted prism” operator.

n(n+1)

Lete,:=(—1)"2 ,andlet p : C,(X) — C,(X) be defined by:
[Vos v s Vul = €nl Vi - -5 Vol

Note that ¢ is just the sign of the corresponding permutation, (0,1,...,n)— (n,...,1,0).

The key claim is that p is a chain map, which is chain homotopic to the identity. Given this, we have:

.....

and

and thus on comparing the RHS’s, we see
1P (Y- ) = erep e p .

But then since ¢,,; = (—1)e, - £, and so since p is the identity on H* (since it is chain homotopic
to the identity and so descends to the same map on cohomology) we get that

="

on H*, as required.

So it remains to show the ‘key claim’ above. So let o € C,(X). Then we can compute

d(p(0)) = &, - (Z(—l)ionvn ,,,,, . vo])

i

and

p(d(o))=p(2<—1)io|[vo ,,,,, - vn])

=€&n1 Z(_l)n_lo-|[vn,...,ﬁn,i,...,vo]
i

where we have relabelled the indices (i — n—1i). Note ¢, = (—1)"¢,_1.

C.(X) =4 €y (X)

I I

C.(X) =4 €,y (X)

To see p is chain homotopic to the identity, we want P : C,(X) — C,;(X) such that
dP +Pd = p —id.

Solet w: A" x[0,1] — A be the projection. Then for o = [v,...,V,] define P, the so-called twisted
prism operator, by

P(o):= Z(—l)ien_i(o O M) [Vgyenes VisWpyevn, Wil
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FIGURE 20. An illustration of the twisted prism operator.

Then one can compute:
d(P(0)) = Y (—1) (1Y il Vo, .., 50,

j<i
+ Z(—l)l(—l)l+1+”_] EnilVos - v s VisWpy---)

j=i

Vi, Woy e Wi

wj)"'>Wn]

and
P(dO') = Z(_l)i(_l)jgn—i—l[vO: e Vi, Wi, e 'iji ce ,Wl']

i<j
0 G S I Co DM ATSURNE

i>j

In the first sum we group the i = j terms, and these give:

EqWpy e, Wol— [y vv5 V)
n+i+1
+ E Sn_i[VO,...,Vl'_l,Wn,...,Wl']+ E (—1) Sn_i[VO,...,Vi,Wn,...,Wl'+1].
i>0 i<n
these sums cancel under reindexing i—i—1

All the remaining terms of the d(P(o)) sum match terms in P(do), again using &,,_; = (—1)" g,_;_.
Then we can see the result and so we are done. [All the sign matching isn’t very transparent, so need

to check it.]
O

Digression: Whilst the above argument may seem rather random, we give a sketch overview of a
more conceptual proof, which led to the above as (we gave the above proof as it is more elementary).

Let A: Ck+l(X) - Ck(X) ® CI(X) be:

[Vos -« v s Vit = [V0s - 5 Vi ® [Vis + -+ Vier1 ]

and A : C;(X) — C(X) ® C;(X) be
[Vos -« v s Vi1l — (—1)kl[vl, eVl ® [vo, -

63



Algebraic Topology (Part III) Paul Minter

For ¢ € C* and v € C!, we have

@-p=multzo(p®yp)oA and (—1)"pop=multzo(p®Y)oA
where multy is just usual multiplication, i.e. mult,(a, b) = ab, for a,b € Z.

So commutativity of the cup product is really the statement that A and A agree (suitably interpreted),
i.e. 3! natural chain map C,(X) — C.(X) ® C.(X). If the map is to be natural in spaces, it suffices to
construct it for A, i.e. to show that there is a unique natural chain map

C.(A") - C.(AM) ® C.(A")
for each n. The complex C,(A") and C,(A") ® C,(A") are both free resolutions of Z (in degree 0).
“Acyclic models” (see, e.g. Spanier’s book) says Z has a unique free resolution up to chain homotopy

equivalence. We can apply this to therefore show that A and A are chain homotopy equivalent, and
naturality then gives it for all spaces, as we wanted.

6.1. Critical Points.

If X is a finite cell complex, H*(X) is a finitely generated ring. So we can introduce new invariants
of spaces, e.g. the minimal number of ring generators, or the cup length:

Definition 6.2. The cup length of a finite cell complex X is:
c(X) := max{N :3da; €HO(X) for 1 <i < N such that a; — -+ — ay #0 EH*(X)}
i.e. the length of the biggest product which is non-zero.

Example 6.2. For n > 0, we have cl(S™) = 1, whilst for n > 0 we have cl(T") = n.

Now let X be a space which admits an open cover {U, },ec4 by sets such that U, < X (inclusion map)
are homotopic to constant maps (sp U, =~ {point}).

Definition 6.3. The category v(A) of a subspace A C X (X as above) is the least N € NU {oo}
such that A can be covered by N open sets U; such that the inclusion map U; < is homotopic to a
constant map.

Note: If M is a closed manifold (so compact without boundary), then M has finite category.

Example 6.3. By taking U,, U, to be hemispheres, we have (S™) = 2 for all n.

The map v : {Subsets of X} —» N U {oo} is easily check to satisfy:

(i) If Ac X, then 3 some U open with AC U Cc X and v(A) = v(U).
(i) If A C B then v(A) < v(B).
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(iii) v(AUB) < v(A) + v(B).
(iv) v(@) =0 and v({point}) = 1.

(v) visahomeomorphism invariant, so if ¢ : X — X’ is a homeomorphism, then v(A) = v(p(A))
for all A.

From Example sheet 2, we also know that cl(X) < v(X).

Theorem 6.2. Let M be a closed, smooth, connected manifold. Then any smooth function f : M —
R has at least 1 + cl(M) critical points.

Example 6.4. Any smooth map f : T™ — R has at least (n + 1)—critical points.

Proof of Theorem 6.2 (Non-Examinable). We will use some basic differential topology. Solet f : M —
R be smooth, and for ¢ € R define M¢ := f 1 ((—o0, c]).

Pick a Riemannian metric g on M, and hence a vector field Vf, the gradient of f@®. Then let
@' : M — M be the flow of the vector field —Vf. Set ¢; := sup{c : ¥(M°) < j}. Note that ¢; = min f
and ¢,y = maxf.

M

£ 3

R

FIGURE 21. An illustration of the setup.

The key input from differential topology is:

() Aside: g is a non-degenerate symmetric bilinear form on T, M which is smooth in x. Hence g induces an isomor-
phism T.M — TiM viav — g(v,+) = (v,),. Then V is the vector field associated to df € I'(T*M), i.e. it has the property

that
<vf,g> _d(fo0)

dt dt

for any smooth curve ¢ : I — M.
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Claim: If ¢ € R\Critical(f), then 3t > 0 and & > 0 such that ¢’ (MC+5) c M9,

[Note: Vf, =0 < x €Crit(f).]

We will take this result for granted. Thus we see that c; € Critical(f) for all j, since v is a homeo-
morphism invariant and ¢’ is a flow by diffeomorphisms.

. . . _1 . . .. o, . .
Claim: Either c; < cj;q, or f7"(c;) contains infinitely many critical points of f.

[If so, f has at least v(M) critical points, and we know v(M) > cl(M), and so
we will be done.]

So suppose f~ 1(c ) contains only finitely many critical points. Then if S € M is a finite set in a
connected man1fold J an open disc U containing S. Then, v(S) < »(U) =1, and »(S) = 1. Now,

v(MCf+6) < v(MCi+5\U) +1  and the flow ¢’ for small time ¢
<v(MY°)+1 pushes M%*\U into M%~°
<j+1.

So ¢j41 = ¢j+ 6 > cj, and so we always have c;,; > ¢;. Hence we are done.

FIGURE 22. An illustration of the set U. The finite set S is shown in red, with paths
joining all points of S together. Then we find a neighbourhood of each of these paths
in M to find U.

O

Remark: Morse theory (see also Floer Theory) is all about recovering H, (M) from the critical points
of smooth functions on the manifold.
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7. VECTOR BUNDLES

Let B be a space.

Definition 7.1. A vector bundle is a pair (E, p), where p : E — B and we have

() E = UycpE} for a family of vector spaces (Ep,)pep 0f some fixed dimension n
(ii) a topology on E such that p : E — B is continuous
(iii) for all b € B, 3 an open set U > b and a homeomorphism vy; : E|y; — U x R", where
E|y := p~Y(U), such that

Ely —2 3 UxR"

\ ‘%()]ectlon

commutes, and for all y € U, Yyl,1(y) : Ey = {y} x R" is a linear isomorphism (E, =
p~Y(y)). This condition says that the vector bundle is locally trivial, and the collection of
open sets U used is called a trivialising cover.

Notation. E is called the total space, B is the base space, and n is called the rank of E. Each
E, = p~1(y) is called the fibre of the bundle at y € B.

Definition 7.2. A map s : B — E such that p os = idy is called a section of the vector bundle E.

Note: There is a canonical zero-section, assigning to each b € B the point 0 € E;. Note that the zero
section O, : B — E is a deformation retract, with homotopy inverse p (the vector bundle map).

Example 7.1. For any space B, there is the trivial vector bundle p : E — B, where E = B x R"
and p : E — B is the projection (b,v) — b.

We then have some basic operations on vector bundles to form new ones from old ones.

(i) Pullback bundle. Suppose E 2, X is a vector bundle and f :Y — X is any map. Then we
can form the pullback bundle f*E over Y by:

fPE:={(e,;y)€ExY :p(e) = f(y)}
So, (f*E)y = Ef(y)'

(ii) Whitney Sum. Given two vector bundles over X, E 2 XandF 5 x ,wecanform E®F — X
via:
E®F :={(e,f)€ExF:ple)=q(f)} =E X, F.
So,(E®F), =E, ®F,.
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Note: Pullback and Whitney sum in particular take trivial bundles to trivial bundles, and commute
with restriction to open sets in the base, i.e. if U C X is open, then

fHEly)=("E)lf=@w) and (E@F)ly =Ely®F|y.

So the pullback and Whitney sum are also locally trivial [ Exercise to check details].

Now suppose B = | J,c4 U, is a trivialising cover for E 2, B. Then by definition we have maps
Yo 1 Ely, = Uy x R" for each a. Then we have a diagram:

Yq
Ely,nu, — Ug X R"

vy -7
Loy

U[S x R"

i.e. for each point in p € U, N Ug, the composition g o Pt ») gives an isomorphism {p} x R —
{p} x R". Thus we get a map

wﬁa . Ua N Uﬁ i GLH(R)

which sends a point to the above isomorphism. These maps (¢ g4)q pea can then be shown to satisfy

{waa =id
Yap ©Ppy ©Pye =id.
These conditions are known as the cocycle conditions. We can then reconstruct the vector bundle
E from the cocycle data via:
(Ugea(Ug xR™)) / ~
where (x,v) ~ (x,4g4(x)(v)) for x € U, N Ug.

So a vector bundle is determined by a trivialising open cover and maps {yg, : U, N Ug — GL,(R)}
satisfying the cocycle conditions. This data for the vector bundle is known as the cocycle data.

Example 7.2. If p : E = B, q : F — B are vector bundles and (U,),e, is trivialising for both,
then we can define the tensor product bundle, E ® F, to be the vector bundle associated to the
matrix-valued functions (defining cocycle data):

nga ® wga : Uy NUp = GLygyn(ry(R)
for E of rank n(E) and F of rank n(F).

Example 7.3. Suppose M is a smooth manifold. Then by definition it has a smooth atlas. M is

covered by sets U, and 3¢, : U, — D" C R" and the transition functions pa = Pp° «p;l :
©0a(UyNUg) = pp(U, N Up) are smooth.

Then we define the tangent bundle of M, denoted T M, to be the vector bundle associated to the

transition matrices Y g, :=Jac(pp,). The chain rule implies that these satisfy the cocycle condition,
and so the tangent bundle is the vector bundle associated to these cocycles.
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FIGURE 23. An illustration of manifold charts and transition maps ¢g,.

Definition 7.3. Let X = Gri (R") := {k — dimensional subspaces of R"} be the Grassmannians.
Then clearly GL,(R) acts transitively on X, and so we can topologise X as its quotient space, and
in fact:

_ o(n)

o(k)x0(n—k)’
The tautological bundle E — X, denoted E,,,, is defined as follows: its fibre at x € Gri (R") is
the corresponding k—dimensional subspace of R" (that is, itself), i.e. E, = (x) 2 RK c R

Note that the tautological bundle is naturally a subspace of the trivial bundle X x R".

Of course we must actually check that the tautological bundle is a vector bundle. In particular, we
need to check that E is locally trivial.

Proof that the tautological bundle is locally trivial. Pick an inner product (-,-) on R". Given x € X, let
U,:={y€X:E, ﬂEj = {0}}.

Then define E|y, — U, x E, = U, x R* by: (y,&) — (y, pr<x)(§)), where pry,, is the orthogonal
projection onto (x)™). Then this is [Exercise to check] an isomorphism E, > E, forall y € U,, by
definition of U, .

O

Remark: There is an obvious notion of a complex vector bundle: we require that all E, = C", and
that the local trivialisations are C-linear isomorphisms on fibres. So we also get in the same as above
that 3 a tautological bundle

U(n)
U(k) x U(n—k)
and in particular 3 a tautological line bundle ¥ — CP", or & — RP".

E - Gr(CY) =

™MNote that even though x € Gr,(R") is a k—dimensional subspace, we still denote (x) by this subspace.
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Note: A line bundle is a vector bundle of rank 1. Note that this notion depends on your base field
R or C, as a C-line bundle is a rank 2 R-bundle, etc.

Definition 7.4. If E — X is a vector bundle, a subspace F C E is a vector subbundle of E if for all
x € X, we have a vector subspace F, C E, with F = J, . F, C E (disjoint union), and 3 a locally
trivialising cover (U,), for E such that:

Ely, — U, xR"

| I

Fly, — U, xRF

commutes for some fixed k, where the vertical maps are inclusions whilst the top map is from the
trivialising cover.

Note that when we say “F C E” is a subspace of the vector bundle E, we mean F, C E, is a subspace
for each x.

Given a vector subbundle F C E, there is a quotient bundle E/F with fibre E, /F, at x.

Definition 7.5. Let X be a compact Hausdorff space. Let (U,), be an open cover of X. Then a
partition of unity (subordinate to the cover) is a collection of maps (A4)4, Aq : X — Ry such
that

(D) supp(Aq) C Uy
(ii) Forall x € X, [{a: x € supp(A,)}| < o0, i.e. only finitely many A, are non-zero at x.
(i) Forall x €X, D, ,cqra(x)=1.

Such a space where these always exist is called paracompact.

Lemma 7.1. Compact Hausdorff spaces are paracompact.

Proof. None given. O

Lemma 7.2. Let X be a compact Hausdorff space. Then if E — X is a vector bundle, then E admits
an inner product, ie. 3A : E® E — R such that for all x € X, Alg g, : Ex ® Ex = Risa
non-degenerate inner product on E,.

Moreover forall x € X and &, € E,, 3 a section s : X — E with s(x) =&,.
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Proof. Fix an inner product, which we shall denote by (:,),, on E|y = U, x R", where (U,), is a
trivialising open cover for E. Then take a partition of unity (1,), subordinate to this cover. Then
set:
(o) = D (B Mida Aa(x) i &y, € Er
a€A
Note that this makes sense, since even if x € U, (which would mean (&, 7, ), is not defined), then
Aq(x) =0 and so we can just call this term in the sum O.

It is then easy to check that this is well-defined (i.e. always finite) and is an inner product [ Exercises
to check]. This proves the first claim.

Similarly for the second statement, take a constant section s,(x) = &, for x € U,, which is a section
of E|y, = U, X R", and then extend this to a global section using the partition of unity. [Exercise to
check.]

O

Corollary 7.1. Let X be compact Hausdorff and let E — X be a vector bundle of rank n. Then
AN > n and a continuous map f : X — Gr,(RY) such that E = f*E,,, is the pullback of the
tautological bundle.

Remark: A (structured, guided, reasonable) question on Example Sheet 3 shows:
Vect(X)/ = «— [X, Gr(R™)]

are in 1:1 correspondance, where Vect;/ = is the set of rank k vector bundles up to isomorphism,
and the RHS is the set of homotopy classes of maps X to Ukzo Gr, (RX).

Thus it would seem reasonable to think that understanding the cohomology of Grassmannians would
help us understand the cohomology of vector bundles and thus manifolds.

Proof of Corollary 7.1. Since sections through any point of E exists (by Lemma 7.2), using compact-
ness of X we can find finitely many sections s;,...,sy of E such that span(s;(x):1<i<N) =E,,
i.e. they span at every point (not a basis, just span. So we get local span, then use compactness to

get this globally, etc). This defines a map E : X — RY via:
(x: g) i— (X) ((S]_(X), g); s (SN(X); 5)))

where (-, ) is an inner product on E (exists by Lemma 7.2). Then since the (s;); span, this embeds E
into X x RN as a subbundle of the trivial bundle [Exercise to check].

Now we define f : X — Gr,(RY) by x — [E, ] C RN. Then E = f*E,,, and so we are done.

O

Remark: We have also shown (under the same hypotheses on X) that given E, 3 another bundle
F — X such that E® F = RN x X is a trivial bundle: just take F = E* for E ¢ RN x X and for a fixed
inner product on RV,
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7.1. The Thom Isomorphism.

Definition 7.6. Let p : E — X be a vector bundle of rank n. Then we say that E is oriented if
Vx € X, we have a distinguished generator of H" (E,, E,\{O})™V. Call this generator ¢,. Then we
require that x — €, should vary locally trivially, in the sense that if x € U C X is a trivialising
open set, then:

Ely —— UXE,

) T

Ey, — {y} xE,
the induced map on cohomology should send €, — &,

Notation: We write E” := E\{zero-section}, pronounced “E sharp”. So Ejf = E,\{0}.

Example 7.4. Complex vector bundles are always canonically oriented (see Example Sheet 3).

Example 7.5. If E — X is defined via transition matrices /cocycle data g, : Uy N Ug — GL,(R),
with (U,), a trivialising cover, then E is orientable if v g, has image in GL}(R), the subgroup of
matrices of positive determinant, for all a, 3 (see Example Sheet 3).

Note: If M is a manifold, it has a tangent bundle TM. We can see that TM being orientable in our
sense above is equivalent to TM being orientable in any other reasonable sense we may have seen
previously. (e.g. as in Example 7.5).

Theorem 7.1 (Thom Isomorphism Theorem). Let E — X be an oriented vector bundle of rank n.
Then:

() HY(E,E*)=0ifk <n,

(ii) 3! up € H'(E, E*) such that uglg, = &, for all x e x O,

(iii) The map H'(X) — H"™(E, E*) sending a :— m*(a) - ug, is an isomorphism for all i.

Definition 7.7. uy (this canonical cohomology class) is called the Thom class of the bundle E.

Under the map H™(E,E*) — H"(E) — H"(X) (the later map induced by the inclusion X — E via
the zero-section) the Thom class uy — ey maps to the Euler class of E, e; € H™™E)(X). Thus we
can think of the Euler class as the restriction of the Thom class to the 0-section.

(DNote that H"(E,,E,\{0}) = H"(R",R"\{0}) =2 H"!(S""!) & Z, so it makes sense to talk about a generator.
(Vu)Here, | denotes the restriction, i.e. the pullback under the natural inclusion (Ex,Ef) — (E,E").
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Remark: If E — X is oriented and f : Y — X, the pullback bundle f*E — Y inherits a canonical
orientation via:

(F*E)y = Ery).
The uniqueness part of the Thom isomorphism theorem then says that:

A

Ufxg = f*(ug)
iff : (f*E, (f*E)#) — (E,E*). Hence we see ef.p = freg € H'(Y).

Definition 7.8. A rule E — c(E) that assigns to a bundle E — X (perhaps satisfying some con-
ditions, e.g. orientability) a cohomology class c(E) € H*(X) such that c¢(f*E) = f*c(E) for all
f 1Y — X is called a characteristic class of these types of vector bundle.

Example 7.6. The Euler class is a characteristic class of oriented vector bundles.

Proof of Thom Isomorphism. We will prove this under the simplifying hypothesis that X admits a
finite trivialising cover for E (the general result then follows from Zorn’s lemma).

To prove this, we induct on the number of sets in such a finite trivialising cover.

Base case. For one such set, we have E = X x R" is a trivial vector bundle here. Then we fix
¢ € H'(R",R™"\{0}). Then the Kiinneth theorem and the 5-Lemma give that, if H*(Y), H*(Z) and
H*(Y, Z) are finitely generated and free, then

H*(X x Y,X x Z) = H*(X) ® H*(Y, 2).ViiD
So take (Y, Z) = (R",R™"\{0}). This shows that:
H*(E,E*) = H*(X) @ H"(R",R"\{0}) > 1 ® ¢ =: u; € H'(E, E¥).

Then all of (i)—(iii) of the theorem are immediate.

Inductive step. Assume that the result is known for oriented bundles trivialised over a cover of < k

open sets. Now suppose E is trivialised in a cover of X with k open sets. So we can write X =U UV,
where U,V are such that the theorem is known for E|y, E|, and E|y~y (i.e. if U is just one of the k
sets and V is the other k —1).

Then consider Mayer-Vietoris (we will check that the MV sequence for pairs holds shortly):

H™YE|ynv, E*lynv) —> H(E,E*) —— H(E|y,E*|y) ® H'(Ely,E*|y) j

[—> H'(Elyny, E*lyny) ——> HY(E,E?) b

For i < n this gives:

0 — HY(E,E¥) —> 0
and so indeed (i) holds by induction.

(i) This turns out to be non-obvious. We shall discuss it after the proof.
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If i =n we get:

@
0 — H"(E,E*) — H"(E|y,E*|y) @ HY(Ely,E*|y) — H"(Elyav, E* lyay) — -+

Sug|y Sug)y, UElyny

where the red elements exist by induction.

The uniqueness part of the theorem for the Thom class of Eyy shows that ug), and ug, vitg restrict
toug,  ,onUNV.

So 3 an element u; € H"(E,E¥) such that ¢(up) = (ug),»ug,)- Now g is injective (by exactness of
the sequence), and so uy is uniqueness. This proves (ii) of the theorem.

For the last part, to see T : @ — (7*a) - ug is an isomorphism (here - is the cup product), we have
the diagram:

-~ —> HY(E,E*) — H'(E|y,E*|y) @ H'(Ely,E*|y) —> H'(Elyav, E* lyay) —> -+
TT TTE TT%
v —— H(X) ———— H™(U)®H(V) —————— H""(UNV) —— -~

where the red isomorphisms are known by induction. So if we can just show that all the squares
commute, then the 5-Lemma will imply that T is an isomorphism for the bundle E — X, and so by
induction we would be done.

So we need to check:
H(Elyow, E¥luy) — H(E,E)
TT TT
HMUN V) — %y gini(x)
commutes.

So let ¢ € C"(E,E*) be a cocycle representing ug. Then ¢|g, represents ug), . So take [a] €
H"™™(UNV). To define J;;,, (a), write

a=Ypy—1py
for 2y € C7™™(U) and 1, € C7*(V), and set:

[y ()] :=[d"Yy]
for d* : C(U) — Ct"*1(U).

So for the red direction in the diagram, we have this map is: a — 7*(d*yy) - ¢. But ©*(a)ug,, is
a difference of cochains w*vy - g, — Yy - ¢|g,, which lie in Cl(Ely, E*|y) and CI(E|y,, E*|}).

Then for the green direction on the diagram, this ends a — d*(7*(vy) - g, )-
Now since n*od* = d*on™* and also d*¢ = 0 since ¢ was a cocycle, and so we see the two expressions
above for going round the diagram in two different ways agree, and thus the diagram commutes.

Hence we are done as explained before.

O
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To truly finish the proof of the Thom isomorphism, we need to prove two results which we claimed
within the proof. The first of these we in the base case (footnote (viii)) whilst the second was the
MV sequence for pairs.

Remark: (Relative Version of Mayer-Vietoris).

Recall that C,(A + B) was defined (for X = AU B such that the interiors of A, B covered X) by the
subcomplex of simplicies lying wholly in A or B. The small simplicies theorem then said that C,(A+
B) — C,(X) is an isomorphism on homology. Dually, C*(X) — C*(A+ B) =: Hom(C,(A+ B);Z) is an
isomorphism on cohomology.

Then 3 a s.e.s of cochain complexes defined via:

0 — C*(A+B) -2 ¢c*(A)® C*(B) ——> C*(ANB) — 0

where R : ¢ — (Y|4, %) and S : (u, v) — u|pnp — v|ang, Which gives the usual MV sequence.

Now suppose (X,Y) = (AUB,CUD), where C C Aand D C B, with the interiors of C and D covering
Y. Then we have:
0 — C"X,Y) ——— C"X) ——— Cc(Y) —— 0
restriction\l/ restriction\l/ restriction\l/

0 —> C"(A+B,C+D) — C"(A+B) — C(C+D) —> 0

where C"(A+ B, C + D) is defined to be whatever makes the bottom row a s.e.s. Then the 5-Lemma
says that the left hand map induces an isomorphism on cohomology. We also have

0 — C*(A+B,C+D) — C*(A,C)® C*(B,D) — C*(AnB,CND) —— 0

is a s.e.s of complexes. Then the associated l.e.s. in cohomology is the relative MV sequence we are
after [ Exercise to check].

O
Remark: (Footnote (viii)).

We claimed that if (Y, Z) is a pair such that H*(Y, Z) is free and finitely generated, then H*(X) ®
H*(Y,Z) 2 H*(X x Y,X x Z) are isomorphic.

The Kiinneth theorem tells us that if H*(Y') is also free and finitely generated, then H*(X)®@ H*(Y) =
H*(X x Y) are isomorphic. Thus we are essentially trying to prove a relative version of the Kiinneth
theorem.

To prove this, we said to just apply the 5—Lemma. However there is an intermediate step that is
needed. Observe that there is a commutative diagram:

X

H*(X)® H*(Y, Z) S H'(X X Y,X % Z)

T T

H*(X)® H*(Y/Z, {point}) —— H*(X x (Y/Z), X x {point})

where the x maps are the cross product, and the vertical maps come from the projection Y —» Y /Z.
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Recall also that for good pairs, H*(P,Q) = H*(P/Q). Now the spaces

XxY Xx(Y/Z)

— and ——

XxZ X x {point}
are homeomorphic, and so it suffices to prove the relative cross product is an isomorphism in the
special case that Z = {point} C Y. But in this case,

H*(Y,{point}) —» H*(Y) — H*({point})
is a split exact sequence (via the maps {point} — Y < {point}). Then we can conclude here by the
5—Lemma.

O

Note: Our proofs apply when our spaces have homotopy types of good pairs, e.g.
(R",R"\{0}) > (D"(1), D"(1\D"(1/2))

is a good pair model (where En(r) is the closed unit ball in R" of radius r centred at the origin).

7.2. Gysin Sequence.
Let E = X be a vector bundle.

Vector bundles are a special case of the more general object known as a fibre bundle: S L X is
a fibre bundle if p is a continuous surjection such that p~!(x) = F for all x € X, where F is any
topological space (not necessarily a vector space), called the fibre, and such that we have the usual
locally trivial condition, i.e. for all x € X, 3U C X open with x € U and a homeomorphism ¢ such
that:

1R

p ' (U) ————> UXE

p
projection
U

hS)

comimutes.

Definition 7.9. We define the sphere bundle of E, denoted S(E), or SE, to be the fibre bundle over
X with fibres F = S"! where rankg(E) = n

Note: E* ~ S(E) via inclusion and radial projection.

From everything we have seen and this homotopy equivalence we see that we have a l.e.s:
s Hi+n(E, E#) s Hi+n(E) s Hi+n(E#) s Hi+n+1(E, E#) S e
Thom isomorphismTE bundle map/]\g homotopy inv.T% Thom isomorphismT;
% Hn(X) ﬁ Hi+n(X) T Hl+n(s(E)) T Hi+1(X) % .

Here, ¢ : H(X) — H™(X) is the cup product with the Euler class ey € H"(X), whilst 7 is the sphere
bundle projection map 7 : S(E) — X. The map 7, we shall discuss later, but is pronounced “7t lower
shriek” and is what the bottom row needs to be exact and for the diagram to commute.
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In more detail, the map ¢ takes (from commutativity of the diagram):

(inclusiony )* /. .
a— (t*a) -up — (T*a) - ugply  — (1nc1us1on§(n*a)) “Ugly
~——

v p—
=a =€g

where T is the Thom isomorphism.

Definition 7.10. The exact sequence

so — HI(X) — H*(X) — H(S(E)) — HHI(X) — -

is called the Gysin sequence (pronounced “jee-sin”).

Note: Here n is the rank of the bundle E.

Example 7.7. Let & — CP" be the tautological complex line bundle. This is canonically oriented
(see Example Sheet 3) and moreover it has sphere bundle
S(¥) =8> ccn.

So the Gysin sequence becomes:
Hi+1(82n+1) \ Hi((cpn) 'ef; Hi+2((cpn) \ Hi+2(82n+1) % ooo
So if i < 2n— 2, this gives:
0 — Hi(CP") —£3 H*2(CPY) — 0

is exact, and so we see that multiplication by e, is an isomorphism. Hence by induction this shows

that the group H*(CP™) is generated by e;, forall1 < j < n. So we get (since we know what
the cohomology of CP" is already, except now we have found canonical generators for the non-zero
groups):

Zley]

H'(CPY =ty

Compare this with question 6 on Example Sheet 2.

Remark: All the groups in the Gysin sequence are naturally modules for H*(X), since if 7 : SE — X,
then n* makes H*(SE) into an H*(X)-module.

Exercise: Show that the Gysin sequence is an exact sequence of H*(X)-modules.

Example 7.8. Let Vi (C") be the Stiefel manifold of ordered k—tuples of orthonormal vectors
in C". This is clearly a subspace of C" x ---x C", and 3 a tautoloigcal complex vector bundle
—_——

k times

E — Vi (C"), where

) :=span(ey,...,e) CC"

Again, E C V,(C™") x C" is a subbundle of the trivial bundle, and is locally trivial (this is similar to
the proof of the tautological bundle for the Grassmannians E.,,. — Gr;(C™") begin locally trivial).
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Proposition 7.1. We have

H* (Vi (C") = /\(a2n—2k+1’ A2p—2k+35 - -+ > A2n—3> A2p—1)
z

is the exterior algebra generated by these a; € H'(V,(C")) (i.e. the ring is the exterior algebra on
these generators, which is free except for the relations imposed by graded commutativity).

Proof. We will prove this by induction on k. When k = 1, we have V;(C") = §2"~! and we know that
H*(S*™ 1) = Ag(ay,_1) and so the result is true here.

So suppose that the result is true for V;,(C"). Note that there is a “forgetful map” V;..,(C") — V;(C")
defined by
(€1,-+vs€rq1) — (€1, s ).

So let F — Vi(C") be the bundle with fibre at (ey,...,e) being Fio, .y = (e1,...,ex) . So then
Vix1(C™") = S(F), the unit sphere bundle F which has an Euler class ey € H 2n=2k(y, (C")) = {0} (this
is zero by the inductive hypothesis of the cohomology only being 0 in odd entries).

So the Gysin sequence becomes:

0 i> Hi(Vk) - Hi(Vk+1((Cn)) — Hi_2n+2k+1(Vk((Cn)) i) 0

since ep = 0, where for the middle group we have used that S(F) = V;,;(C") (this has fibres
SZH—Zk-Fl).

Now choose dy, o1 € H*"21(V,,1(C")) which maps to 1 € H°(V,(C™)) (which exists since
setting i = 2n — 2k — 1 in the above we get H>"2k=1(V,, 1 (C™)) — HO(V,(C™), and this is surjective
by exactness).

Then the map H*(V,.(C")) ® H*(V,(C")) — H*(V};1(C™")) sending

(a,B) — a+az, gk—1° P

is an isomorphism (both additively and as a map of H*(V}.(C"))—modules). The result then follows
by induction.

O

Remark: The map m, : H*(SE) — H*'1(X) is often called integration over the fibre. When

working with de Rham cohomology, 7, is exactly this: it is integration of differential forms over
fibres.

Corollary 7.2. We have that the cohomology of U(n) is:
H*(U(n)) := \(a1, 3, ..., 02q-1)-

Z
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In particular, if b;(U(n)) = rank (Hi(U(n))) is the rank, then:

D> b Um)t = ﬁm )
1

i>0 i=

Remark: The rank of the cohomology groups are usually called the Betti numbers of the space.

Proof. Simply note that V,,(C") = U(n), so the first claim follows from Proposition 7.1 applied when
k=n.

For the second part, this is just an identity via partitions.

0

We have now studied H*(E, E*) inductively over a trivialising cover. We would like, analogously,
to study the cohomology H*(M) of a (closed) manifold M inductively over a cover (e.g. the cover
coming from an atlas of charts). We do this via cohomology with compact support.

7.3. Cohomology with Compact Support.

Definition 7.11. Let A be a poset such that:
@) Foralla,be€A, Ics.t. c=aandc>b.

Then a direct system of groups indexed by A is a collection (G,)4ea Of (abelian) groups and homo-
morphisms p,p, : G, — Gy, whenever a < b (i.e. the p maps “go up the system”) such that:

® Paa = ileu:

® Pab°Pbc = Pac
foralla<b<c.

The direct limit of a direct system is then defined by:

G
llmGa = M
7 (a_pab(a))

ie. a~ pgp(a) forall a € G, and all a < b. So we identify a with all of its images under pg
maps.

Via (7) we see that this direct limit inherits a group structure in the following way:
IfaeG,and B € Gy, thenIcs.t. a~a’ €G, and  ~ B’ € G, and then set: [a+ ] :=[a’+ S].

This is then well-defined by the assumptions of a direct system.
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Now if X is a space and K7, K, are compact subsets of X with K; C K,, then we have X\K, € X\K;
and so 7 a inclusion of pairs (X,X\K,) — (X,X\K;), which gives a map:

H*(X,X\K;) » H*(X,X\K>)

[i.e. taking complements flips the inclusion, but then as cohomology is contravariant this flips the
arrow again, and thus we get the right direction].

Hence we have a direct system Hy := H*(X,X\K) for K € %, where % is the poset:
A :={K Cc X : K is a compact subset of X'}

and elements of ¢ are ordered by inclusion. The homomorphisms are then induced by the inclusion
maps as above.

Then we can define:

Definition 7.12. We define the cohomology of X with compact support by the direct limit:

H(X) := lim H*(X, X \K).
A

We will study this for awhile and see how it helps us compute the cohomology of manifolds.

Remark: In general if (G,),e, is a direct system and A’ C A is such that for all a € A, 3a’ € A’ such
that a < a’, then we have:

(*) lim Ga =1lim Ga/ .
— —
A A

Example 7.9. We have that:
Z ifx=n
0 otherwise.

B @)=

Proof If K C R" is compact, then 3n € N such that K ¢ By(0). So by () abpve we have

lim *(R", R\K) = lim H*(R", R"\(0))
A NeN

=H*(S"1) VN
with the equality on the RHS in a compatible way for each N. Hence we see that (as the RHS is
a constant):

id _id
limH* (R, R\K) ={-++ > Z—>Z -}
o
which is Z in degree n and zero otherwise. 0

Example 7.10. If X is compact, then every compact set in X is contained in X, and so applying (*)
to A’ = {X} we see that

HA(X) = lim H*(X, X \K) = H*(X,X\X) = H*(X)
A
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i.e. for compact sets X we have H',(X) = H*(X). In particular if we take X = {point} or X = B;(0)

then we see:
Z ifx=0
0 otherwise.

100 - |

Combining Example 7.10 with Example 7.9 we see that H}, is not homotopy invariant.

Indeed, a general map f : X — Y does not induce a map on H},. However there are two cases when
it does:

() If f : X — Y is a proper map, i.e. f is a closed map and the pre-image of a compact set is
compact under f, then f does induce a map

f*
H: (V) 5 HE(X).

)

(ii) Ifi : U — X is the inclusion of an open .subset U C X, then there is an “extension by zero’
pushforward map i, : H},(U) — H} (X )@ Here, if K C U is compact, then H*(U, U\K) =
H™(X,X\K) by excision. Since X has more compact sets than U, then 3 a map

lim H*(U,U\K) — lim H*X,X\K)
— —
KCU compact KcX compact

which gives the map on cohomology with compact support we were after.

Remark: We can think of H}, coming from a “chain complex” via:

cx)= J c@x\k)

KcX compact

however we won’t use this.

Example 7.11. Ifi : U < R" is the inclusion of an open disc, then
i, :H,(U)— H(R")

is an isomorphism.

Now because we want to use cohomology with compact supports to study manifolds, and currently
this works locally we need some kind of gluing lemma/Mayer-Vietoris. This is the following:

Proposition 7.2 (Mayer-Vietoris for Cohomology with Compact Support). Let X be a locally
compact space®. Let X = U UV be a union of open subsets. Then 3 a Mayer-Vietoris sequence:

o — HTY(X) — H(UNV) — H(U)®H! (V) — H,(X) — H'(UNV)—

(¥ e. if a function has compact support in U, then it can be extended to a function with compact support in X by
setting it to be zero on X\U.
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Remark: Note the direction of the arrows in this Mayer-Vietoris sequence!

Proof. Recall that if (X,Y) = (AU B,C U D) isa. union of pairs, we had a relative Mayer-Vietoris
sequence:

— H"(X,Y) —> H"(A,C)®H"(B,D) — H"(ANB,CND) — H"™(X,Y) — ---

So suppose K C U and L C V are compact. Let A=B =X, C = X\K and D = X\L in the above.
Then set Y := CUD =X\(K N L), and note that C N D = X\(K U L). Then the above MV sequence
gives:

H{(X,X\(KNL)) — H'(X,X\K)® H'(X,X\L) — H'(X,X\(KUL)) —> ---
We can then excise X \(U NV), X\U and X\V from the relevant groups in the above to obtain:
H(UNV,(UNV)\(KNL)) — H'(U,U\K)®H'(V,V\L) — H'(X,X\(KUL)) — -+

A compact set in UNV is always of the form KN L for K C U compact and L C V compact. Take K, L
to be the given compact set.

Now note that every compact set in X is contained in some K U L for K C U compact and L C V
compact (this is true since X is locally compact).

Now if C C X is compact, then it admits a finite cover by compact sets each contained in U or V, and
whose interiors cover C.

Then since the direct limit of exact sequences is exact [Exercise - see Example Sheet 4], by passing to

the direct limits lim and lim in the above, we get exactly the required sequence.
—>KcU compact —>LCV compact

O

Definition 7.13. Let M be a manifold. Then we say M has finite type if we can write

N
M=
i=1

such that each U; and each iterated intersection U; N---N U, (fori; <---<i; j=1,....,N) is
either an open ball (i.e. homeomorphic to R") or is empty.

We then say that (U;)}_, is a good cover of M.

Fact: If M is a closed smooth manifold, or the interior of a compact smooth manifold with boundary,
then M has finite type.

[This can be proved via, given a Riemannian metric on M, sufficiently small metric balls in M are
geodesically convex (so their interiors are convex and so homeomorphic to a point, and so to R".
Also the intersection of convex sets is still convex, so we also get this for the iterated intersections)
- See Differential Geometry Part III. ]

®As we will be talking about manifolds, this will always be assumed, even if we don’t say it.
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Lemma 7.3. Let M be a manifold of finite type. Then:

() Hét(M) =0 for all i > n = dimg(M).
(i) Hét(M ) is a finitely generated group for all i.
(iii) If M is connected, then H, (M) is a cyclic group.

Indeed, if i : U < M is the inclusion of an open disc, then i, : H;(U) - H(M)
is surjective (note that we know Hy(U) = 7).

Proof. We shall prove this by inducting on N, the number of sets in a good cover of M.
If N =1, then M = R" and then the results are clear by Example 7.9.

Now suppose M > 1. Then we can write M = Uy U U;, where U, = R" and Uy, Uy N U; have smaller
“type”. Then for (i), the Mayer-Vietoris sequence for cohomology of compact support becomes:

woo —— Hy(UyNUy) — H{(Uo) ® H{(U;) — HL(M) — HZ'(UpNUy) — -+
and so we get, if i > n,
0 —> H (M) — 0
which proves (i).

Similarly, we know that if H and G/H are finitely generated abelian groups, then G is also finitely
generated. So (ii) then follows.

Now take i = n in the above MV sequence. This gives

HE(UyNUy) — He(Uo) ® Ho(Uy) —— HE(M) — HyH' (UpNUp) — -+
| S ——
=0

Now since M is connected we must have Uy N U; # @, since otherwise M would be the union of two
disjoint open sets. So we can find a disc D ¢ Uy N U; C Uy, which induces via the inclusion a map
H}(D) — H}(Up) in the usual way (“extension by zero”).

Hence H(,(U, N U;) — H[,(Uy) is certainly onto, and so exactness in the above sequence gives that
H}(U;) — H[ (M) is onto. So hence by the first isomorphism theorem we see that H[,(M) is a
quotient of a cyclic group, and so is itself cycle.

If we then consider D < U; — M, we then inductively (i.e. apply induction hypothesis on D < U;)
see that H; (D) — H[,(M) is onto (i.e. get H;(D) — H[,(U,) is onto as well, and so can compose).

O

Remark: If M is compact, so that H (M) = H*(M), we see by the above that H*(M) is a finitely
generated abelian group, and is non-zero only if x € {0,...,n}.
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Definition 7.14. Let M be a (topological) manifold. Then we say M is oriented if for all discs
R" = U C M, we can fix a generator wy € H(U) such that whenever Jé C ~‘H§ C M we have

i,wy = wy (i.e. compatible under restrictions).

Remarks:

(i) We say a homeomorphism f : R" — R" is orientation-preserving if f, : H'.(R") — H (R")
is multiplication by +1 (and it is orientation-reversing if it is multiplication by —1.) Then
we can see that:

M is orientable <= It admits an orientation-preserving atlas.
(i) HL(R")isnaturally isomorphicto H"(R",R"\{0}) (look back at our calculation of H"(R", R"\{0})).
So we could take orientation generators wy € H"(U,U\{x}) for x € U.
Since excision identifies H"(U,U\{x}) = H"(M,M\{x}), we can also say that M is ori-
entated if we have generators u,, € H"(M, M\{x}) for all x € M, which vary locally trivially.
(iii) We can also take u, € H,(M,M\{x}) = H,(U,U\{x}) = H,(R",R"\{0}).

(iv) If M is a smooth manifold, the exponential map for a Riemannian metric identifies small
discs in T, M with small discs x € U C M, so the above definition of M being orientable
agrees with the definition:

“M is orientable if TM is orientable as a vector bundle”

for smooth manifold M (since then the tangent bundle TM is defined).
Theorem 7.2. Let M be a connected manifold of finite type. Then:

(i) If M is oriented, 3! isomorphism HZ(M ) = 7 such that if U C M is an open disc, the
resulting map H[,(U) — H[,(M) = Z sends wy — 1.

(ii) If M is not orientable, then H,(M) = Zj.

a2

Remark: In de Rham cohomology, the map H[; ;. (M) — R is given by fM, i.e. integration of n-forms
on M.

Proof. Since M has finite type, write M = Uil U; for a finite good cover {U;};. Then let W; =
U; U--- U U;. We shall work by induction on N. The base case when M = U; = R" is clear.

Inductively, first suppose W; is orientated. Then write
WinUp, =V, -1V,

as a disjoint union, where the (V;); are the path components and are of lower type and sit inside the
(orientable) disc U;,; (the V; need not be discs themselves).
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Then Mayer-Vietoris gives:

14
Hi(V) @ @ HL(V,) —> H{(W) ® Hi(Uiyy) ——> HG(Wiyy) — 0

n

and so since H;(W;) = Z by induction, this gives

Z®---0Z —— 267 —% H (W) — 0.

Let w; € H(V;) be a generator for each i, chosen such that p(w;) = (1,¢;), with &; = +1 or —1.
(Note that 1 € H[,(W;) is the orientation generator.)

Then there are two possibilities:

(a) All the ¢; agree. Then we can define an orientation [Exercise to check] on U;,; such that
¢(w;) =(1,1) for all i (where the second 1 is the choice of orientation on U;,;). Then W,
inherits a coherent orientation and exactness gives H,(W;;1) = Z.

(b) Not all the ¢; agree. Then, by the first isomorphism theorem

n ~ 7.® 7 ~
H (W) = @n.a-n Ly.

Now if M itself is orientated, then W; C M is orientated for all j, and so we are done in this case by
(a) (as we H(,(Wy) = Z and Wy = M).

So it remains to show that if M is not orientable, and, say, i +1 is the first index such that H,(W; ;) =
Z,, then H (W;)=Zforall j > i+ 1.

Using the same analysis as the above, if W; is not orientable, and W;,, is the next subspace with
WiNU;4,; = V- 11 Vq, the analogous Mayer-Vietoris sequence is:

~ ~ ¢
Hi{(W)e---oH (V) — He(W)) @ Hy(Ujy) —> Hi(Wj) —> 0
i.e. we have by induction H,(W;) = Z, due to non-orientablity, and so
76--0L —— 7,07 —> Hi(Wj) — 0.

Now pick generators @; € H(’}t(f/i) such that ¢(@;) = (&;, 1) with respect to a choice of orientation for

Uj;1- Then Lemma 7.3(iii) says that V, — W; is surjective on H(, for each j, and &; =1 € Z, = {0, 1}

for all i.

Then finally, exactness implies that H(Wj,;) = Z,, and so by induction we get this is true for all
j=1i+1, and so we are done by taking i = N.

O

85



Algebraic Topology (Part III) Paul Minter

8. POINCARE DUALITY

8.1. Cohomology Classes of Submanifolds.

Our next goal is to give a geometric interpretation of the cup product on a smooth manifold. Recall
that if M is a smooth manifold it has a tangent bundle TM, and if Y € M is a smooth submanifold,
then for all y € Y we have T,Y ¢ T, M, and the quotient:

T,M

— =Y
TyY ( Y/M)_y

is the fibre of the normal bundle vy /), of Y in M. This has (real) rank codim,,(Y), the codimension
of Yin M.

[If g is a metric on M or TM, then in fact we have vy, = T1y = (TY)* ¢ TM, where 1 here
denotes the orthogonal complement with respect to the metric/inner product on the fibres.]

Definition 8.1. We say that a submanifold Y C M is co-oriented if vy is oriented.

Remark: On Example Sheet 3, you will prove that if Y and M are both oriented, then Y is naturally
co-oriented.

An important result from differential topology which we will make use of (but not prove) is the
tubular neighbourhood theorem:

Theorem 8.1 (The Tubular Neighbourhood Theorem). Let M be a smooth manifold. Then:

(D) If Y C M is a closed smooth submanifold, then there is an open neighbourhood Uy C M of
Y in M and a diffeomorphism ¢ : Uy — vy such that the following diagram commutes:

¢
Uy —=7 Yy/m
T
Y —— Oy

where the vertical arrows are inclusion maps and Oy is the zero-section over Y.

Moreover, both Uy and ¢ are unique up to isotopy.

(i) IfY,Z C M are closed smooth submanifold which intersect transversely®”, then YN Z is a
smooth submanifold, and

codimy, (Y N Z) = codimy,(Y) + codim,,(Z)

and

Vynz/m = VY/MNYOZ ® VZ/M|YnZ
and 3 a tubular neighbourhood Uyn; = Uy N U, such that ¢ is compatible with this
splitting.
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Proof. None given. O

3,;\- prok\)b\-
Shruchwe et

FIGURE 24. An illustration of the tubular neighbourhood theorem.

So let YX < M be a closed co-oriented smooth submanifold of dimension k of a smooth manifold
M. Then by definition we know vy ) is oriented, and so we have a Thom class

€ H" X(vy, v}) = H" X (Uy, Uy \Y) X H" ¥ (M, M\Y)

uVY/M

where the first equality is by the tubular neighbourhood theorem and the second by excision. Note
that H" *(M,M\Y) —» H gt_k(M ), and thus we get an image of the Thom class u,, i in H gt_k(M )
under this map.

Definition 8.2. Class the image of the Thom class u,, o inH Qt_k(M ) the cohomology class of Y
(or associated to Y). We denote it by ey € H gt_k (M) = H4m M pp),

ct

Remark: As Y is closed, i : Y — M is a proper map, and so we can restrict ey|y = i*ey €
Hé‘t—k(Y) = H"*(Y), where the last equality here is because Y is closed and so compact. Then
from the definitions we see that ey |y =e,, mE€H n=k(Y) is in fact the Euler class (compare this with
(Thom class)|,ero-section = Euler class). [Exercise to check.]

Example 8.1. If Y = {point} C M, then Y is co-oriented if M is oriented [Exercise to check |. Then
E(point} € H, (M) is the orientation generator for the orientation on M.

The main result for computing cup products on manifolds is:

Proposition 8.1. Let Y,Z C M be co-oriented, closed, smooth submanifolds of a closed manifold
M which intersect transversely. Then:

Eynz =Ey €7 € Hcodim(Y)+codim(Z)(M).

[So the cup product is “dual” to intersections. |

(Xi)By intersect transversely we mean for all x € Y N Z we have T,M = T, Y + T, Z (although this is not necessarily a
direct sum, just a sum).
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Remark: We know the cup product is skew-commutative, and so

_ (_1 )codim(Y)+codim(Z)SZ

EY'sz— 'Ey.

So is the above consistent? Well the definition of ¢y, depends on a co-orientation of Y N Z. A
question on Example Sheet 3 shows that an ordering of Y, Z defines such a co-orientation, and we
find:

Esny = (_1)COdim(Y)+COdim(Z)3YmZ

and so the statement is consistent.

Proof. We have a relative cup product
H(X,A)® H/(Y,B) > HY/(X x Y,Ax Y UX X B).

So suppose E — X and F — X are oriented vector bundles. Then the relative cup product defines a
map

HY(E,E*)® H/(F,F*)— H"Y/(E®F,(E®F)") sending x®y— (n}x)-(nhy).
If X = {point} then the Kiinneth formula said
H'(R',R'\{0}) ® H/(R/,R/\{0}) — H'*/(R™/,R"*/\{0})

is an isomorphism. This shows that uger = Thug - Thup, since for any bundle W — X of rank d, uyy,
is (uniquely) characterised by being the unique class such that uy |(re ra\0}) Was the generator ¢, of

the fibre (W,, W) = (R?, R?\{0}).

Now the transverse intersection of Y, Z says that vynz/y = vy ® vz [Exercise to check], and
then the result follows by the definition of ey.

O
Corollary 8.1. If Y, Z are oriented closed submanifolds of an oriented, closed, smooth manifold M,
and if Y N Z = {point} is a transverse intersection, then ey - £, = £1 € H"(M) = Z. In particular,
ey and €, are non-zero.
Proof. Just apply Proposition 8.1 in the special case of Y N Z = {point}. O

Using this, we can just read off answers to many cup product-type questions we have done previously.

Example 8.2 (Calculating H*(2,)). Consider the picture in Figure 25. The picutre shows us that,

by Corollary 8.1, ¢, "Ep; = 6;j, and hence {¢, , €y, €4,, €, } are non-zero and linearly independent

in HY(%,). Hence the determine H*(Z,) as a ring (using skew-commutativity of the cup product).

A similar idea can be used for %,.
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“ ‘\‘\\—u Setk-
\ +eu -\svu-mk\3 Q 1

FIGURE 25. Illustration of Example 8.2.

Example 8.3 (CP! x CP! versus CP2#CP?). Recall that both these structures have additively
isomorphic cohomology, and in both cases H> = Z. & Z.

For CP! x CPY, using the diagram in Figure 26 (on the LHS) we see that AN B = {point}, and so
. . : . (0 1
g4 and g form a basis of H*(CP! x CP1). In this basis the cup product has the matrix (1 O)'

For CP*#CP?, using the diagram in Figure 26 (on the RHS) we have e,-¢, =1 and eg-e5 =1 (=
s, & 481 4), and so the corresponding symmetric matrix for the cup product in the {a,  }—basis

. (1 0
islg 1)

Since these two matrices differ; these spaces cannot be homeomorphic. O
C.'\" A @?\ T *
e L .
A
\ N
(g
! \ ~
e CP cP®

FIGURE 26. Illustration of Example 8.3.

Remark: Every manifold is Z,-oriented (in the obvious sense), and all bundles are oriented over Z,.
So for mod 2 cup products, Corolllary 8.1 applies to all such M.

Remark: Thom (in the 1950’s) showed that not every class A € H/(M; Z) is realised by a codimension
j submanifold. But if you work over the field k = Q or Z,, then {¢y : Y is a smooth submanifold of M}
does span H*(M; k).
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8.2. Poincaré Duality.

So far we could in principle have that the cup product on M is degenerate (as for ©X, X any space).
This however is ruled out by Poincaré duality, the main structural result in the cohomology of
manifolds.

The relative cup product H {(X)® H/(X,A) — H'"(X,A) yields a product H{(X) ® H/(X,X\K) —
H"(X,X\K). Then by naturality with respect to maps of spaces, we get a product

H{(X)® H.,(X) —» H (X).

ct

This leads to:

Theorem 8.2 (Poincaré Duality - “Pairing” formulation.). Fix a field F. Then if M is an F-oriented
manifold (of finite type), the cup product

H/(M,F) ® Hy ' (M, F) — H'.(M,F) = F

(all with F-coefficients) is non-degenerate.

In particular, (Hj(M,IF))* = HZ_j(M,]F‘).

Proof. Later. Note that (from the proof) this says that a cohomology class is completely determined
by its cap products with things of ‘complementary degree’.

O

Corollary 8.2. Let M be a closed manifold of odd dimension. Then M has Euler characteristic
x(M) =0.

Proof. Let F = Z,. Then we know that M is always F-oriented by a previous remark. We saw that
we can compute y (M) as the alternating sum (see Lemma 4.3):

2 (M) = (~1)'rankg(H'(M, F))

i>0

for any field F. But Poincare duality says (since M is closed and so compact, meaning H (M) =
H*(M)) H'(M,F) = H"{(M,F)*, and so all the terms in this alternating sum cancel in pairs, since
M is odd-dimensional. [Recall that dim(V*) = dim(V) for dim(V) < c0.]

O

Corollary 8.3. Let M", N" be closed F-oriented manifolds and f : M — N a map. Let degy(f) be
the degree of the map f*: H*(N;F) — H"(M;F), and suppose degp(f) # 0. Then f* is injective.
~F oF
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Proof Let a € HY(N,F). Then if a # 0, 38 € H™*(N;F) such that a - € H*(N,F), from the
non-degeneracy established in Poincaré duality. Then since degp(f) # 0, we have

0F f*(a-f)=f"(a)-f*(B)
and so f*(a) # 0. So hence ker(f*) = {0} and so f* is injective.

O

Recall: For any space X and abelian group G, H*(X; G) - Hom(H,(Z), G) (this is an isomorpism if
G =T is a field and X is suitably nice, i.e. cohomology is isomorphic to the dual of homology here).
But for X = M an oriented manifold, we have a map

H*(M;F) — Hom(H" *(M,F),F)

coming from the non-degeneracy of the pairing (from Poincaré duality). So for manifolds, the co-
homology over a field is instead isomorphic to the dual of compactly supported cohomology of a
different degree.

We might then wonder if the same holds for homology. We find that this even holds over Z (as well
as fields):

Theorem 8.3. Let M be an oriented manifold (of finite type). Then there is a distinguished iso-
morphism:
9 : H(M) — H,_(M)

t
(all with coefficients in Z), i.e. this map allows us to go between compact cohomology and homology.

Remark: The result over Z implies the analogous result over a field F.
The definition of this 2 map involves the cap product:

Definition 8.3. For any space X, the cap product —~: C;.(X) ® C!(X) — C_;(X) is defined by:
([Vo,---,Vk],@b)‘—’w([vo,---,VlD[Vl,---,Vk]

(and is vanishes identically if I > k).

As always when defining a map on the chain level we need to know how it interacts with the boundary
mabp to see if it descends to a map of (co)homology. The next lemma deals with the properties of the
cap product.

Lemma 8.1. Let X be any space. Then the cap product — satisfies:

(i) (Relation with boundary map). For ¢ € C!(X) and o € Ci(X) we have
d(oc ~ ¢)=(-1)(do ~ p—0 ~d*p).
Therefore —~ descends to a map —: H(X) ® H'(X) — H;_;(X).
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(ii) (Naturality). If f : X — Y is a map, a € Hy(X) and B € H'(Y) then we have:
flla) ~p=fla~f(B)) €H(Y)
(it turns out this is the only correct naturality statement we can make).

(iii) (Relation to cup product). If o € C;(X), ¢ € CX(X), ¢ € CI(X), then:
Yo~ @)= (¢ —y)(o).

(iv) There is a relative cap product

C(X,A) ® CL(X,A) — C,_(X).

Proof. (i): Just by direct calculations we have

1 k
dU’\‘P=Z(—1)l<P(U|[VO ..... o)) v om + Z(—l)lip(ﬂ[vo ..... 1) Ot

i=0 i=l+1
[+1 .
o ~d"o=> (10 (0lny..50.m1) & Vis1s--- D)
i=0
and
k

d(O'A(P):Z(_l)i_l(P(O-l[VO ..... vl])'al[vl ..... DiseesVic]®
i=Il

The result then follows by examining these three expressions.

(ii) and (iii): Just direct checks that they hold at the chain level.

(iv): Suppose we consider —~: C,(A) x C!(X,A) — C,_;(A), which we can check vanishes directly (just
from the defining expressions). Hence this shows ~ descends to a map Cj(X,A)x C!(X,A) — C;_;(A).

O

Remark: As an idea of where we are heading, suppose M is a closed oriented n—manifold. We
have shown then that H"(M) = H[,(M) = Z. In fact, assuming H,(M) = Z, there would then be a
corresponding generator, [M ] € H,(M), called the fundamental class of M (think of a collection of
simplicies covering M “once”). Then (o) —~ [M], capping with [M ], gives a map H*(M) — H,_;(M),
and this will be the duality isomorphism we are after in Poincaré duality.

However such a[M] € H,(M) doesn’t exist in the non-compact setting - so we need to work relatively.

Proposition 8.2. Let M be an oriented n—manifold with orientation generators w, €
H,(M,M\{x}) for all x € M.

Then for every compact set K C M, 3! class wg € H,(M, M\K) such that the inclusion (M, M\K) —
(M, M\{x}) sends wg — w, forall x €K.
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[Also, H;(M,M\K) =0 fori>n.]

Proof. Momentarily. O

Given this proposition, suppose M is oriented and K C L. C M are compact subsets. Then:

Hy(M,M\L) x H*(M,M\L) —— H; (M)

! ) k

H.(M,M\K) x H*(M,M\K) — H,_(M)

with the two vertical maps being induced by the inclusions, i.e. i,,i* respectively. The uniqueness
of wg for compact sets K says that i,(w;) = wy (taking i = n in the above). Then:

wg ~p=i(w) ~p=w, ~T"(p)
by naturality of the cap product.

So the map ¢ — wg — ¢ is compatible with the maps defining the direct system of pairs (M, M\K).
This means that 3 an induced map

~We
2 : Hy (M) — Hy_ (M)

i.e. we cap an element of H th(M ) with w, with the e representing that this is independent of the
choice of K by compatibility.

Remark: If M is compact, we can just take wy; = [M] € H,(M,M\M) = H,(M), and so 2 is exactly
~[M].

Proof of Proposition 8.2. First note that if w, and wp exist and are unique, then so does w, g by the

MV sequence:

H,,,(M,M\AUB) — H,(M,M\AUB) — H,(M,M\A) ® H,(M,M\B) — H,(M,M\ANB)

Swy Swp

VT
=0 by dimensions

Uniqueness of w, and wp says that they both restrict to w45, and hence 3 a class w4~z mapping to
(w4, wp); that class is then unique by exactness.

Now if M is any manifold and K € M is compact, we can find a finite number of K; ¢ D" ¢ M
compact subsets (in D™) with D" a n—dimensional disc such that K = Uﬁm-te K;. So it suffices to
prove the proposition when M = D" = R",

Note that if A ¢ R" is compact and convex then by homotopy invariance we have H, (R",R"\A) =
H,(R™",R™\{0}). Then the result is straightforward by taking w, to be the orientation generator of
H,(R",R™\{0}). Therefore as we saw at the start of the proof that we can take unions, we get that
the result holds for unions of compact convex sets.
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Finally for the general case, let K € R" be compact. Then we know 3R > 0 such that K C Bg(0).

Moreover since Bg(0) is compact and convex, CTA) is defined by the above. So set:

wg = “)B—R(o)lK
(defined via the map (R", R"\Bz(0)) — (R",R™\K)). Then this does restrict to w, for all x €K.

So it now suffices to check that no other class has this property, i.e. if A € H,,(R",R"\K) and A|, =
0 € H"(R",R™\{0}) for all x € K, then in fact A = 0. Then this would show that wy is well-defined
and so we would be done.

So let A also denote a representing chain for this A. Then we know dA is a finite union of simplicies
in R"\K. Then one can find a finite union of balls {B;}; such that

KCI~<=UBJ~ and dANK=4.
j

So A € H,(R",R"\K) actually comes from a class in H,(R", R"\K) and we already proved the result
for unions of convex sets above. So since A|, = 0 for all x € K, we get A|,, = 0 for all x € K (assuming
each B; meets K), and so A = 0 follows from uniqueness of wg.

O

Proof of Poincaré Duality /Theorem 8.2. We prove this by inducting on the number of sets in a finite
type good cover of M.

If M = U UV, then Mayer-Vietoris (on both homology and cohomology and using the 2 maps to
pass between) gives:

o — HY(UNV) —— HY(U) @ HK(V) ——— HK(M) —— HS'(UNV) —— -

Is Is Is Is

e — Hn—k(UmV) — Hn—k(U)eaHn—k(V) — Hn—k(M) — Hn—k—l(UmV) —

Then by induction on type, the result will follow from the case of R" if the squares in the above
diagram commute.

For 2 out of 3 squares this is clear by naturality of the cap product under maps of spaces. So we just
need to prove that

HY (M) —— HW(UNV)

Is lo

Hn—k(M) — Hn—k—l(U n V)

commutes up to a sign which depends only on k.

Exercise: Show that the 5-Lemma holds in this situation (note that if the sign above depended upon
the particular element of H ft(M ) then this would not be true).
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So to prove the signed commutativity, let M = U UV and let K C U be compact and L C V be
compact. Then we have a square:

d*
H'(M,M\KUL) —  H(M,M\KNL)
=Hk+1(UNV,UNV\KNL) by excision
J/AwKuL

\LA WknL

H,  (M)(dyy) ——— H, 1 (UNV)

Write M = (U\L) U (UNV)U(V\K) and represent wg; by a sum of simplicies

Wgur = Ap\L T Ayay T Ay\k

with respect to this decomposition of M. Then ay,; and ay\k lie in M\K N L and so vanish in
C*(M,M\K N L), and thus we see that ayny, represents wgn; -

Similarly since ay\k vanishes in C,(M, M\K) we see ay\; + ayny represents wg.

M=UuV
U V

'

FIGURE 27. An illustration of the decomposition of M.

Now let ¢ € HX(M,M\K U L). Write
o=vmx—¢mr € C'(M,M\K)+C*(M,M\L).

Then by definition we have d},,(¢) := d*¢y\x. We want to compare

D p— d*opnk — ayay — d Pk

(i) ¢ —ap\p — ¢ +(ayay + apg) —~ ¢ — d(ag\, — ¢)
—— ~
inU inVv

since these represent both ways of moving around the diagram (with (i) being going along the top
first whilst (ii) is going down first).
So note:

d(aU\L —~p)= (_1)k(daU\L —~@—ay\ d*¢)

~—
=0 since ¢ is a cocycle
= (_1)kdaU\L - PM\K

because ¢ vanishes on chains in M\ L. Then note that since a;; + ayny = wg we see that dag, [ +
daUﬂV S C*(M\K), and then since (pM\ch*(M\K) = 0, we get (,OM\K - (au\L +daUnv) = 0. So

95



Algebraic Topology (Part III) Paul Minter

hence we see from the above,
d(aU\L —~p)= (_1)k+1daUﬂV — PM\K-
Now compare (from naturality of the cap product):
H,>0=d(ayny — ‘PM\K) = (—1)k (daUﬂV - Pm\k — Quav d(PM\K)
i.e.
(D' dayqy —~ PM\K = (—D*ayay —~ d* ok

which is exactly what we wanted to prove from (i) ad (ii) (up to a sign).

O

Exercise: Using the relation of the cap product and cup product, show Poincaré duality = “Pairing
version” of Poincaré duality. Or (essentially equivalently.), via an analogous induction to the above
over a cover, relating the Mayer-Vietoris sequences

HY(UNV) —— HY (U)o HK(V) — -

H"k(UNnV)* — HYU)* @ HY (V)" — -

with F—coefficients.
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9. COHOMOLOGY OF SUBMANIFOLDS

For the rest of the course we return to studing cohomology of submanifolds. In particular, return
to chomology classes of submanifolds. There is an obvious notion of a smooth vector bundle over a
smooth manifold, E — M, and also of a smooth section s of E.

Lemma 9.1. Let M be a closed smooth manifold, and E — M an oriented smooth vector bundle.

Lets : M — E be a smooth section such that s(M) is transverse to the zero-section M C E (identifying
the O-section by M). Then Z = s~%(0) is a smooth submanifold of E (or of M), it is canonically
co-oriented, and

e, = ey € H' B (p).

Proof. Note firstly that
codimg(Z) = codimg(s(M)) + codimg(zero-section) (as the intersection is transversal)
= 2rank(E)

—> codim,,(Z) = rank(E), and so the dimensions are consistent.

Since s and the zero-section O intersect transversely, for all x € Z we have
TxE = Tx(s(M)) + Tx(OE)-

FIGURE 28. An illustration of the vector bundle E with zero section 0.

But also we have T,E = T, 05 ® E, and T,M = T, Z®(vz/p)y. Soif x € Z, then Ds, : T,M — T,E =
T.M @ E, (once again identifying 0y = M) is defined by & — (&, 0,(&)) for o, linear. Thus we get
Oyx: (VZ/M)X o Ex

i.e. s"E|, = vz, with the isomorphism induced by Ds, the derivative of the section.

Now E orientated = v,y is oriented (& Z is co-oriented), and
— — — ok — (1 : * —
€7 = Uy, =Usp =5 Ug = (inclusiony, )*ug = eg

~

where we have used naturality of the Thom class, the fact that s = inclusion(0y < E), and the
definition of the Euler class.

O
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Remark: This strengthens our earlier observation that if any (topological) vector bundle E — X has
a nowhere-zero section s, then ey = 0 (i.e. this is the case when the transverse intersection is always

0).

Note: Suppose M is a closed smooth manifold, oriented, and Y C M is a closed oriented (and hence
co-oriented) smooth submanifold. Say dim(Y) = k and dim(M) = n. Then we now have two ways
of associating a cohomology class to Y:

(i) The Thom class e, € H" ¥(M) defined via Uy relative to the tubular neighbourhood

identification of vy /)y Suy C M.
open

(ii) As Y is a closed oriented manifold, there is a fundamental class [Y] € Hi(Y) = Z, so
(inclusiony),[Y] € Hi (M), so

927 (inclusion,[Y]) € H* X (M).

In the following proposition we see that in fact these two cohomology classes are the same when
working over a field.

Proposition 9.1. Let M be a closed oriented n—manifold and let Y C M be a closed oriented
k—dimensional submanifold. Assume that Y, M and the inclusion i : Y < M are smooth. Then:

ey =27 (i,[Y]) e H"*(M,F)

where we are working over a field F.

Proof Let &, = D7'(i,[Y]). Then
D(éy)=ulY] = [M]~é =[Y]
Hence over F we have for all a € H*(M),
a([M]~éy)=a(i,[Y]) = (L,a)[Y]
i.e. using a slightly different notation,
J a-éy =J aly
M Y

where for any oriented manifold X of finite type, we write f . for the distinguished map H( (X) 5 Z
(or F).

Moreover the non-degeneracy of the cup product over F says that £y is characterised by the values:
J a-éy Zf aly
M Y
for a € H*(M) (think of &y as like a “Dirac Delta” along Y).

Compare this with: €y is represented by a cocycle ¢ with the properties, for Y c Uy € M (with Uy
open

a tubular neighbourhood of Y):
(a) ClM\Uy =0

98



Algebraic Topology (Part III) Paul Minter

(b) In Uy, if Uy, is the image of the fibre (vy /), of the normal bundle (so Uy, = R"%) then
C|Uy)y € H(r;lt_k(UY,y)

is the (co)orientation generator.

_ *
f a-sy—f pra-u,,
M Uy

by definition of the Thom class, where ¢ : Uy < M, since 3 a cocycle c for ¢y vanishing on M\Uy.

f N*ﬁ'uvy/sz B
Uy Y

Proof of Claim. Fix a disc DX C Y, where j : DX < y. Then j, : Hi‘t(Dk) - Hft(Y) = H*(Y) (by
j

Now

Claim: V8 € H*(Y), we have

where 7 : Uy = vy )y — Y.

compactness of Y) is onto. So it suffices to take 3 € Im(j,). But on Im(j), (vy/p)Ip« is the trivial
bundle, and so (vy /p)|px = D*xD"k and Uy, ,, is just the orientation generator &,_ € H(’}t_k(R”_k).

So our identity reduces to showing that &, x &, € H(R") is the generator, under RF x R™% - R",
i.e. that

k k —k —ky X
HE(R) @ HK(R™F) 25 HT(R™)

the cross product, is an isomorphism. However we know that this is true and so this proves the claim.
O

With this claim we have completed the proof. (I

Remark: All we want for the rest of the course is that ¢y (or equivalently £y) satisfies

f a'8Y=f aly
M Y

and that ey~; = €y - €; when Y, Z meet transversely. If we define ey via Poincaré duality (which
is the usual route) then the integral identity is easy but the relation for transverse intersections is
harder to show (whereas defining it the other way as we did makes the integral identity the harder
one to establish).

9.1. Diagonal Submanifolds.

Let M be a manifold. Write A € M x M for the diagonal,
A:={(m,m)eM xM:me M}
If M is a smooth manifold, then A is a smooth manifold, and we have v,y = TM, and so an

orientation on M co-orients A.
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Recall that if M is closed (so of finite type) then by the Kiinneth formula,
H*(M x M,F) = H*(M,F) ® H*(M, F).

Now the cup product is a non-generate pairing on H*(M, ) (by Poincaré), and so we can pick dual
bases
{a; € H%(M,F)}; and {b; € H"%(M,F)};

J ale:(le
M

Proposition 9.2. If n = dim(M) then we have:
ea=» (-Dha;xb;  €H'(M x M,F).

i

such that

Proof. By the non-degeneracy of the cup product, it suffices to prove that for £ € HP(M;F) and
n € H"P(M;F) we have:

((E®n)-ep,[MxM]) = <(€®n)-(Z(—1)dl’ai X bi),[M x M]>.

Now looking at each side:

LHS=J (£®n)-€A=J(£®n)IA=J g-m.
MxM A M

() RHS = f Een)- (Z(—l)‘*‘ai x bi) :
MxM

i

Now if |a| =n=|B]|, a, p € H'(M,TF), we have

Jonu 7m0 =(],o) (#)

using the fact that [M x M ] =[M]® [M] under the Kiinneth theorem. Using this,

() :Z(—l)di(—l)di(n_p)J E'aiJ n - b;.
; M M

This is non-zero only if p =n—d;, i.e. d; =n—p. So we need to show:

S (—1)d+d ng a; [,n-b; fdi=n—p
J E-m= _+1
otherwise.

where this sign is +1 since d; + di2 = d;(d; + 1) is always even. To see this, since the {a;}; form a
basis of H*(M, F), let n = a;. Then this becomes

J g'aj:(f gi.ai)(sjl
M M

which is true and what we want. So done.
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Corollary 9.1 (Gauss-Bonnet Theorem). Let M be a closed oriented smooth manifold. Then

J ery = ¥ (M).
M

In particular, if y(M) # O then every vector field on M is gero somewhere.

Proof. Recall that v yxy = TM, s0 ey = e
holds).

Vamem €ala (compare this with ey |y = e, always

J eTM:J €A|A=Z(—1)dif a; - b;
M A : M

and then for {a;}; and {b;}; dual bases of H*(M;F) this becomes
= (—Drank(H"(M,F)) = x (M)
k

So,

since as just pick up factors of (—1)% for each basis element of H*(M,TF), for all k.

O

Now suppose Y,Z C M are closed oriented submanifolds of a closed oriented M (all smooth), then
if dim(Y) + dim(Z) =n =dim(M), and if Y, Z intersect transversely, then Y N Z = {finite set}.
Now define for x € Y N Z the sign of x by:

+1 if T,M = (vy;p)x ® (/M) Preserves orientation

sign(x) := {

—1 if this decomposition reverses orientation.

Lemma 9.2. With everything as above we have

f €y - €7 = Z sign(x).
M

x€eYnz

Proof. The LHS is:

f 3Y02=J eynzlynz = Z sign(x)e, = Z sign(x)
M Ynz

XE€EYNZ X€EYNZ
since ¢, = +1 for all x by definition of local orientation generators. ]

Theorem 9.1 (Lefschetz Fixed Point Theorem). Let M be a closed smooth rpanifold which is F-
oriented. Let f : M — M be a smooth map with non-degenerate fixed points®?. Then:

Z sign(x) = Z(—l)kTrace (f* : HY(M,F) — Hk(M,]F)).

x€Fix(f) k
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The quantity on the RHS is often called the Lefschetz number of f and denoted L(f).

Proof. Note that the fixed points of f satisfy: Fix(f) = ANT; (or at least the projection of these
(x,x) onto M). So we have:

Z sign(x) = Z sign(x)

x€Fix(f) XEANT;

= J NI by Lemma 9.2
MxM

=J 5A|rf
Ty

= | ({dxf)en
M

whereid x f : M — M x M sends x — (x, f (x)). But note that:
(idx f)en = D (~1)%a; x fb;.
i

Now, fM a; - f*(b;) is the (i,1) matrix entry for f* : H*(M,F) — H*(M,F) with respect to the basis

{b;};, since if f*b; = > ; m;;b; then

m;; = J a; - f*(b;)
M

as fM a; - b; = 6;;. So combining we are done.

O

Remark: If f : M — M is continuous and L(f) # 0, then f must have a fixed point by Theorem 9.1
(we extend this to the continuous case since any continuous map can be C%-approximated (i.e. con-
tinuously approximated) by smooth maps, and the property “Fix(f) = @ is preserved by sufficiently
close C%-approximation, which this gives).

Example 9.1. Let f : CP? — CP?f be any map. Then f has a fixed point. In particular, no
non-trivial finite group acts freely on CP?k,

Proof. It suffices to prove any smooth map has a fixed point by the above remark, and thus by
the Lefschetz fixed point theorem it suffices to show that L(f) # O.

So let a € H?(CP?*,Z) = Z. Then f*(a) = la for some [ € Z, and so:
fHa)=(f ()Y =lVd.

(Xﬁ)By this we mean the graph of f, Ty and the diagonal A (which is the graph of the identity) intersect transversely
in M x M.
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So we see by definition,

2k+1 ifl=1
Lf)=1+1+12+---+1%* = "
W P f £

So L(f) # 0, as required. O

Example 9.2. Let X be a closed Riemann surface of genus g(X) = 2. Let f : 3 — X be a holomor-
phic automorphism. Then if f # id, then f acts non-trivially on H*(X; Z).

Proof. Let p € Fix(f). Take a chart near p € X. Then locally f : U — U with U = (D, 0) a disc
(identifying p with the centre 0), and so f has an isolated fixed point at p, unless f|; = id (by
the identity theorem from complex analysis).

Moreover at p, f has positive local degree. Now if V =Ty (i.e. f # id), then f has some
isolated fixed points, and each contributes positively to & AN} > i.e. L(f) = 0. Butif f acts on

cohomology, then
L(f)=L(id) = z(Z,) =2—2g <0
since the genus was > 1. O

9.2. Cobordism.

Now let M be a closed even-dimensional manifold, and say it is oriented. Let dimg(M) = 2n. Then
H"(M,R) carries a non-degenerate bilinear form from the cup product, and:

o If n = 2k + 1, then dim(M) = 4k + 2, and the cup product is skew and so is a symplectic
form (see Example Sheet 3).

e If n = 2k, then dim(M) = 4k and then H**(M;R) is a vector space with a non-degenerate
symmetric bilinear form and hence this has a signature® denoted o(M) or I(M) (also
called the index of M).

Exercise: Show that:

@) 1(M)= x(M) (mod 2)
() I(MLUM')=I(M)+I(M)

(i) I(M x M) = I(M)I(M"), where I(X) = 0 if dim(X) # 0 (mod 4) [proved via the Kiinneth
formula].

We then have:

&ii)This is just the signature of a symmetric non-degenerate bilinear form.
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Theorem 9.2. Let M* be closed and oriented. Then if M = dW**1 is the boundary of a compact
(4k + 1)—manifold W with boundary, then I(M) = 0.

Proof. We will give a sketch later. O

Proposition 9.3. If M2" is closed and M = dW?"1, then y (M) is even.

Proof. Given M = dW, the collar neighbourhood theorem says that 3 a neighbourhood of W in
W which is homeomorphic to W X [0, ), and hence we can define a closed manifold by

DW :=WUW
ow

which has y(DW) since DW is closed and odd-dimensional (Corollary 8.2).

W

FIGURE 29. An illustration of W, M and the neighbourhood given by the collar neigh-
bourhood theorem.

Now write DW =U NV, where U,V ~W and UNV ~ dW = M. Then Mayer-Vietoris gives:

o — Hipy(DW) — H(M) — H;(W)e H;(W) — H;(DW) — H; 1 (M) — -

This is a chain complex with trivial homology groups, and so the alternating sum of ranks of groups
in this sequence vanishes: this says that y (M) =2y (W) and so y (M) is even.

DWW

e v W

e =T ]

e~ o

w ’()\,J:r\ TINe.e?

FIGURE 30. An illustration of DW.
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Corollary 9.2. CP? is not the boundary of a 5-manifold. Similarly CP? x --- x CP? is not the
|

[ times

boundary of a (4l + 1)—manifold.

Proof. Apply Proposition 9.3, since y(CP2) = 3 is odd. O
All of this about boundaries of manifolds is useful because of the concept of cobordism.

Definition 9.1. We say that closed smooth n—manifolds M™ and N" are cobordant if 3 a smooth
(n+1)—manifold W with boundary W = M1I(—N), where by —N we mean N with the orientation
reversed.

Equivalently in the case when M, N are oriented we say that they are oriented cobordant.

Noting that cobordism is an equivalence relation, we define
_ {Orientated smooth n-manifolds}

Q. = - -
" Orientated cobordism

The operations (M,N)— M N and (M,N)— M x N descend to 2, to make 2, = ,5, 9, into a
graded ring.

We can then prove that:

Qo = Z(point), Q; = {0} (via a disc), Q, = {0} (viae.g. ,)

and
Q5 = {0}

which can be shown using Dehn surgery presentations of 3-manifolds, and
Q, # {0}

since [CP2] # 0 € Q,, where as usual [-] denotes the cobordism equivalence class. Indeed I : 2, —
Z, and moreover [ : 2, — Z is a ring homomorphism.

Now a key result is that whereas classifying manifolds up to diffeomorphism is algorithmically im-
possible, Qik@ =Q, ®Q is known, generated as a ring by even-dimensional complex projective spaces
(this is related to characteristic classes).

Sketch proof that I[[M*) =0if M = 8W.

The collar neighbourhood theorem says that every compact set K C (N, dN ), where this pair denotes
a manifold N with boundary dN, lies in N\ (N x [0, £)) for some small £ > 0. The construction of
classes

wy € H,(N,N\K)
for manifolds generalises to give a relative fundamental class [N,dN] € H,(N, dN), where dim(N) =
n. This satisfies:
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(a) Under H,(N,0N) — H,_1(dN) we have [N,0N]— [dN]
(b) 3 a cap product H'(N) — H,_;(N, dN) defined via: (—) ~[N,dN]
(c) These fit into a sequence:

>HL(N)

HP~Y(N) — HP(N,0N) ——— HP(N) ——— HP(ON) —— -

a2 o2 | .=

Hn—p(aN) —> Hn—p(N) H Hn—p(NaaN) H Hn—p—l(aN) H

where 9 is the usual Poincaré duality map.
So suppose M* = gW#+1 andleti: M < W be the inclusion. Then i* (HZk(W)) c H%(M). Note:

(i) This is isotopic for the cup product:

(i*(a)-*(B),[OW]) = (a- B,1([OW])).
But [0W] comes from [W,0W] € Hy, (W, W) and so this vanishes since composing two
maps in a l.e.s gives 0.

(ii) It's a half-dimensional subspace from:

H>™(W) —— H2'(M) —2 H> (W, M)

i i Js
Hopr (W, M) — Hy, (M) —— Hy, (W)

and so we see H2>"(M) = Im(i*) ® Im(5) = Im(i*) ® Im(i,), and i,, i* are adjoint maps.

Then a general fact from linear algebra, which states that if (V, ¢) is a vector space with ¢ a symmetric
bilinear form, has a half-dimensional isotropic subspace (like the above), then its signature vanishes!

Since this signature was just the index, we are then done.

End of Lecture Course
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